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Abstra ct. Let T be an unro oted tree. The chromatic symmetric function
X T , intro duced by Stanley, is a sum of monomial symmetric functions corre-
sponding to prop er colorings of T . The subtree polynomial ST , �rst considered
under a di�eren t name by Chaudhary and Gordon, is the bivariate generating
function for subtrees of T by their numbers of edgesand leaves. We prove that
ST = h� ; X T i , where h�; �i is the Hall inner product on symmetric functions
and � is a certain symmetric function that does not depend on T . Th us the
chromatic symmetric function is a stronger isomorphism invariant than the
subtree polynomial. As a corollary , the path and degree sequencesof a tree
can be obtained from its chromatic symmetric function. As another applica-
tion, we exhibit two in�nite families of trees (spiders and some caterpil lars ),
and one family of unicyclic graphs (squids) whose members are determined
completely by their chromatic symmetric functions.

Intr oduction

Let G be a simple graph with vertices V (G) and edgesE(G), and let P denote
the positive integers. A (proper) coloring of G is a function � : V (G) ! P such
that � (v) 6= � (w) whenever the vertices v; w are adjacent. Stanley ([16]; seealso
[17, pp. 462{464]) de�ned the chromatic symmetric function of G as

X G = X G (x1; x2; : : : ) =
X

�

Y

v2 V (G)

x � (v) ;

the sum over all colorings � , where x1; x2; : : : are countably in�nitely many com-
muting indeterminates. This de�nition is invariant under permutations of f x i g, so
X G is a symmetric function, homogeneousof degreen = # V (G).

The chromatic symmetric function is a much stronger isomorphism invariant
than the well-known chromatic polynomial � G (k), a polynomial function of k that
givesthe number of coloringsof G using at most k colors. Indeed, for any integer k,
the number � G (k) can be obtained from X G by setting x1 = � � � = xk = 1 and
x i = 0 for all i > k.

It is natural to ask whether X G is a complete isomorphism invariant; that is,
whether two non-isomorphicgraphsmust have di�eren t chromatic symmetric func-
tions. The answer is no; the smallest example, shown in Figure 1, was given by
Stanley in [16]. Brylawski [2] intro duced a graph invariant called the polychro-
mate and constructed an in�nite family of pairs of nonisomorphic graphs with the
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Figure 1. Stanley's example [16] of two non-isomorphic graphs
with the samechromatic symmetric function.

samepolychromate. Sarmiento [15] proved that the polychromate is equivalent to
the U-polynomial studied by Noble and Welsh [13], a stronger invariant than X G ;
therefore, each pair in Brylawski's construction sharesthe same chromatic sym-
metric functions. (We thank Anna de Mier for directing our attention to these
results.) In another direction, the non-commutativ e version of the chromatic sym-
metric function, studied by Gebhard and Sagan[7], is easily seento be a complete
invariant.

Stanley's question of whether X G is a complete isomorphism invariant for trees
remains open. This is equivalent to the problem of whether a tree is determined
by its U-polynomial, since the formula for X G in terms of the U-polynomial [13,
Theorem 6.1] is easily seento be reversible for trees. Stanley's question was an-
swered in the a�rmativ e for certain special kinds of trees by Fougere[6] and the
secondauthor [12], both of whom listed several other tree invariants that can be
extracted from the chromatic symmetric function. Additionally , Tan [18] has ver-
i�ed computationally that the answer is \y es" for trees with 23 or fewer vertices.
(In contrast, the chromatic polynomial is nearly uselessfor distinguishing trees,
because� T (k) = k(k � 1)n � 1 for every tree T with n vertices.)

Our main tool is Stanley's expansion of the chromatic symmetric function in
the basisof power-sum symmetric functions p� [16, Theorem 2.5]; seeequation (5)
below. When T is a (possibly trivial) tree, the coe�cien t c� (T ) of p� in X T has a
particularly simple combinatorial interpretation. For A � E(T), de�ne the type of
A to be the partition whoseparts are the sizesof the vertex setsof the graph with
verticesV (T) and edgesA (seeFigure 3 for an example). Then, up to a sign, c� (T )
is the number of edgesetsA of type � . As we will see,many other invariants of T
can be recovered from X T .

Recall that the degree of a vertex is the number of edgesincident to it. A leaf
of a tree is a vertex of degree1, and the unique incident edgeis called a leaf edge.
We de�ne the subtree polynomial of T by

ST = ST (q; r ) =
X

subtrees S

q# S r # L (S) ;

where the sum runs over all subtrees S of T with at least one edge, and L(S)
denotes the set of leaf edgesof S. Setting q = t(z + 1) and r = 1=(z + 1) in
ST recovers the polynomial f E (T ; t; z) studied by Chaudhary and Gordon in [3,
Section 3]. Conversely, f E (T ; qr; (1 � r )=r) = ST (q; r ), so the two polynomials
provide identical information about T .

For every non-empty set A � E(T), there is a unique minimal subset K (A) �
E (T) � A, called the connector of A, such that A [ K (A) is a tree. (So K (A) = ;
if and only if A is itself a subtree of T .) The connector polynomial of T is then
de�ned as

K T = K T (x; y) =
X

;6= A � E (T )

x# A y# K (A ) :
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T1 T2

Figure 2. Two trees with the samesubtree polynomial but dif-
ferent chromatic symmetric functions.

The polynomials ST and K T provide equivalent information about T ; we will
prove in Proposition 4 below that each of theseinvariants can be obtained from the
other. Moreover, the path sequenceand degreesequenceof T caneasilyberecovered
from ST (q; r ), as observed by Chaudhary and Gordon [3, Proposition 18].

For a partition � = (� 1 � � 2 � � � � � � ` ) ` n, and integersa; b;i; j , de�ne

 (�; a; b) = (� 1)a+ b
�

` � 1
` � n + a + b

� X̀

k=1

�
� k � 1

a

�
; (1)

� (�; i; j ) = (� 1)i + j
�

` � 1
` � n + i

� jX

d=1

(� 1)d
�

i � d
j � d

� X̀

k=1

�
� k � 1

d

�
: (2)

We can now state our main theorem, which assertsthat the subtree and connector
polynomials can be recovered from the chromatic symmetric function X T .

Theorem 1. For every n � 1, and for every tree T with n vertices,

K T (x; y) =
X

a> 0

X

b� 0

xayb
X

� ` n

 (�; a; b)c� (T ) (3)

and

ST (q; r ) =
n � 1X

i =1

iX

j =1

qi r j
X

� ` n

� (�; i; j )c� (T ): (4)

It follows that the chromatic symmetric function is at least asstrong an invariant
as the subtree and connector polynomials. In particular, the path and degree
sequencesof T can be recovered from X T , as announcedpreviously in [11]; this
generalizesa earlier result of Fougere [6, Theorem 3.3.1]. Section 2 contains the
proof of Theorem 1, as well as explicit formulas for the path and degreesequences,
and a reinterpretation of (3) and (4) in terms of the usual scalar product on the
spaceof symmetric functions.

Theorem 1 implies that X T is a stronger invariant than ST . In fact, it is strictly
stronger: the two treesshown in Figure 2 have di�eren t chromatic symmetric func-
tions, but the samesubtree polynomial. (Eisenstat and Gordon [4] constructed an
in�nite family of pairs of non-isomorphic trees with the samesubtree polynomials,
of which Figure 2 is the smallest example.) Thus Stanley's question remains open.

As another application of the combinatorial interpretation of the coe�cien ts
c� (T ), we identify someclassesof treesfor which the chromatic symmetric function
is in fact a complete invariant. Thesetrees include all spiders (trees having exactly
onevertex of degree� 3) and somecaterpil lars (trees from which deleting all leaves
yields a path, such as those in Figure 2). We prove in Section 3 that every spider
can be reconstructed from its subtree polynomial, hencefrom its chromatic sym-
metric function (generalizing results of Fougere [6]). The corresponding problem
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for caterpillars is more di�cult; however, certain special kinds of caterpillars can in-
deedbe reconstructed from their chromatic symmetric functions, and the methods
we useto prove this may be extendible to all caterpillars.

A unicyclic graph is a graph with one cycle. Connectedunicyclic graphs can be
recognizedas such from their chromatic symmetric functions. While the combina-
torial data provided by Stanley's expansion(5) is not as �ne for unicyclic graphs
as it is for trees, we can still obtain someuniquenessresults for special unicyclic
graphsby mimicking our results for spidersand caterpillars. In particular, we show
in Section5 that no two squids (unicyclic graphswith at most onevertex of degree
two or more) can have the samechromatic symmetric function, although it is not
clear whether membership in the classof squids can be determined from X G . An
analogousresult holds for crabs (unicyclic graphs in which every vertex not on the
cycle is a leaf) satisfying an additional technical condition.

Ac kno wledgemen ts. Our collaboration began at the Graduate Student Com-
binatorics Conferenceheld at the University of Minnesota on April 16 and 17,
2005. We thank the organizers of the conferencefor their e�orts, and we thank
Fran�coisBergeron,Tom Enkosky, Gary Gordon, Brandon Humpert, RosaOrellana,
Victor Reiner, Bruce Sagan,and Stephanievan Willigenburg for many helpful con-
versations. The database of trees constructed by Piec, Malarz, and Kulakowski
[14], and John Stembridge's freely available Maple packageSF, were invaluable for
calculating examplesand formulating (and checking small casesof) Conjectures 6
and 7. Finally, we thank two anonymous refereesfor their suggestions,and in
particular for making us aware of Fougere'sundergraduate thesis [6].

1. Back gr ound

We assumethat the reader is familiar with basic facts about graphs and trees
(see,e.g., [1, Chapter I]). We denote a graph G by an ordered pair (V; E), where
V = V (G) is the set of vertices and E = E(G) is the set of edges.All our graphs
are simple; that is, we forbid loops and parallel edges.The order of a graph is its
number of vertices. A tree is a graph G which is acyclic and connectedand for
which # V (G) = # E(G) + 1; any two of theseconditions together imply the third.
We consider the graph with one vertex and no edgesto be a tree, the trivial tree;
unlessotherwisespeci�ed, all our statements about trees include this possibility. A
leaf of a tree is a vertex of degree1, that is, with exactly one incident edge. Every
nontrivial tree has at least two leaves[1, p. 11]. It is often notationally convenient
to ignore the distinction betweena graph and its edgeset.

We now review somefacts about symmetric functions (for which the standard
referencesare [10] and [17, Chapter 7]) and about the chromatic symmetric function
(intro duced by Stanley in [16]).

A partition is a sequence� = (� 1; : : : ; � ` ) of positive integersin weakly decreasing
order. The numbers � k are called the parts of � . We say that � is a partition of n,
written � ` n, if

P
k � k = n. The number ` = `(� ) is called the length of � .

Let x1; x2; : : : be a countably in�nite set of commuting indeterminates. For
k 2 P, the kth power-sum symmetric function is

pk =
X

i � 1

xk
i



CHR OMA TIC SYMMETRIC FUNCTIONS 5

Figure 3. An edgeset of type (3; 3; 2; 1; 1).

and for a partition � we de�ne

p� =
` ( � )Y

k=1

p� k :

It is well known that f p� j � ` ng is a basisfor the Q-vector space� n consisting of
all symmetric functions that are homogeneousof degreen.

Let G be a graph of order n. Stanley [16, Thm. 2.5] proved that

X G =
X

A � E (G)

(� 1)# A pt yp e(A ) ; (5)

where type(A) is the partition whoseparts are the orders of the connectedcom-
ponents of the subgraph of G induced by A (seeFigure 3 for an example). Note
that type(A) dependsupon A and V (G), but not on E(G). We write c� (G) for the
coe�cien t of p� in the expansion(5); that is,

X G =
X

� ` n

c� (G)p� : (6)

We will abbreviate c� = c� (G) when no confusioncan arise.
The chromatic symmetric function of a graph providesmuch more combinatorial

information when that graph is a tree. In general,the coe�cien t c� doesnot count
edgesets of type � , because(� 1)# A is not constant for all such sets A. On the
other hand, if T = (V; E) is a tree of order n, then every A � E is acyclic, so its
induced subgraphhasn � # A connectedcomponents. Hence`(t ype(A)) = n � # A,
and we obtain a useful combinatorial interpretation for the numbers c� :

c� = (� 1)n � ` ( � ) # f A � E j type(A) = � g: (7)

The invariants c� are far from independent; in particular, (7) implies that
X

� : ` ( � )= k

(� 1)n � ` ( � ) c� (T ) =
�

n � 1
k

�
: (8)

We next list some basic invariants of graphs that can be recovered from its
chromatic symmetric function. Several of these facts were previously observed
by the secondauthor in [12]. For notational simplicit y, we shall often omit the
parenthesesand singleton parts of a partition, for instance, writing cj rather than
c( j; 1;1;::: ;1) .

Prop osition 2. For every graph G = (V; E),

(i) the symmetric function X G is homogeneous of degree # V ;
(ii) � c2(G) = # E; and
(iii) the number k of connected components of G is minf `(� ) j c� (G) 6= 0g.

If G is a tree, then in addition

(iv) for k � 2, jcj (G)j is the number of subtrees of G with j vertices; and
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(v) cn � 1(G) is the number of leavesof G.

Proof. Assertion (i) is immediate from the de�nition of X G , and (ii) follows easily
from (5). For (iii), (5) implies that c� = 0 whenever `(� ) < k. On the other
hand, c� =

P
A (� 1)# A = (� 1)n � k tG (1; 0), the sum over all A � E(G) with

� (A) = � (E (G)), where tG is the Tutte polynomial of G (see [1, Ch. X]). Up to
sign, this formula counts acyclic orientations of G with exactly one sink in each
component (this follows from [1, Thm. 8, p. 348]). In particular, c� 6= 0.

Assertion (iv) holds becauseA � E(G) is the set of edgesof a j -vertex subtree
if and only if type(A) = (j; 1; : : : ; 1), and (v) follows becauseevery subtree of order
n � 1 is of the form G � v, where v is a leaf. �

By (i), (ii) and (iii) of Proposition 2, treescan be distinguished from non-treesby
their chromatic symmetric functions. Moreover, part (v) implies that paths (trees
with exactly two leaves)and stars (trees with exactly onenon-leaf) are determined
up to isomorphism by their chromatic symmetric functions.

The girth of a graph G is de�ned as the length of the smallest cycle in G, or 1
if G is acyclic. With a little more work, we can compute the girth of G from X G .
The idea is to �nd the smallest edgeset for which (8) fails.

Prop osition 3. Let G = (V; E) be a graph with n vertices and m edges. Let k be
the largestnumber such that

P
� ` n; ` ( � )= k c� (G) 6= (� 1)n � k

� m
n � k

�
: Then the girth

of G is n � k + 1.

Proof. Let g be the girth of G. Suppose�rst that k > n � g+ 1. Then n � k < g� 1,
so every subset A � E with n � k edgesis acyclic and hence has k connected
components. On the other hand, if `(t ype(A)) = k, then the maximum size of a
component of A is n � (k � 1) < g, soA must be acyclic and hencemust have n � k
edges.Therefore

X

� ` n
` ( � )= k

c� (G) =
X

A � E
` (t yp e(A ))= k

(� 1)# A =
X

A � E
# A = n � k

(� 1)# A = (� 1)n � k
�

m
n � k

�
:

Now supposethat k = n � g + 1. We claim that A � E has k components if
and only if it either has n � k edges(hence is acyclic) or is precisely a cycle of
length g. The \if " direction is evident. For the \only if " direction, supposethat
A has k components and is not acyclic, hencecontains a cycle C. By de�nition
of G, the length of C cannot be lessthan g; on the other hand, there are at least
k � 1 vertices that do not belong to C (one for each other component of A), so
# V (C) � n � (k � 1) = g. Thus C has length exactly g. Moreover, A � C cannot
contain any other edgewith an endpoint outside C (becausethen it would have
fewer than k components) or an edge joining two vertices of C (becausethen G
would contain a cycle of length < g). HenceA = C as desired. Denoting by � the
set of g-cyclesof G, we have

X

� ` n
` ( � )= k

c� (G) =
X

A � E
# A = n � k

(� 1)# A +
X

A 2 �

(� 1)# A

= (� 1)n � k
�

m
n � k

�
+ (� 1)n � k+1 #� 6= (� 1)n � k

�
m

n � k

�

as desired. �
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2. Pr oof of the main theorem

Theorem 1 expressesthe subtree polynomial ST and connector polynomial K T

of a tree T in terms of the chromatic symmetric function X T . The �rst step is to
show that ST and K T are interchangeable. In what follows, we will often abuse
notation by ignoring the distinction betweena tree T = (V; E) and its edgeset E .

Prop osition 4. Let T be a tree. Then:

(1) ST (q; r ) = K T (qr; q(1 � r )) .
(2) K T (x; y) = ST (x + y; x=(x + y)) .

Proof. For each nontrivial subtree S � T , write L (S) for the set of leaf edgesof
S. Note that # L (S) � 1, with equality if and only if S consistsof a single edge.
Moreover, observe that A [ K (A) = S if and only if L (S) � A � S. Hence

K T (qr; q(1 � r )) =
X

A � T

(qr )# A (q(1 � r ))# K (A )

=
X

A � T

q#( A [ K (A )) r # A (1 � r )# K (A )

=
X

subtrees S� T

q# S
X

A :
L (S) � A � S

r # A (1 � r )# S� # A

=
X

S

q# S r # L (S)
X

G� S� L (S)

r # G (1 � r )#( S� L (S)) � # G

=
X

S

q# S r # L (S) (r + (1 � r )) #( S� L (S)) = ST (q; r );

giving the �rst equality. Meanwhile, solving the equations x = qr; y = q(1 � r ) for
q and r yields q = x + y, r = x=(x + y), giving the secondequality. �

We now prove the main theorem. To do so, we establish a formula for the
connector polynomial of a tree in terms of its chromatic symmetric function, then
apply Proposition 4 to obtain a formula for the subtree polynomial.

Proof of Theorem 1. By de�nition, the coe�cien t of xayb in K T (x; y) is

# f A � T j # A = a; # K (A) = bg =
X

A � T
# A = a; # K (A )= b

1

= (� 1)b
X

A � T
# A = a

X

B � T � A
# B = b

X

C � B
K (A ) � C

(� 1)# C ;

becausethe innermost sum vanishesunlessB = K (A), when it is (� 1)b. Setting
D = B � C, we may rewrite this expressionas

(� 1)b
X

A � T
# A = a

X

C � T � A
K (A ) � C

X

D � T � A � C
# D = b� # C

(� 1)# C
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and setting F = C [ A yields

(� 1)b
X

A � T
# A = a

X

F � T
A [ K (A ) � F

X

D � T � F
# D = a+ b� # F

(� 1)# F � a

= (� 1)a+ b
X

F � T

X

A : # A = a;
A [ K (A ) � F

�
#( T � F )

a + b� # F

�
(� 1)# F

= (� 1)a+ b
X

� ` n

X

F � T
typ e(F )= �

�
#( T � F )

a + b� # F

� X

A : # A = a;
A [ K (A ) � F

(� 1)# F

= (� 1)a+ b
X

� ` n

�
`(� ) � 1

`(� ) � n + a + b

�
(� 1)n � ` ( � )

X

F � T
typ e(F )= �

� (F ) (9)

where� (F ) = # f A j # A = a; A [ K (A) � F g: The set A [ K (A) is connected,so if
it is a subsetof F then it must be a subsetof somecomponent of F . On the other
hand, if F 0 is a (possibly trivial) component of F and A � F 0, then A [ K (A) � F 0,
becauseF 0 is a tree containing A and A [ K (A) is the unique minimal such tree.
Thus if type(F ) = � then

� (F ) =
` ( � )X

k=1

�
� k � 1

a

�
: (10)

Note that this formula is valid only if a > 0. Substituting (10) into (9), we obtain

(� 1)a+ b
X

� ` n

�
`(� ) � 1

`(� ) � n + a + b

�
(� 1)n � ` ( � )

X

F � T
typ e(F )= �

` ( � )X

k=1

�
� k � 1

a

�

= (� 1)a+ b
X

� ` n

�
`(� ) � 1

`(� ) � n + a + b

� ` ( � )X

k=1

�
� k � 1

a

�
c� (T )

=
X

� ` n

 (�; a; b)c� (T )

(where  (�; a; b) is de�ned by (1)), giving the desiredformula (3).

We now turn to the proof of (4). By Proposition 4, we have

ST (q; r ) = K T (qr; q(1 � r ))

=
X

a> 0

X

b� 0

(qr )a (q(1 � r ))b(� 1)a+ b
X

� ` n

�
`(� ) � 1

`(� ) � n + a + b

� ` ( � )X

k=1

�
� k � 1

a

�
c� (T ):

Setting i = a + b, we may rewrite the last expressionas

X

i> 0

iX

a=1

(� 1)i qi r a (1 � r ) i � a
X

� ` n

�
`(� ) � 1

`(� ) � n + i

� ` ( � )X

k=1

�
� k � 1

a

�
c� (T ):
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Applying the binomial expansionto (1 � r ) i � a yields

X

i> 0

iX

a=1

(� 1)i qi r a
i � aX

h=0

�
i � a

h

�
(� 1)h r h

X

� ` n

�
`(� ) � 1

`(� ) � n + i

� ` ( � )X

k=1

�
� k � 1

a

�
c� (T ):

Now setting h = j � a gives

X

i> 0

iX

a=1

(� 1)i qi
iX

j = a

�
i � a
j � a

�
(� 1)j � a r j

X

� ` n

�
`(� ) � 1

`(� ) � n + i

� ` ( � )X

k=1

�
� k � 1

a

�
c� (T )

and setting a = d and rearranging gives

X

i> 0

iX

j =1

qi r j
X

� ` n
` ( � )= `

 

(� 1)i + j
�

` � 1
` � n + i

� jX

d=1

(� 1)d
�

i � d
j � d

� X̀

k=1

�
� k � 1

d

� !

c� (T )

=
X

i> 0

iX

j =1

qi r j
X

� ` n
` ( � )= `

� (�; i; j )c� (T )

which is the desiredformula (4). �

Two basic invariants of a tree are its path sequence and its degree sequence. The
path sequenceof T is de�ned as (� 1; � 2; : : : ), where � i = � i (T ) is the number
of i -edgepaths in T . The degreesequenceof T is de�ned as (� 1; � 2; : : : ), where
� j = � j (T ) is the number of degree-j vertices in T . Knowing the degreesequence
is equivalent to knowing the star sequence (� 1; � 2; : : : ), where � k = � k (T ) is the
number of k-edgestars in T . Indeed, it is not hard to seethat

� k =
X

j � k

�
j
k

�
� j

for every 2 � k � n � 1, and so

� j =
X

k � j

�
k
j

�
(� 1)j + k � k :

Corollary 5. The degree and path sequences of a tree T can be recovered from its
chromatic symmetric function.

Proof. The key observation, due to Chaudhary and Gordon [3, Proposition 18], is
that the path and star sequencesof T can be recovered from ST . Indeed, � 1 is
the number of edgesof T , and for every i � 2, � i is just the coe�cien t of qi r 2 in
ST (q; r ). Meanwhile, for every k � 1, � k is the coe�cien t of qk r k . �

We note that Fougerehad proved [6, Theorem 3.3.1] that the sum of the squared
vertex degrees,

P
j � j j 2, could be obtained from the coe�cien t of the monomial

symmetric function m(3 ;1;1;::: ) in X T .
We can rephrasethe formulas for K T and ST in terms of the usual scalarproduct

h�; �i on the space� n of degree-n symmetric functions (see[17, x7.9] or [10, xI.4]),
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where n is the order of T . De�ne symmetric functions 	 n (x; y) and � n (q; r ) by

	 n (x; y) =
X

a> 0

X

b� 0

xayb
X

� ` n

 (�; a; b)
p�

z�
;

� n (q; r ) =
n � 1X

i =1

iX

j =1

qi r j
X

� ` n

� (�; i; j )
p�

z�
:

Then the formulas (3) and (4) are respectively equivalent to

K T (x; y) =


	 n (x; y); X T

�
;

ST (q; r ) =


� n (q; r ); X T

�
:

The symmetric function 	 n appears to have certain positivit y and integralit y
properties, as we now explain. The i th homogeneous symmetric function hi in
indeterminatesx1; x2; : : : is the sum of all monomialsof degreei , and for a partition
� = (� 1; : : : ; � ` ) we de�ne h� = h� 1 � � � h� ` . The symmetric functions f h� j � ` ng
form a vector spacebasis for � n [10], so there is a unique list of rational numbers
� (�; i; j ) 2 Q such that

	 n (x; y) =
X

i;j

X

� ` n

� (�; i; j )x i yj h� :

Conjecture 6 (Positivit y). Let � ` n be a partition, and let � (� ) be the number of
parts of � of even length. Then, for all integers i; j , (� 1)� ( � ) � (�; i; j ) � 0:

Conjecture 7 (z-Integralit y). Let � ` n be a partition. Then, for all integers i; j ,
the number � (�; i; j )z� is an integer.

We have veri�ed Conjectures 6 and 7 computationally 1 for all n � 20, which
we think is strong evidencethat they hold for all n. A formula for � (�; i; j ) can
be written out explicitly using the known transition matrices between basesof
symmetric functions (see [5]). However, we do not know a direct combinatorial
interpretation for � (�; i; j ) or for � (�; i; j )z� .

One might hope that for every two trees T; U with # V (T) > # V (U) > 1,
the number of subtreesof T isomorphic to U might be given by a scalar product

� U ; X T

�
, where � U is somesymmetric function independent of T . Such a result

would generalizeCorollary 5 (which covers only the casethat U is a path or a
star) and, by a theorem of Harary and Palmer [9], would imply that every tree is
distinguished by its chromatic symmetric function. In fact, it appears that such a
function � U exists only if U is a star or a path, aswe have veri�ed computationally
for all U of order � 8, with one trivial exception.2

Theorem 1 does not resolve Stanley's question, becauseST is not a complete
isomorphism invariant. Indeed, the two trees T1; T2 shown in Figure 2 share the
samesubtree polynomial; this is a special caseof a theorem of Eisenstat and Gor-
don [4]. On the other hand, X T1 6= X T2 . This inequality follows from Tan's
calculations [18], and also for the following elementary reason. Let A � E(T1) be
the edgeset obtained by deleting the two rightmost horizontal edgesin Figure 2;

1 A Maple worksheet containing the calculations is available at
http://math.ku.edu/~jmart in/ sour cecode/ .

2 Up to isomorphism, there are three four-edge trees: the star S4 , the path P4 , and another
tree U. Since the number of four-edge subtrees of T is just c5(T ), we have � U = c5 � � S4 � � P4 .

http://math.ku.edu/~jmartin/sourcecode/
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then type(A) = (7; 2; 2). On the other hand, no subset of E(T2) has that type.
Therefore c(7 ;2;2) (T1) 6= 0 and c(7 ;2;2) (T2) = 0.

The remainder of the article is devoted to identifying special classesof trees T
for which the invariants c� su�ce to reconstruct T up to isomorphism.

3. The Chr omatic Symmetric Function Distinguishes Spiders

A tree is a spider (or starlike tree) if exactly one of its vertices has degree� 3.
By Corollary 5, whether or not a tree is a spider can be determined from its subtree
polynomial. A spider may equivalently be de�ned as a collection of edge-disjoint
paths (the legs) joined at a common endpoint t (the torso).

Up to isomorphism, every spider on n vertices can be described by a partition
� ` n � 1 whose parts are the lengths of its legs (so `(� ) � 3). We denote the
corresponding spider by T� . Note that `(� ) equalsboth the number of leavesof T�

and the degreeof its torso.
We will show that the isomorphism type of a spider can be determined from

its subtree polynomial, hencefrom its chromatic symmetric function. Fougere[6,
Chapter 2] had previously shown that forks (spiders with exactly one leg of length
> 1 and extended stars (spiders in which every leg has length k or k + 1 for some
k) could be reconstructed from their chromatic symmetric functions.

Before continuing, we describe a combinatorial problem whosesolution will play
a role in the proof. Let m1; : : : ; mk benonnegative integerswith

P
mi = `. Suppose

that we have ` distinguishable boxes, of which m i have capacity i for each i 2 [k].
Let 
( m1; : : : ; mk ) be the number of ways of distributing k indistinguishable balls
among these boxes so that no box is �lled beyond its capacity. In general, it is
not easy to write down a closed formula for 
( m1; : : : ; mk ), although individual
instancescan be computed using an inclusion-exclusionargument (for example).

Theorem 8. Let � ` n � 1 be a partition with ` = `(� ) � 3, and let T = T� be the
corresponding spider. Then T can be reconstructed from its subtree polynomial.

Proof. First, suppose that ` = 3. Then � 1 + � 2, � 1 + � 2 + � 3, and � 1� 2� 3 are
respectively the diameter, number of edges,and number of three-leaf subtreesof
T� . Theseinvariants can be recovered from S� , and together they determine � .

Now supposethat ` > 3. Let mk denote the number of parts of sizek in � , and
let s(i; j ) denote the number of subtreesof the spider T with i edgesand j leaf
edges(that is, the coe�cien t of qi r j in ST (q; r )). We will show by induction on k
that mk can be calculated from the numbers s(i; j ).

First, suppose k = 1. Since there is a bijection between legs of T of length 1
(i.e., consistingof a singleedge)and subtreeswith n � 2 edgesand ` � 1 legs(which
are formed by deleting such an edge). Hencem1 = s(n � 2; ` � 1).

For k > 1, we can choosea subtreeS � T with n � 1� k edgesand ` � 1 leavesas
follows. First, �x j 2 [k] and delete a leg of length j ; there are m j ways to do this.
If j < k, then we still need to delete k � j more edges. It su�ces to specify how
many edgesto delete from the end of each of the other ` � 1 legs, so the number
of ways to do this is the solution to the balls-in-boxes problem described above,
regarding the k � j edgesto be deleted as balls and each remaining leg of length
i as a box of capacity min( i � 1; k � j ) (since deleting the entire leg will result in
a tree with fewer than ` � 1 leaves). Therefore s(n � k � 1; ` � 1) is given by the
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formula

mk +
bk=2cX

j =1

mj 

�
m2; : : : ; mj � 1; mj � 1; m j +1 ; : : : ; mk � j ; ` � (m1 + � � � + mk � j )

�

+
k � 1X

j = bk=2c+1

mj 

�
m2; : : : ; mk � j ; ` � 1 � (m1 + � � � + mk � j )

�
: (11)

By induction, the s(i; j ) determine m1; : : : ; mk � 1, and equation (11) implies that
they determine mk as well. �

Another way of reconstructing a spider from its chromatic symmetric function
will be useful in Section 5. De�ne the two-part portion ~X G of X G by

~X G =
X

` ( � )=2

c� p� : (12)

While ~X G is evidently a much weaker invariant than X G , it contains enoughinfor-
mation to distinguish among spiders.

Theorem 9. Let T be a spider of order n. Let m = bn
2 c, let " = n � 2m, let

da = jca;n � a(T )j for 1 � a � m, and let d(T) = (d1; : : : ; dm ). Then one of the
following conditions holds:

(1) The sequence d(T) is a partition, that is, d1 � d2 � � � � � dm � 0.
(2) There is a number t � m such that d1 � � � � � dt = 1. Moreover, dt +1 =

dt +2 = � � � = dm � 1 = 2, and dm 2 f 1; 2g.

In the �rst case, let � = d(T). In the second case, de�ne a partition � from d(T)
by replacing all 2's after the t th place with two 1's.

Then T = T� , where � is the conjugate partition to � .

Proof. For each edgee 2 E(T), denoteby kek the minimum of the ordersof the com-
ponents of T � e, sothat da = # f e j kek = ag. If we label the legsof T asL 1; : : : ; L ` ,
where L i has � i edges,and label the edgesof each L i as ei; 1; ei; 2; : : : ; ei;� i , starting
from the leaf and reading in toward the torso, then kei;j k = min( j; n � j ).
Case 1: � 1 � n � � 1. Then j � n � j for every edge ei;j . In this caseda =
# f i j � i � ag, and d(T) is just the conjugate partition of � .

Case 2: � 1 > n � � 1. If i 6= 1, then � i � (� 2 + � � � + � k ) � 1 = n � � 1 � 2, and
kei;j k = j for every j . So we can give a formula for d(T) in terms of � :

da =

8
><

>:

# f i j � i � ag if 1 � a � n � � 1 � 1;
2 if n � � 1 � a � m � 1;

1 + " if a = m:

(13)

Note that dn � � 1 � 1 = 1, becausee1;n � � 1 � 1 is the unique edge whose deletion
contains a component of order n � � 1 � 1. On the other hand, n � � 1 = 2m+ " � � 1 �
2m + " � (m + 1) = m + " � 1, so dn � � 1 = 2 whether n is odd or even. Therefore,
d(T) is not a partition, but has the form described in case(2) of the theorem.
Formula (13) implies that if we \iron out" d(T) by replacing every 2 after the
(n � � 1)th entry with two 1's, we will obtain the conjugate partition to � .

We now seehow to recover � , and thus the isomorphism type of the spider T� ,
from the data d(T� ). Either d(T� ) is a partition, in which caseit is the conjugate
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of � , or it has the form just described, in which casethe \ironing-out" operation
yields the conjugate of � . This is precisely the statement of the theorem. �

4. Chr omatic Symmetric Functions of Some Caterpillars

A caterpil lar is a tree T with the property that the induced subgraph on the
non-leaf vertices is a nontrivial path, called the spine of T . That is, every vertex
of T either lies on the spine, or is a leaf whoseunique neighbor lies on the spine.
Sincethe spine is nontrivial, a caterpillar must have at least four vertices.

While Eisenstat and Gordon's result in [4] rules out the possibility of distinguish-
ing caterpillars by their subtree polynomials, there is still reasonto hope that the
additional information provided by the chromatic symmetric function of a caterpil-
lar may su�ce to reconstruct it up to isomorphism.

Our �rst result is that the chromatic symmetric function distinguishescaterpil-
lars from non-caterpillars. The number of leavesand the diameter of a tree T (the
maximum length of a path in T) can be recovered from X T by Corollary 5, so it
su�ces to prove the following fact.

Prop osition 10. Let T be a tree with n � 4 vertices. Then T is a caterpil lar if
and only if diam(T) � 1 = n � � 1(T ).

Proof. If T is a caterpillar, then every path of maximum length consistsof the spine
together with a leaf attached to each of its endpoints, hencecontains all the non-leaf
vertices and two other (leaf) vertices. In particular, the number of edgesin such a
path is one more than the number of non-leaf vertices. On the other hand, if P is
a path of maximum length in T , then the internal vertices of P are not leavesof T
(becauseeach has two neighbors in P) but its endpoints are (otherwise P could be
lengthened). If diam(T) � 1 = n � � 1(T ), then all the vertices not lying on P must
be leaves,which is to say that T is a caterpillar. �

Let T be a caterpillar with spineverticesv0; : : : ; vs . For each i , let ei = deg(vi ) �
1, where deg(vi ) denotes the degreeof the vertex vi . Gordon and McDonnell [8,
Lemma 2] showed that the numbers ei are almost determined by the path sequence
of T , and are indeed determined by the path sequencewhen the caterpillar is
symmetric (that is, ei = es� i for 0 � i � s). Therefore, every symmetric caterpillar
is determined up to isomorphism by its chromatic symmetric function, a result
proved in another way by the secondauthor [12, Theorem 4.3.1].

We now describe another class of caterpillars that can be reconstructed from
their chromatic symmetric functions. We retain the labeling of the verticesof T as
v0; : : : ; vs. Let f i be the number of leaves adjacent to vi , so that f i = deg(vi ) � 1
for i = 0; s and f i = deg(vi ) � 2 for 0 < i < s. Call f i the i th leaf number of T . In
addition, call a partition � singleton-free if all its parts are at least 2.

Theorem 11. Let T be a caterpil lar whoseleaf numbers f i are strictly positive and
distinct. Then T can be reconstructed from its chromatic symmetric function.

Proof. Let L be the set of leaf edgesof T . Sincef i > 0 for all i , every spine vertex
is adjacent to at least one leaf. Therefore, the edgesetsA � T such that type(A) is
singleton-freeare precisely those that contain L . In particular, � = type(L ) is the
unique singleton-freepartition with s+ 1 parts whosecoe�cien t c� (T ) is non-zero.
Up to reordering, the parts of � are the numbers f 0 + 1; : : : ; f s + 1. Furthermore,
for each spineedgeei = vi � 1vi , the edgeset L [ f ei g contributes (� 1)n � s to c� i (T ),
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where � i = f f 0 + 1; : : : ; f i � 2 + 1; f i � 1 + f i + 2; f i +1 + 1; : : : ; f s + 1g: Note that
the partitions � i are all distinct. Moreover, � i has s � 1 of its parts in common
with � ; the remaining two parts of � must be the leaf numbers of adjacent spine
vertices of T . (This statement is valid even if the parts of � i are not all distinct.)
In this way we can recover the leaf numbers of the endpoints of every edgeof T ,
and this data speci�es the caterpillar up to isomorphism. �

Using the sameargument, we can relax the condition of the theorem slightly:
we needonly require that all leaf numbers are positive and that for each k, the set
of spine vertices with leaf number k form a subpath of the spine.

5. Unicyclic Graphs: Squids and Crabs

Despite the title of this article, we devote the last section to a family of graphs
G that are not trees, but rather unicyclic; that is, G contains a unique cycle.
Equivalently , c = n � e + 1, where c;n; e are the numbers of components, vertices
and edgesrespectively, so unicyclicit y can be detected from X G by Proposition 2.
While we can no longer interpret the coe�cien ts c� as in (7), we can useStanley's
expansionof X G in terms of broken circuits [16, Thm. 2.9]. A special caseof that
result is the following: if G has a unique cycle C and e0 is an edgeof C, then

X G =
X

A � E (G)
C � e0 6�A

(� 1)# A pt yp e(A ) : (14)

We do not know whether there exist two unicyclic graphs with the samechro-
matic symmetric functions.

A squid is a connectedunicyclic graph with a single vertex v of degreegreater
than 2. Note that v must lie on the cycle. A squid is described up to isomorphism
by the length of its cycleand of the tentacles (the paths from the leaf verticesto v).
For example, if T� is the spider whoseleg lengths are given by the parts of � , then
adding an edgebetween the leavesat the ends of the two longest legs producesa
squid with cycle length � 1 + � 2 and tentacle lengths � 3; � 4; : : : .

It is not clear how to determine from X G whether or not a unicyclic graph G is
a squid (for instance, we cannot recover the degreesequenceof an arbitrary graph
from its chromatic symmetric function as we can for a tree). Nevertheless, the
following uniquenessresult doeshold.

Theorem 12. No two non-isomorphic squidshavethe samechromatic symmetric
function.

Proof. Let S be a squid with unique cycle C. Let k + 1 be the length of C; this
number can be recovered from X S by Proposition 3. Let v be the unique vertex
of S of degree> 2, and let � be the partition whoseparts are the edgelengths of
the tentacles. Label the edgesof C as e0; e1; : : : ; ek , starting at v and proceeding
around the cycle. By (14) and inclusion-exclusion,we obtain

X S =
kX

i =1

0

@
X

ei 62A

(� 1)# A pt yp e(A )

1

A �
X

1� i<j � k

0

@
X

ei ;ej 62A

(� 1)# A pt yp e(A )

1

A + : : :

=
kX

i =1

X S� ei �
X

1� i<j � k

X S� ei � ej + : : :
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wherethe omitted terms involveedgesetsA lacking three or moreedgesfrom C� e0.
Deleting three or more edgesfrom S producesa graph with three or more connected
components, so passingto two-part portions as in (12) yields ~X S =

P k
i =1

~X S� ei �
P

1� i<j � k
~X S� ei � ej : Each graph S � ei � ej has exactly two components, of sizes

j � i and n � j + i . Removing additional edgeswill strictly increasethe number of
components, so

~X S =
kX

i =1

~X T �;i;k � i �
X

1� i<j � k

(� 1)n � 2p( j � i;n � j + i )

where T�;i;k � i = S � ei is the spider with legs whoselengths are i , k � i , and the
parts of � . Therefore, X S determines the quantit y

kX

i =1

~X T �;i;k � i = ~X S +
X

1� i<j � k

(� 1)n � 2p( j � i;n � j + i ) : (15)

Leaving the foregoing calculations aside for the moment, we note that if T is
a tree with n � 1 edges, then to calculate ~X T we need only consider the edge
subsets of cardinalit y n � 2. In particular, if T = T� is a spider, then ~X T =
(� 1)n � 2 P ` ( � )

i =1

P � i
j =1 p( j;n � j ) : It follows that for any partition � and numbers k; i ,

we have

~X T �;k = ~X T �;i;k � i + (� 1)n � 2

0

@
kX

j =1

p( j;n � j ) �
iX

j =1

p( j;n � j ) �
k � iX

j =1

p( j;n � j )

1

A

=
1
k

kX

i =1

0

@~X T �;i;k � i + (� 1)n � 2

0

@
kX

j =1

p( j;n � j ) �
iX

j =1

p( j;n � j ) �
k � iX

j =1

p( j;n � j )

1

A

1

A

which can be computed from X S using (15). Meanwhile, by Theorem 9, we can re-
construct the spider T�;k from ~X T �;k . In particular, wecan reconstruct the partition
� , which givesthe tentacle lengths of the squid S. �

Just assquidscan be regardedasthe unicyclic analoguesof spiders,the unicyclic
analoguesof caterpillars arecrabs: connectedunicyclic graphsin which every vertex
not lying on the cycle is a leaf. In analogy to Theorem 12 and its proof, we
ask whether is it possibleto use the results of Section 4 to classify the chromatic
symmetric functions of (some) crabs. As a starting point, we prove the following
analogueof Theorem 11.

Prop osition 13. Let G be a crab such that the degrees of its non-leaf vertices are
all distinct and all greater than 2. Then, if H is another crab with this property,
and X G = X H , then G � H .

Proof. We will show that the coe�cien ts of X G , together with the knowledgethat
G is a crab with the property just mentioned, determine G up to isomorphism.

The girth g of G canberecoveredfrom X G by Proposition 3. Let C be the unique
cycleof G, and label its verticesin cyclic order asv1; : : : ; vg. Let f i = deg(vi ) � 2 be
the number of leavesadjacent to vi . Note that G canbe speci�ed up to isomorphism
by the cyclically ordered list of numbers f 1; : : : ; f g.

Let L denote the set of leaf edgesof G. The subsetsof E(G) whose type is
singleton-freeare precisely those that contain L as a subset. In particular, L itself
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is the unique edgeset whose type is a singleton-free partition of length g. Thus
type(L ) = f f 1 � 1; f 2 � 1; : : : ; f g � 1g can be recovered from X G . Moreover, there
are precisely g edgesets whose type is a singleton-free partition of length g � 1;
these edgesets are of the form L [ f eg for somee 2 C. Just as in Theorem 11,
the typesof theseedgesetsare all distinct, and they specify which pairs of the f i

correspond to adjacent vertices of the cycle. �
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