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Second order hyperbolic operators in R x R":
Dg = gijaiaj

Hyperbolicity: {gij}ijzo—n has signature (n,1).

Lorentz metric: (g;;) = (¢¥)~!

Surfaces t = const are space-like: ggg < O.

Linear initial value problem:

p

Ogu = 0 in R x R"

w(0,2) = ug(x) € H5(R"™)

\\

\ Oou(0, ) = uy(z) € HS~1(R")

Linear well-posedness: For each initial data
(ug,u1) € HS x H51 there exists an unique
solution

u € C(R, HS(R™) N CL(R; H5~1(R™))



Fully nonlinear wave equation:
F(z,w, Vw, V2w) =0
1] — (9F(:U,w,p, Q)
g pr—
0qi;

has signature (n,1).

Set v = (w, Vw) and differentiate to obtain a
quasilinear problem:

040, v0)? = N(v, Vv) (GNLW)

Set u = (v, Vv) and differentiate:
Oy =G@)Vu?  (NLW)

Semilinear wave equation:

Ogu = G(u)Vu? (SLW)

The Cauchy problem for (NLW):

i

O,(w) = 4" (u)Ou dju,

\\

w(0,x) = ug(x) € H5(R™)

| Oou(0,z) = ui(x) € Hs—1(R™)



Question: For what s is the Cauchy problem
locally well-posed in HS x H5~1 ?

Definition. The Cauchy problem is locally
well-posed in HS x H5~1 if for each R > 0 there
exist T, M > 0 so that, for each initial data

(uo,u1) satisfying ||(uo, w1)|| sy pgs—1 < R,

(i) There is an unique solution
ue C([-T,T); H*) n CH([-T,T]; H*™1)
satisfying

||VUHL2(LOO)QLOO(HS—1) S M

(ii) The solution u depends continuously on
the initial data (ug,u1) in the above topology.

Remarks:
- no Lipschitz dependence on initial data

- unigueness may require additional regularity
properties



Energy estimates

Simplified model:
Energy:

1 .
Eu(u) = 5/ Oul® 4 g (w)dudju
Energy estimates:

d
—Bu(w) 5 [ IVl £ B@)|Vul e

Eu(u) (t) ,S Eu(u)(O)efg IVu(s)l| foods

Level s energy:

Ei(u)= Y Eu(8%)
o] <s—1

Klainerman:

B3 (u) () < ES(u)(0)elolVul®llzecds

No blowup as long as Vu € L1L>®




Regular solutions (large integer s)

a) Uniqueness and weak stability. If u,v solve
8,52u — gY (u)0;0u = 0
then w = u — v solves
(9,5210 — gY (u)0;0;w = wA(u, )%V
Hence use linear theory to get
Ey(u—v)@) < clu,v)Ey(u—v)(0)
with ¢ depending on bounds for g(u) and 92v.

b) Existence. Iterative methods:

Ofup+1 — 9" (ug)9djup41 = 0
Uniform bounds: If Vu, € L®HS™1 n L1L>®
then this is linearly well-posed in HS x H51
so we get Vugyq € L®H3"L. Then Vuyyq €
L°(=T,T; L°°) from Sobolev.

Weak convergence: from weak stability.

Strong convergence: compactness argument.



Rough solutions (small s)

Energy estimates for noninteger s:

ES(v) = Eu(ID]5 1) & || Vu(s)||Z-1
Using Kato-Ponce commutator estimates in the
equation for |D|*~1u one obtains:
t
E5(u)(t) < B (u)(0)elo IVu(s)lzocds

If the level s energy does not blow up then
use weak stability estimates to construct rough
solutions as weak limits of smooth solutions.

Classical argument (Hughes-Kato-Marsden):
n
[Vull 71700 S TNVl 7 ooprs—1 s > 5 +1
Obstructions to well-posedness:

a) S%aling: w(t,z) — u(At, \x), critical index

Se — —.

2

b) Blow-up: counterexamples (Lindblad, Ali-

5
hnac) for s = nl_ :




Dispersive estimates

If v solves Ov = 0 then

V0l oo S IO 3

Vol p2pe S ||VU(O)||H%+% n=>3

Q: Does this remain true if we replace O by Og4

with ¢ = g(u) ? If yes, then we have proved
the following theorem:

Theorem: (Smith-T.2001) The Cauchy prob-
lem for the nonlinear wave equation is locally
well-posed in HS x H5~1 provided that

n 3
> — + — = 2
S 2—|—4 n
1
s>"; n=3,45

This is sharp in dimension n=2, 3.

Difficulty: The metric g is nhonsmooth. The
best we can hope for is Vg € L2L%®.



Strichartz estimates for low regularity
metrics

NLW: s =28H2472 n >3

N LW
Kapitanskii
'90 Mockeenhaupt- g Smooth —
-Seeger-Sogge
'O5  Smith geC? n=2,3 —
'95 Smith-Sogge C? is sharp
Bahouri-Chemin N LWV 1
'08 2
21700 (1
Tataru Vg € L“L* (3 loss)
'99 Tataru geC? —
1
'0O0 Bahouri-Chemin N LW —
5+
V2g € L1L> 1
'99 Tataru —
Vg e L*L> (¢ loss) 6
'00  Smith-Tataru % loss is sharp
i - 1
oo Klainerman NLW, O, g = "nice”  —

—Rodnianski 7+



Weak stability estimates

Proposition: Let u be a solution to NLW
which satisfies the conditions in the definition
of well-posedness. Let v be another solution to
NLW with initial data (vg,v1) € H® x H5~1 and
with regularity Vo € L®(HS" 1) N L2L>°. Then

n=—=>2

IV (u—v)| 1 S el V=)l

Le(H 4)
IV (u=)ll oo 12y < eollV(u—v)(0)]l 2 n >3

where ¢, depends on ||VU||LOO(H8—1)mL2LOO-

Hl=

w=u-—"u-: Dg(u)w = A1Vw 4+ Apw,
AL =~ V(u,v), Ag~ V2 + ...

Weak stability =—= uniqueness.
Weak stability + compactness —
continuous dependence.

Goal: Reduce problem to apriori bounds for
smooth data.



Reduction to small, smooth, compactly
supported data
Scaling == reduction to small data.
Finite speed of propagation —— l|ocalization
— reduction to compactly supported data.

Proposition: Suppose ez < eo < 1. Assume
that the initial data is smooth, supported in
B(0,10) and satisfies

|uollgs + [|ullgs—1 < €3

Then NLW has a smooth solution o in R” x
[—1, 1] satisfying:

(i) (energy estimate for u) ||v“||LOO(Hs—1) <
€.

(ii) (dispersive estimate for u) ||Vu|l;2700 < €2.

(iii) Dispersive estimates hold for the linear op-
erator O,



The continuity (bootstrap) argument

Regularity of the
metric g(u)

AN

Dispersive
estimates for Oy

e

Solve
N LW

Proposition: Let e3 < ep €3 < 1. Then for
solutions v to NLW in [—1,1] xR"™ the following

holds:

luoll s + [Jutll gs-—1 < €3

\

||vu||L2LOOﬁLOOHS—1 < 262 ¢ ——

G(g(u)) < 2¢

/

HVUHLQLOOHLOOHS_l < €2

G(g9(u)) < e



The G functional

Work with truncated coefficients on a larger
time interval [—1,1] — [-2, 2]

g(u) — g(t,z,u) = go + x(t)(g(u) — go)
At t = —2 the geometry is flat. For § ¢ s7—1
take the plane Ze_,q% = {z-0 = —24r} at time -2
and try to extend it to a smooth characteristic
surface 3y, which coincides with {z-0 = t+r}
near time —2. If this is not possible then set
G(g) = co. Else write

Sor=1{mg = qﬁg,r(t,x/@)} r = (xg,2y) x9= 120

G(g) = sup g, (t, mp) — t — 7| st
,7"

Note that the function ¢y, solves an eikonal
equation

gij(t> $/97 ¢9,fr(t7 37/9))8@(370 — ¢0,fr)aj(x0 - ¢0,r> =0
where coeff. satisfy g% (¢, ), ¢y,.) € H®.



The geometry of characteristic “planes”

A cCharacteristic “plane” > = %4, is a union
of characteristic curves (geodesics). The null
vector field tangent to geodesics is denoted by
[ and is normalized by I(dt) = 1. We extend
[ to a null frame [, [,eq SO that [,eq Span T,
eq(dt) = 0 and

<l7l> — <L7 £> — <l7€a> — <L>€CL> = 0,

<l7 L> — 27 <€a,€b> — 5ab

The interesting part of the second fundamen-
tal form of 2 is the deformation tensor x,, =
(Veul,ep). Essentially we have

> is HST! oy, € HSH(D)

T he transport equation for x, is the Raychad-
huri equation,

IXab = Raibl T XabXbe T "900d terms”
Lemma: We may write R, = I(f2) + f1 with

||f2||L152H;/_1(Z) + Hfl”LtlH;,_l(Z) f, €2,



Proof: We express the curvature tensor as

Ralbl = eaebgll—|—llgab—leaglb—lebgla—|— “good terms

Furthermore, Oy = eqeq — Il + “good”. Then
we use the equation for g, Ogg = "“good” to
write

eaepgy = l(eaep(eaca) ) Lgy + “good”

Here all the “good” terms contribute only to

J2.

Important observation: This computation can
be done only for some components of the cur-
vature tensor. Consequently, we have a good
control of the geometry of individual charac-
teristic “planes”, but not of the relative ge-
ometry of neighboring characteristic “planes’.
Badly behaved quantities are V ;I (characteris-
tic “planes’” can slide one on tE)p of another)
and o, defined by I(Ino) = (V,l, L), which mea-
sures the distance between parallel character-
istic “planes’.



The geometry of cones

We show that characteristic “cones” starting
at arbitrary points in the space-time are well
behaved. We study the same Raychadhuri equa-
tion,

IXab = Raibt + XabXpe + “900d terms”

but with a weaker Lemma which only uses
pointwise bounds,
Lemma: We may write R, = I(f2) + f1 with

Hf2||L2Loo + HleLlLoo SJ €2,

and with a different boundary condition at the
tip,

lim (¢t —to)x = In—1
t—to

Consequence: We get a good control of the
angle between intersecting characteristic planes,

lg —lo=0—w-+ o(|6 —w|)



T he paradifferential decomposition

To solve the linear equation Ogv = 0 we local-
ize in frequency. If v is at frequency A then
we are allowed to truncate g at frequency < A.
The dispersive estimates for the linear equa-
tion reduce to

Proposition: For each initial data (vg,vy) lo-
calized at frequency A there is a function wv)
localized at frequency A\ so that

(i) (matching the initial data)

v)(0) = vp, vy (0) = vy
(ii) (approximate solution)

18g_\vrllrir2 < JJvoll g1 + lJvill 72

(iii) (dispersive estimates)

n—1

“==—40
[Vorll 20 S A2 + ([lvoll g1 + lJvill 7 2)



Wave packets

Wave packets are highly localized approximate
solutions to the wave equation. Given a null
bicharacteristic (geodesic) v on a characteris-
tic “plane” ¥ = {x1 = ¢(t,z')}, we can con-
struct such a wave packet for Og_ which is

1
(a bump) supported within A~1 of ¥ and A\™2
of ~. Its support is contained in a thin curved

1
parallelepiped (slab) of size 1 x A~ 1 x (A\72)n1,
One possible way of obtaining it is

n—7, 1
u= N (X3~ (D)8, =01

where T is a mollifier with compactly sup-
ported kernel acting on the A~ 1 scale. Then

||V’LL(t)||L% ~ 17 ||D9</\u”L%t < 1



The parametrix

To construct the parametrix we work with wave
packets corresponding tlo a discrete set of di-
rections 8 which are A\ 2 separated. For each
6 we consider a locally finite partition of the
space into #-slabs.

Proposition: For initial data (Syvg, Syv1) at
time —2 there is an approximate solution wv)
which is a superposition of normalized wave
packets

>
vy = Sy apup > af = [|Syvoll g1 HIISav1ll 2
T T

The orthogonality estimates for wave packets:

1 1
2\2 2\2
IVox®ll2 < (Y a2)? 104 0all 2 < (3 a2)?
use the fact that we control the angle at which
slabs intersect.



The dispersive estimates

We need L2L°° estimates for superpositions of
wave packets. This uses only the size of wave

packets, and not the oscillation. Our estimates
have a |log loss:

Proposition: \We have

1
| ZCLTXT||L4(Loo) < (InX)? (Z a%)Q n =2
T

n—3 1
I ZCLTXT”LZ(Loo) SA 4 (In >\)3 (Z CL%>2 n >3
T

The proof is quite elementary. It uses a count-
ing argument, which requires very little geo-
metric information about the wave packets.



The overlapping lemma

This is the main ingredient in the proof of the
dispersive estimates:

Proposition: For all points P; = (t1,z1) and
P> = (to,x25) in space-time the number of slabs
of scale A that contain both P; and P> is bounded
by

n—3
NA(Py, P2) SA°2 |tg —to| ™1 n >3

1
Ny(P1, P2) S |t1 —to] 2 n =2

This result is the same as in the constant coef-
ficient case. However, its proof is considerably
more delicate since we do not control all as-
pects of the geometry.



Further questions:
- Extend this result to dimension 6 and higher.

- Remove the gap between the positive result
and the counterexamples in dimension 4 and
higher.

- Improve the result for equations with special
structure (null -condition)

Preprint:

http://www.math.berkeley.edu/ "tataru



