RANDOM GEOMETRIC  GRAPH DIAMETER IN THE UNIT
BALL

ROBERT B. ELLIS, JEREMY L. MARTIN, AND CATHERINE YAN

Abstra ct. The unit ball random geometric graph G = Gg(; n) has as its
vertices n points distributed independently and uniformly in the unit ball in
RY, with two vertices adjacent if and only if their “p-distance is at most
Lik e its cousin the Erdjos-Renyi random graph, G has a connectivity threshold:
an asymptotic value for in terms of n, above which G is connected and below
which G is disconnected. In the connected zone, we determine upper and lower
bounds for the graph diameter of G. Speci cally , almost always, diamp(B)(1
o(1))= diam(G) diamp(B)(L + O((In In n=In n)1d))= | where diamp(B)
is the “p-diameter of the unit ball B. We employ a combination of methods
from probabilistic combinatorics and stochastic geometry.

1. Intr oduction

A random geometric graph consistsof a set of verticesdistributed randomly over
somemetric spaceX , with two vertices joined by an edgeif the distance between
them is su cien tly small. This construction preseris a natural alternative to the
classical Erdps-Renyi random graph model, in which the presenceof ead edgeis
an independert evert (see,e.g.,[2]). The study of random geometric graphsis a
relatively new area; the monograph [9] by M. Penroseis the current authority. In
addition to their theoretical interest, random geometric graphs have many applica-
tions, including wirelesscommunication networks; see,e.g., [4, 10, 12].

In this article, we study the unit ball random geometric graph G = Gg(; n),
de ned asfollows. Let d and n be positive integers, B the Euclidean unit ball in
RY certered at the origin, a positive real number, and p 2 [1;1 ] (that is, either
p2[1;1)orp=1). Let V, beasetof n points in B, distributed independertly
and uniformly with respectto Lebesguemeasureon RY. Then G is the graph with

vertex set Vy,, wheretwo verticesx = (Xy;:::;Xq) andy = (y1;:::,;Yq) are adjacen
if and only if kx  yk, . (Thus the larger is, the more edgesG has.) Here
k kp is the "p-metric de ned by
P =|
kx  ykp = Loxiooyip forp2 [1;1);
P maxfixi vyij : 1 i dg forp=1;

where the casep = 2 givesthe standard Euclidean metric on RY.

When d = 1, G is known asa randominterval graph (Note that the value of p is
immaterial whend = 1.) Random interval graphs have beenstudied extensiwely in
the literature; the asymptotic distributions for the number of isolated vertices and
the number of connectedcomponerts were determined precisely by E. Godehardt
and J. Jaworski [7]. The random Euclidean unit disk graph G3( ; n) was studied
by X. Jia and the rst and third authors [5].
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In the presert article, we focuson the cased 2 andp 2 [1;1 ], but alsocom-
mernt along the way on the special cased = 1. We are interested in the asymptotic
behavior of the connectivity and graph diameterofGasn! 1 and ! 0. In fact,
G has a connectivity threshold roughly speaking, an expressionfor as a func-
tion of n, above which G is connectedand below which G is disconnected. (This
behavior is ubiquitous in the theory of the Erdps-Renyi random graph model; cf.
[2.)

We are interested primarily in the combinatorial graph diameter of G, diam(G),
above the connectivity threshold. Our results include

a lower bound for diam(G) (Proposition 7 of x4);

an \absolute" upper bound diam(G) < K=, where K is a constart de-
pending only on d (Theorem 8 of x5); and

an asymptotically tight upper bound within a factor of the form (1 + o(1))
of the lower bound, the proof of which builds on the absolute upper bound
(Theorem 10 of x6).

2. Definitions and Not ation

As mentioned above, the main object of our study is the random geometric
graph G = Gg(; n), whered 1 is the dimension of the ambient unit ball B,
p2 [1;1 ] describesthe metric, > 0Oisthe "p-distance determining adjacency and
n is the number of vertices. We will generally avoid repeating the constraints on
the parameters.

The graph distance dg (x; y) betweentwo verticesx;y 2 V, is de ned to be the
length of the shortest path betweenx and y in G, or 1 if there is no such path.
The graph diameter of G is de ned to be diam(G) := maxfds(X;y) : X;y 2 Vhg.
This graph-theoretic quantity is not to be confusedwith the ",-diameter of a set
X RY dened as diamp(X) := suptkx  yk, : X;y 2 Xg. The ",-ball of radius
r certered at x 2 RY is de ned as

BJ(x;r):=fy2R? : kx vk, rg;

while the "p-ball of radius r around aset X ~ R%is BJ(X;r) = [x2x BJ(X; ).

we de ne BJ(r) := BJ(O;r). ThusB = BY(1). The ",-diameter of B is

20 =2 whenl p 2

diam, (B) = 2 when2 p 1:

The distanced,(X;Y) betweentwo setsX; Y RY is de ned asinffk x ykp @ x 2
X;y 2 Yg. The boundary @ of X is its closure minus its interior (in the usual
topology on RY), and its volume vol(X ) is its Lebesguemeasure.
We will make frequert use of the quantity
pr1 ¢
vol(B3(r)) _ e

p
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where is the usual gammafunction (see,e.g.,[11]). The calculation of g along

with the proofs of seweral other useful facts about " ,-geometry, may be found in
the Appendix at the end of the article.
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We will say that the random graph G hasa property P almost always or a.a., if
nIlilm Pr [G has property P] = 1:

By the notation f(n) = o(g(n)) and f(n) = O(g(n)), we mean, respectively,
limpn  f(n)=g(n) = 0 and limsup,,;; f(n)=g(n) ¢, for some absolute non-
negative constart c.

3. Connectivity  thresholds

In order for G = Gg( ; n) to have nite diameter, it must be connected. There-
fore, we seeka connectivity threshold { a lower bound on sothat G is almost
always connected. When d = 1, all “p-metrics are identical. For this casewe now
guote parts of Theorems10 and 12 of [7], to which we refer the readerfor their pre-
cisedetermination of the asymptotic Poissondistributions of the number of isolated
vertices and the number of connectedcomponerts.

Theorem 1 (Godehardt, Jaworski). Let 1(n) = nl(logn + c+ 0o(1)) and »(n) =
2(jogn + c+ 0(1)), where c is a constant. Then

n||i1m Pr[Gg( 1(n);n)has an isolated vertex]

1
D

1
D

im Pr[Gy( 2(n);n)is connected]

In particular, by replacing c in Theorem 1 with a nonnegative sequence (n) !
1, almost always Gg( 1(n); n) has no isolated vertices and Gé( 2(n); n) is con-
nected. The cased = 1 is exceptional in that the thresholds for having isolated
vertices and for connectivity are separated.

Ford 2, wewill usethe fact that the connectivity threshold coincideswith the
threshold for the disappearanceof isolated vertices, which follows from two theorems
of M. Penrose.First we compute the threshold for isolated vertices, which is easier
to calculate.

Prop osition 2. Letd 2, letp2[1;1], andlet = g be the constant of (1).
Supmse (n) is a nonnegative sequene suchthat lim (n)! 1, andthat

1 2d 1) 2 1=d

Y g Inn+alnlnn+ (n)

Then, almost always, G = Gg( ; N) hasno isolated vertices.

be the evert that v; is an isolated vertex, and let X; be the indicator of A;; that is,
Xi = 1if Aj occursand O otherwise. SetX = X1+ X, + + Xn. We will show
that E[X]= o(1).

By de nition, v; isisolatedif and only if there are no other verticesin Bg(vi; N
B. We condition Pr[A;] on the ",-distance from v; to the origin O. If kv; Ok; 2
[0;1 d'*? ), then Bj(vi; ) B. Otherwise, if kvi Ok, 2 (1 d*2; 1], then
the volume of BJ(vi; )\ B is not lessthan Zvol(BJ(vi; ))(1 + O( )). Hence

PrlAi] @ d*= )i Hr T+
d n 1
@ @ d?)) 1 —- @+ 0())
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Usingl x=e *(1+ o(1)) asx! 0 and the binomial expansion,we have
Prial @+ o@)e " T+ (dd? + O( AL+ o)e "

The rst termiso(n 1) for d 2. By linearity of expectation, E[X]= n Pr[Ai],
and so

E[X] o(1) + d*2n (1+ o(l))n *1=9(nn) =g (M=2;

The secondterm is o(1), and soPr[X > 0] E[X] o(1); that is, almost always,
G has no isolated vertices.

The number of isolated verticesbelow the thresholdd's easyto computein certain
special cases.For example,if p2 [1;1],d=2, = clnn=n,and0 c< 1,
then a minor modi cation of [5, Theorem 1] yields X = (1 + o(1))n! ¢ almost
always. In general, to determine the behavior of X more exactly would require
complicated integrals that describe the volume of Bg(vi; )\ B near the boundary
of B (cf. [9, Chapter 8]). For our purposes,it su ces to concerrate on the values
of for which G hasno isolated vertices.

Ford 2andp2 (1;1 ], the connectivity threshold for the unit-cube random
geometricgraph coincideswith the threshold for lacking isolated vertices. We quote
Penrose'stheorem [8, Thm. 1.1] after somesupporting de nitions. De ne the unit
cuke geometric graph H = Hg(; n) analogouslyto G = Gg(; n), exceptthat its
vertices are points in [0; 1]¢ rather than B. For any nonnegative integer k, de ne

(2a) (H; k+ 1) = minf j H hasvertex connectivity k+ 1g;
(2b) (H; k+ 1) = minf jH hasminimum degree k+ 1g:

Theorem 3 (Penrose) Letp2 (1;1 Jandletk 0 be aninteger. Then
dm Pr[ (H;  k+1)= (H; k+1)]= L

When k = 0, Theorem 3 assertsthat as increases(forcing more edgesinto the
graph), almost always, H becomesconnected simultaneously as the last isolated
vertex disappears. In the proof of Theorem 3 in [8], Penroseshowsthat the limiting
probability distributions for (H; k+1)and (H; k+ 1) are the same. The
proof requiresonly a seriesof geometric and probabilistic arguments which hold in
the unit ball aswell asin the unit cube (see,in particular, Sections2 and 5 of [8]),
sowe have as an immediate corollary the following.

Corollary 4. Letd 2andp2 (1;1], andlet = (n) be suciently large
so that, almost always, G = Gg( (n);n) has no isolated vertices. Then, almost
always, G is connected.

We now considerthe casethat d 2 and p = 1. Here Theorem 3 does not
apply. However, we can appeal to two general results about the behavior of a
random geometricgraph in an " ,-metric spacewhoseboundary is a compact(d 1)-
submanifold of RY For sudh a graph, Theorem 7.2 of [9] provides a threshold for
the disappearanceof isolated vertices, and Theorem 13.7 provides a threshold for
connectivity. Applying theseresults to G, with the thresholds for G de ned asin
(2a) and (2b), we obtain the following fact.
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Prop osition 5. Letd 2, p2[1;1] andG = Gj( (n);n). Let = ¢ bethe
constant of (1), andlet k 0 be an integer. Then, almost always,
. n ) d _ n ) d 2d 1)
nI!llm logn (G; k+ 1) = nI!llm logn (G; k+ 1) . :

We now collect the above results to presert the connectivity thresholds that we
will usein the rest of the paper.
Theorem 6. LetG= G§(; n) andlet = § be the constant of (1).
(i) Supmpsethatd 2, p2 (1;1], (n) is a nonnegative seguen@ such that
(n! 1 and

1 2d 1)

1=d

2

- g Inn+dlnlnn+ (n)
Then, almost always, G is connected.

(i) Supmsethatd 2, p2[1;1] and = (clnn=n)'=¢ for some constant
c > 0. Then, almost always, G is connected if ¢ > (2(d 1)=(d )), and
disoonnected if c< (2(d  1)=(d )).

(i) Supmsethatd= 1, p2 [1;1],and = 2(Inn+ (n))=n. Then, almost
always, G is connected if (n)! 1 anddisonnected if (n)! 1

Assertion (i) follows from combining Proposition 2 with Corollary 4, and asser-
tion (i) is implied by Proposition 5. (When p> landd 2, the lower bound in
(i) is implied by the stronger bound in (i).) Assertion (iii) is implied by Theorem 1
and its accomparying remarks.

4. A lo wer bound for diameter

When G is connected,B will usually contain two vertices whose ™ p-distance is
(asymptotically) diamy(B). Therefore, the diameter of G will almost always be at
leastdiamp(B)(1 o(1))= . The precisestatemert is as follows.

Prop osition 7 (Diameter lower bound). Letd 1 andp 2 [1;1 ], and suppse

that = (n) is suciently largesothat Theorem 6 guaranteesthat almost always,
G= Gg(; n) is connected. If h = h(n) satis es
(3) lim h@*D=2n =1 ;
n'l
then, almost always,
1=p 1=2_— i .
dam(©) * Mdiamy@) = 2L N e 2
21 h)= ifp 2

Proof. Let a be a pair of antip odesof the unit ball B, chosenasin Figure 4, and
let C be the spherical cap formed by slicing B with hyperplanesat distance h
from a respectively, perpendicular to the line joining a and a. Let A be the
evert that at least one of the two caps C contains no vertex of V,. Then
vol(C) " vol(C)
vol(B) 2exp NGB
On the other hand, vol(C)=vol(B) = O(h(@* =2) py (18) of xA.3, which together
with the condition (3) on h implies that Pr[A] = o(1). That is, G almost always

Pr[A] = 2Pr[C\ V, =:] =
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cortains a vertex in eat of C and C. The result now follows from the de nition
of G and the lower bound (19) on the ",-distance betweenC and C.

Note that for all d 1, h canbe chosento satisfy both (3) and lim,; h= = 0.
Also, if the limit in (3) is a nonnegative constart, then lim,1  Pr[A] > O; that is,
vertices are not guaranteed in both caps. For the casep = 2, Proposition 7 can be
strengthenedby identifying a collection of mutually disjoint antip odal pairs of caps
of height h and shawing that, almost always, both capsin at least one pair cortain
a vertex. Such a collection correspondsto an antip odally symmetric spherical code
(see[3)).

5. The absolute upper bound

In this section we prove that when G is connected,the graph distance dg (X; y)

betweentwo vertices x;y 2 V, is at most Kkx yk,= , where K > 0 is a con-
stant independent of n and p, but dependert on d. As a consequencediam(G)
K diamp(B)= . This will not be strong enoughto meet (asymptotically) the lower
bound in Proposition 7, but does guarantee a short path betweenany pair of ver-
tices. This fact will be usedrepeatedly in the proof of the tight upper bound in
Theorem 10 of x6. It is sucient to prove the following Theorem 8, since for any
two points x;y 2 RY, we havekx  yk,  d**2kx  ykp.

Theorem 8. Letd 2, and suppsethat = (n) is suciently large so that
Theorem 6 guarantees that almost always, G = Gg(; n) is connected. Then for
any two points x;y 2 V, there exists a constant K independent of n and p such
thatasn! 1, almostalways,

K kx k
de(xy) — Y2

The proof is basedon Proposition 9 below. For any two verticesx;y 2 V,, let
Tey (k) = corvex closureof (BS(x;k )[ BS(y;k )) \ B:
Thus Tyy is a \lozenge"-shaped region. Let A, (k) be the evert that therﬁ exist
two verticesx; y 2 V, sud that (i) at leastonepoint isinsideBJ(0;1 (k+ d) ),
and (ii) there is no path of G that liesin Ty, (k) and connectsx and y. The proof

of our next result usesingredients from [9, p. 285], adapted and extended for our
presen purposes.

Prop osition 9. Under the same assumptions as in Theorem 8, there exists a
constant kg > 0, suchthat for all k > kg,

lim Pr{A()] = O

Proof. First, we cover the unit ball B with d-dimensional cubes, ead of side length
, where = 1=(4d). Let L4 be the set of certers of these cubes, and for eah
z 2 Ly, denote the closedcube certered at z by Q.
SupposeAn (k) occurspfgr a pair of vertices x; y; without loss of generality, sup-
posey 2 BJ(O;1 (k+ d) ). Abbreviate Tyy (k) by Txy .
Step 1. First we construct a connectedsubsetP Ty, sud that
() B{(P; =4) B;
(i) diamy(P) (k  d) ;and
(i) BA(P; =4\ V, = ;.
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Figure 1. The frontier P; must intersect the line segmen be-
tween vertices X;y 2 V, at somepoint u, and must also satisfy
dp(P1;w) =2 for somepoint w on the boundary @y n@3.

Let Vr = Wy \ Ty,y bethe setof verticesof G lying in Tyy . Then Bg(VT; =2)is
(top ologically) disconnectedwith x and y lying in di erent connectedcomponerts.
Let Dy be the connected componert of Bg(VT; =2) cortaining x. Let S be the
closureof the connectedcomponert of Ty, nDy cortaining y. Let T bethe closure
of Tyxy NS, sothat T cortains x. Then both S and T are connected,and their union
is Txy . The lozengeTy, is simply connected,soit is unicoherert [9, Lemma 9.1];
by de nition of unicoherencesinceTy,y is the union of closedconnectedsetsS; T
Txy, then P, := S\ T is connected. Sincex 2 T,y 2 S, and P, separatesx and
y, any path in Ty, from x to y must passthrough P1. In particular, Py intersects
the line segmer joining x and y. Let u be one of the intersection points.

Next, we show that there is a point w @y sud that dp(P1;w) =2,
and derive from this that diam,(P1) (k d=2) provided that the *,-distance
betweenu and w is at least k (see Figure 1 for an illustration). To achieve
this, we must avoid the casethat w lies in the boundary of B. To this end, let
Ci= @B\ Txy, and let C; = @yxy NCy. If dy(P1;Cy) =2, then C, must
be a subset either of S or of T; without loss of generality, assumeS. Then y
is disconnectedfrom x in G, which happens with probability tending to zero by
Theorem 6. Hence, almost always, d,(P1;C2) < =2. It follows that there is a
point w 2 C, sudh that dy(P1;w) = 2. Furthermore, BJ(P1; =2)\ V, = ;, by
de nition of P; asthe intersectionof Sand T.

As constructed, P; may be too closeto the boundary of B so that somecube
Q: intersecting P1 might not lie ertirely inside B. To overcomethis, we let P be
obtained from P; by moving every point toward O by = 4 under the transformation
X! % (=4)(x=kxky). Then P is connected,and diam,(P) diamy(P;) =2
(k d) ; that is P satis es conditions (i{iii).

Step 2. We now show that when k is large enough, the probability

PriQ;\ Vy = ; for every Q, BS(P; =4)]

tends to zero. Let ! be the setof points z 2 L4 such that Q,\ P 6 ;. SinceP is
connected,! isa -connectedsubsetof Lg; that is, the union of the corresponding
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X
<

Figure 2. Two verticesx;y 2 V,, which are not connectedby any
path in Ty (k), and the \fron tier" P separatingthem, whend = 2.
The gray squaresare the -connectedsubset! intersecting P of
the set of squarescovering B.

set of cubesis (topologically) connected (seeFigure 2). For each z 2 !, we have
Q,\ P 6 ; and 1=(4d'*P); henceQ, BS(P; =4). By consideringthe ",-
diameter of P, we seethat ! cortains at least 4 d(k ) poings. Hence we
havea -connectedsubset! Ly with cardinality at least4 d(k d) sud that
Q:\ V, =; forall z2 ! . We show that the probability of such an evert is o(1).

Let Gy denotethe collection of -connectedsetsof ! L4 of cardinality i. It is
known that the number of -connectedsubsetsof Z¢ of cardinality i cortaining the
origin is at most 2% (see,for example, [9, Lemma 9.3]). SincejLqgj (2=( ))Y,
wehave Gg;  (2=( ))92%"1  2d( ) de¥'i. Therefore

X X
Pr{An (k)] PriVa\ ([ 221 Qz) = ;1]
i 4" a @) ! 2Ca
. n
d d d: ! d

. 2°( ) “exp(3i) 1 Vol(B)( )
i 4 cigk d))

(4) cnexp( i 9d 1)Inn=(d vol(B)))
i 4 d(k pE))

(5) = O nt (4pa(k pH)(d 1))=(d vol(B)@4d)?)

wherecis a constart and = g is the constart of (1). To justify inequality (4),

when n is sucien tly large, we have 3° < 9(d 1)Inn=(d vol(B)): The order
bound in (5) 5, immediate by geomeHic series,and the resulting quantity is o(1)
provided k >~ d+ d vol(B)(4d)?=(4 d(d 1)), which provesthe existenceof ko
in the proposition.

Proof of Theorem 8. Fix k > ko asin Proposition 9. Let x and y ber}v_vo vertices
in Vi, with kx  yk, > . If at leastoneof x; y liesin BJ(0;1 (k+ d) ), then,
almost always, there is a path of G connectingx andy in Ty, . Supposethe shortest
path betweenx andy in Tyy haslength g. Then the ",-balls of radius =2 around
every other vertex in the path nbjg be pairwise disjoiBt,_ and ead must lie inside
the convex closureof BY(x; (k+  d=2) )[ B4(y;(k+ d=2) ). By comparing the
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volume of the "p-balls of radius =2 to the volume of Ty, , we obtain
> vol B3(x; =2) vol BY(x;(k+ d=2))

+da(x;y) vol BY (x; (k+ pa:z) )

which implies that g K1 + Kadx(x; y)= (K 1p d+ Ky)da(x;y)= , where K
and K, are constarts independent of n and p.

If both x andy lie outside B§(0;1 (k+ d) ), then we can travel from x to
an intermediate vertex x just inside B(O;1 (k+ d) )pvia path of bounded
length, and then onto y. To this end, let r = maxf( 9)*4" d;" dg, and let E, (k)
be the event that thgg is avertex z 2 N”— such that z62B(0;1 (k+ d) ) and
Vol (B(O;1 (k+ d) )\ B(z;(k+ d+2r) ))=;. Then

PE(] n 1 @ (ke @) @ d)) = o)

Appl)ﬁ'n_g this obser\ati?p_with Z= X, wecan nd apoint x; 2 V, inside B(O;1
(k+ d) )\ B(x;(k+ d+ 2r) ). By the precedingargumert we can rst travel
from x to x; in Kdy(Xx; X1)= steps,and then from x; to y in Kdy(x1;y)= steps.
The total length of the path is no more than Fg(_(dz(x; y) + 2d2(X; X1))= . Theorem
8 follows from the fact that dy(x;x;) (k+ d+ 2r) .

We briey discussthe casethat d = 1, sothat B is the interval [ 1;1] R.
Supposethat = (n) is suciently large sothat Theorem 6 guararntees that,
almost always, Gg( ; N) is connected. For any two vertices x; y, the shortest path
betweenthem clearly consistsof a strictly increasingset of verticesx = xp < X3 <
Xo < < Xdg (xy) = Y- Moreover, the balls B (Xo; =2), B(X2; =2), B(X4; =2);:::
must be pairwise disjoint (elsesomex; isredundart). Hencejx yj ddg(X;y)=2e ,
and from this it is not hard to deducethat ds(x;y) 2jx vVyj= .

6. The asymptoticall vy tight upper bound

In this section,weimprovethe upper bound in Theorem 8, reducing the constart
K to diamp(B) (asymptotically). Our main result is as follows:

Theorem 10. Letd 2andp2 [1;1 ], and supmsethat = (n) is su ciently
large so that Theorem 6 guarantees that almost always, G = Gg( ; Nn) is connected.
Thenasn! 1, almostalways,

2d'=P 1224+ O (InInn=Inn)=@ = whenl p 2

diam(G
©) 2+ O (InInn=Inn)= = when2 p 1:

That is, almost always, diam(G) diamy(B)(1 + O((In Inn=1In n)=d)=.

The proof usesthe geometricingredients of pins and pincushions A pin consists
of a collection of evenly spaced,overlapping " p-balls whosecerters lie on a diameter
of the Euclidean unit d-ball B. By making suitable choicesfor the geometry, we
can ensurethat ead intersection of consecutie balls contains a vertex in V,, so
that the pin provides a \highway" through G. Having done this, we construct a
pincushion so that every point of B is reasonablycloseto an “p-ball in one of its
constituent pins. The following de nitions are illustrated in Figure 3.
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A
N

Figure 3. (a) A pin in the unit circle in R?, with angle . Here
p = 1, sothat the ",-balls are diamonds, and r is the ",-distance
between consecutive certers (such as ug and u;) of “;-balls. The
petals are the shadedregions. (b) A pincushion consisting of sev-

eral pins.
Denition 11 (Pins). Fixd 2,p2 [L;1], 2( =2 =2], =( 3::; a)2
[0; =214, and ; r > 0. For m 2 Z, put
Um = Um(r; )= £2+ rm (X1;:::;Xq) 2 RY;

where

Yd Yd Y
X1 = COS sin ; Xz = sin sin i; Xj = COS j sin jfor3 | d:

i=3 i=3 i=j+1

The corresponding pin U(d;p; ; ;r; ) consistsof the points fu, : m 2 Zg\ B,
together with a collection of " -balls of radius = 2, one certered at ead point up,.
Note that the total number of " p-balls is 1+ 2bc.

De nition 12 (Pincushions). Fix d 2,1 p 1,and 2 Z*. The corre-
sponding pincushion (with parametersd;p; ;r; ) is the setof (2 )9 ! pins
— 2 2 1
U= U(dp ;) ;2 0,2,2,...,

De nition 13 (Petals). Let U beapin. A petal is the region of intersection of two
overlapping ",-balls on U (the shadedregionsin Figure 3). A petal is nonempty if
it contains a vertex of V,.

The probability that a petal is nonempty depends on its volume, which de-
pendsin turn on the parameters of the corresponding pin. Certainly, we must
chooser so that the petal has positive volume: for example, it suces to take
r (diamz(B)=diamp(B)) . Unfortunately, the volume is dicult to calculate
exactly. Even nding the minimum volume over all angles,that is,

= J(r; =2):=inffvol BJ(x; =2)\ B3(y; =2) : xy2B; kx yk2=rg
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requires integrals that are not easily evaluated (although for xed d and r, it is
certainly true that = ( 9)). The easiestway to nd a lower bound for is to
inscribe another " -ball in the petal.

Lemma 14. Letd 1, p2[L;1], > 0andO0 r (diamy(B)=diamy(B)) .
Then, for all x;y 2 B with kx yk, =,

BY X%ir®  BE(x =2)\ Bi(y; =2);

where (
[0 dt=2 = L whenl p 2
5 5 when2 p 1:
In particular,
( §d1:2 1=p fid whenl p 2
vol(B) 5 d when2 p 1:

Proof. Let z2 B(*5Y;r9. By the triangle inequality,

Xty Xty Oy 1.
kz xks z > ,t X, r’+ 3,

which, together with (17), implies that kz xk, =2. That is, z 2 Bg(x; =2).
The sameargumert implies that z 2 Bg(y; =2). The bound on is then a simple
application of (14).

For the remainder of this section, we work with the pincushion U de ned by

(6a) = (n) = b(nn)*9c
and

B _d¥ @ (n) whenl p 2
(6b) == 0wy when2 p 1;
where
(60) = ()= 20" =2(InInn=Inn)**¢ whenl p 2

2(In In n=In n)1=d when2 p 1:

Let y = y(n) bethe number of empty petals along the pin U 2 U, and de ne
= (n) = maxf y(n) : U2 Ug:

We rst calculate an upper bound on

Lemma 15. With the assumptionsof Theorem 10, and the parameters ;r; as
just de ned, almost always,

=2
(d D=2 Zex
r P vol(B)

Proof. Denote the right-hand side of the desired inequality by T. By linearity of
expectation,

Pr{ T] E[ffU: v Tgj]
@) @) Py T
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whereU is chosensoasto maximize Pr[ y  T]. Let X; be the indicator random
variable of the evert that the ith petal of U is empty, andlet X = ; X;. Now
U contains at most 2=r petals, so by linearity of expectation,

2 n
EVETC)) r &P Yo

(8) E[X]

Also, «
(9) var[X ] E[X]+ cov(Xi; Xj);
i6]

where the covariance cov(X;;X;) fori 6 j is

CO\/(Xi;Xj) = Pr[XIXJ = 1] Pr[xi = 1] Pr[X, = 1]
2 n 2n
- vol(B) b Soi)
(10) o(1) exp Voﬁ;)

Combining (8), (9) and (10) gives

(11) var[X ] ?exp + rizo(l) exp

n 2n
vol(B) vol(B)
By Chebyshev'sinequality (cf. [1]) and the boundsfor E[X ] and var[X ] in (8) and
(11),

Prx T PrjX E[X] T EX]
var[X] _ 1
T EXp)z 0 a1

Now Pr[y T]= Pr[X T]. Therefore, substituting this last bound into (7)
givesPr][ T] = o(1), which implies the desiredresult.

We can now prove the main result of this section.

Proof of Theorem 10. Let x;y 2 V,. We will nd verticesx; and y; nearx andy
respectively, belongingto petals of the pincushion U. From ead of x1;y;, we walk
along the appropriate pin to points x»; Yy, nearthe origin and belongingto petals on
the samepin asx; andys, respectively. We will then useTheorem 8 to construct a
path from X, to y,, aswell asany \detours" neededin casethere are missing edges
in the paths along the pins. Without lossof generality, we may assumethat

(12) kxkz; kyks ( + 3=2)r:

The justi cation for this is deferred until the end of the proof.

Let Ry bethe (possibly empty) petal nearestto x, and let Uy be the pin contain-
ing Rx. When n is su cien tly large, the distance from x to Ry is at mostd =2 .
By de nition of , there is another vertex x; 2 V,, which alsolies in a petal on
Uy, but is closerto the origin, sothat kx xi;k, d =2 +r( + 1). Repeatthese
constructions for y to obtain an analogousvertex y;. Then

kx  xikz; ky  yiko g— +r( + 1)
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and, by Theorem 8,
d K
de (X; X1); da(Y; Y1) i+ —

By de nition of , thereis avertex x, that belongsto a petal Ry, on Uy (indeed,
lying on the sameside of O along Uy) with Ry, BJ(O;r( + 3=2)). In the worst
case,all empty petals in Uy occur non-consecutiely betweenx; and x,, sofor n
large enough, we have

kX1k2 + 2Kr
r
kxky d 2Kr
+ — + :
r 2r
The same construction goes through if we replace the x's with y's. Moreover,
kxo, y2ko (2 + 3)r, sothe shortest path in G betweenx, and y, satis es

(2 + 3K

dg (X1; X2)

de (X2;¥2)
Concatenating all the above paths, we nd that
de(x;y) de (X; X1) + dg (X1;X2) + da(X2;¥2) + da(y2;y1) + da(y1:Y)
oetighe 4 g g K0

diamp(B) kxkz + kyks + O( )
diam,(B)

(Inn) =

(13) +0()+0

By the de nitions of r and given in (6b) and (6c), and the boundson and
(Lemmas 14 and 15), it follows that

qIninn Ininn
vol(B) Inn n '

wherethe secondinequality follows from the assumptionthat is abovethe thresh-
old for connectivity in Theorem 6. Therefore

o (d 1)=2

ETE)

d =(2d
ﬂ(h’] n)(d 1):(2d)(|n ny = O (Inn) (d+1) =@2d) _ M:

Plugging this bound for into (13) gives

diamp(B) kxkz + kykz + O( ) .
diam,(B) ’

ds (X y)

and the theorem follows.

We now explain the assumption (12). If kxkz;kyk, ( + 3=2)r, then by
Theorem 8, dg(u;v) (2 + 3)rK= = o )= . On the other hand, if kxk,
( +3=2)r kyka, then, almost always, there is a vertex x, 2 BS(O; ( + 3=2)r) be-
longing to somepetal. By the precedingargumert, dg(X;y) o= )+ dc(X2;y)
(diamp(B)=diam,(B))(kyk. + O( ))=:
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We conclude with two remarks. First, the proof of Theorem 10 can easily
be adapted to the cased = 1 to obtain the upper bound diam(G%(; n))

(2+ O(InInn=Inn)) = . (Note that when d = 1 a pincushion consists of just one
pin.) Second,the technique of Theorem 10 can be extendedto obtain the stronger
result dg (x;y) kx ykp+ O (InInn=In n)¥ =  sothat the graph distance

approximates the ",-metric. Each pin is replacedby ¢ ! evenly spacedparallel
pins. We can still bound by o( )=, but now any two verticesx and y are close
to the samepin, on which a short path from x to y is found. We refer the reader
to [6] for details.
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Appendix A. Facts about “,- and spherical geometr y

In the body of the article, we used various facts about the Euclidean and " -
geometry of balls and spherical caps. None of thesefacts are di cult; howewer, for
cornveniencewe presert them together here along with brief proofs.

A.l. Volume of the ",-unit ball. Fix p2 [1;1 Jandanintegerd 1. Let Bg(r)
be the “p-ball certered at the origin in RY with radius r:
( y )
Bi(r)= x2R*:  jxj° P
i=1

We will show that the (d-dimensional) volume of Bg(r) is

(2I’)d p;;l
(14) vol(BS(r)) = — e
p

where is the usual gamma function [11]. For d = 1 this is trivial. Ford > 1 we
have v

vol(BJ(r)) =2 vol Bj *((r" xP)'™) dx:
0

Make the substitution u = xP=rP, x = ru'™®, dx = (r=pu® P)7P du. By induction
on d, we obtain

d 1
Z,

2dpd  ptl
vol(BY(r)) = P 1 w5 uF du
p +d 1 0

p B
Evaluating this integral asin [11, x12.4]yields the desiredformula (14). It follows
that
p+1 d
4 . Vol(B3(r)) _ N
P volBg(r) T g d

N
+
[o%

(15)

1=l
2
QN

=]
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A.2. “p-antip odes on the Euclidean sphere. Let B = B$(1) be the Euclidean
unit ball, certered at the origin in RY, and let p 6 2. We wish to calculate the
“p-diameter of B, that is,

diamp(B) = maxfkx ykp, : x;y 2 Bg:

A pair of points of B at distance diamy(B) are called "p-antipodes If d = 1, then
B is a line segmen and the only antip odes are its endpoints. Of course,if p = 2,
then the antip odesare the pairs x with kxk, = 1.

Supposethat d > 1. Every pair of antip odesx; y must satisfy kxk, = kyk, = 1.
Without lossof generality, wemay assumex; 0 y; for every i, Usingthe method

of Lagrange multipliers (with objective function (kx ykp)p = idzl (Xi  ¥i)P), we
nd that for ewvery i,
(16) pixi  yi)® t=2xi= 2y
where and are nonzero constarts. In particular yi = (= )x; for every i,
soy = X. (That is, every pair of ",-antipodeson B is a pair of “,-antip odes.)
Substituting for y; in (16) gives

xP 1= x;
where is somenonzeroconstart. In particular, the setof coordinatesfxy;:::;Xqg

can contain at most one nonzero value, so either x is a coordinate unit vector or
elsex; = d 12 for every i. In the rst casek( x) xkp = 2, while in the second
casek( x) xk,=2d ¥2*1=_In summary:

Prop osition 16. Letd 2, andlet B = BY(1) be the Euclidean unit ball, centered
at the origin in RY. Then the pairs of *p-antipodes on B are precisely the pairs
f xg satisfying the following additional conditions:

8

2jx1j= = jxgj=d 172 whenl p< 2
S kxkp =1 whenp = 2,
" X is a coordinate unit vector when2<p 1:

In particular, the ",-diameter of B is

20t=p 1=2 forl p 2

17 diamy(B) = max 2; 2d*P 172
an lamp(B) X 2 for2 p 1:

A.3. Spherical caps. Let B = BY(r) be the Euclidean ball of radius r, certered
at the origin in RY. Let C be a spherical cap of B of height h, with 0 h r; for
instance,
C=1f(Xy;::55%q)2B:r h x1 rg

The volume of C can be determined exactly,fput the preciseformula is awkward
for large d (one hasto evaluate the integral sin® d ). On the other hand, we
can easily obtain a lower bound for vol(C) by inscritBng in it a\h yperﬁone" H of
height h whosebaseis a (d 1)-sphereofradiuss="r2 (r h)2="2rh h2,
Forr h x r,thecross-sectionof H at x = X3 is Bg Y(s(r x)=h), soapplying
(14) gives
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p=2 p=2

Figure 4. Antip odally alignedcaps C certered at antipodes a
of B R? for dierent valuesof p below and above 2.

(2[‘ h)(d 1):2h(d+1) =2

d d+1
2

Since2r h r, we have the bound
rld h=2 h(d+1) =2.

(18) vol(C) —

2

A.4. The ",-distance between opp osite spherical caps. By de nition, the
*p-distance betweentwo setsY;Z  RY is

dp(Y;2) == inffky zkp, : y2Y;,z22g

Let B = BY(r), let a be a pair of “,-antipodeson B, and let C be the cap
of height h certered at a. Note that every pair y;z at minimum distance has
displacemen parallel to a (see Figure 4). (This can be veried by another easy
Lagrange-multiplier calculation.) Therefore

2(r h) 2(r h)yd*r =2 for1 p 2
19 d,(C; C) = —Zkak, =
(19) p( ) P 2 h) forp 2
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