Math 830 ABSTRACT ALGEBRA

PROGRESS CHECK - X
October 16 (Mon), 2006

Instructor: Yasuyuki Kachi
Line #: 17014.
e Monomials and Polynomials.

Let {:L'l, cee :L‘n} be a set, consisting of n elements. Let us consider a

formal expression

IL'? e IL';L%n,

where each iy is a non-negative integer . We omit z)* when i, = 0. For example,

suppose n = 5, and we may write

2,.7,.6 _ .0.2.7.0,6
T5 Ty Ty = T T5 T Ty Tp.
When i, = --- = i, = 0, we may write
_ .0 0
1 =2y - z,.

When iy = 1 for one iy and all the other iy are 0, we may write it x,:

_ .0 0 1..0 0
Te = Xy =0 Typq Ty Tpyq t0 Ty
We call zi* --- xi» a monomial in {xl, S xn}.
e We call the original set {a:l, N 9 } the set of indeterminates .
e We define multiplication of two monomials in {:L'l, I } as
. in J1 .. pedn — i+t intin
T xy T xd = xy .
[I] (1) Verity
12y = xy. TyTy, = Ty Xo. TeTy = l’%. 93@33}} = :I:fl.



(2) More generally, verify that for monomials p, v, p, the following hold:

( Commutativity ) wp = pu,

( Associativity ) 1 (1/,0) = (u V) 0,

( Cancellability ) pwv = pup  implies v o= p.

(3) Verify that 1 serves as the multiplicative identity.

e Formal sum of monomials.
Let us consider a formal finite sum of monomials in {:L'l, R 2 }:
E a:’f xfl".
(ilv"yin)
Suppose n = 3.
i+ xd + 1, 23 + 2izs + virs + a3,

T1T2x3 + T1T2x3 + T1T2 + X123 + X2 + T3,
are examples of formal finite sums of monomials in {xl, To, T3 } We agree

that reordering monomials in the sum expression has no effect . For example,

x%xz + xla:% = xla:% + 37%{132.

In monomial sums, two or more monomials may appear in duplicate . We agree to

“combine” more than one identical monomials appearing in the sum, as long as we

indicate how many of the mutually identical monomials are combined in the sum.
For example,

3 _ .3 3
213 = x3 + 3,
412903 = T1ToT3 + T1T2T3 + T1X2x3 + T1X2X3.
This way, in general we may write a formal monomial sum in {1‘1, ceey xn}

in the form

— E i1 i
g - a(i1,~~,i,L) {'C]. o xnn7

(il,",in)
where «;, ..;,) is a non-negative integer. «(;, ..;,) is called the coefficient of

the monomial z* --- zj» in &.



Each constituent

i1 i
Qiy,yin) L1 "7 Ty

in the sum is called a term of £ If a monomial xlf .-+ z'» do not appear in

the expression of ¢ as above, we understand that the coefficient of the monomial

xt --- oz in € is 0.

e Now we may define addition of two formal monomial sums. Let & and 7 be
monomial sums in {xl, i } Then the sum & + 7 is simply the formal

monomial sum obtained by simply adjoining the terms of ¢ and 7. For example, if

£ = T2? + 3xows + 223 + 6, n = 2x? + dwox3 + 2,

then
E+n = (T+2)ad + (3+4) wams + 223 + (6 + 2)

= 923 + Taxgws + 223 + 8.

e Polynomials.

We would like to define subtraction as well. For this reason, we will allow

negative coefficients to a formal monomial sum. Thus, we consider

£ = Z iy i) T1 00 Ty iy ,rin) € L

('L‘l:":in)

Definition. The above formal sum ¢ with integer coefficients is called a
polynomial . It is evident as to how we should define addition &+ n and subtraction

¢ — n for two polynomials & and 7. Note & — & = 0. We have:

Lemma. The set of polynomials in {a:l, cee Iy } forms an additive group.



[II] Let us define the set

M, = {(il, i) ‘ g € ip >0, (= n}
Let ¢ be a polynomial in {a:l, cee Iy }, thus
5 = Z a(ila"ain) x/il e xif? a(il,--,i") S Z'

(ila”ain)

Show that this ¢ gives rise to a mapping

& My — Z; E(il, ,in) = Qiy, i)
Show that this mapping satisfies the following:
Suppg = {(7'177211) € M+ ‘E(“:Jn) 7é 0}

is a finite subset of M,. Supp¢ = 0 if and only if £ = 0.

e Multiplication of polynomials. The polynomial ring Z[azl, ceey :L'n} .

Let ¢ and n be two polynomials in {331, cee Ty } We would like to
define ¢7n7. When ¢ and 7 are both monomials , this is already defined.

Otherwise, ¢ and 7 are written as
§ = a1&r + - + aés, n = Gim + -+ Bsns,

where each & and 7; are monomials , and «;, 3; € Z are coefficients. Then

we define
&n = > (aifBs) &imy-
i=1 j=1
Clearly we have &n = né (commutativity law ) Moreover, we have the

distributive law

§-(Bm 4 By ) = Bigm + o+ By,
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Thus, the computation of ¢&7n may go as follows: First regard n as a monomial sum,

and apply distributive law . Then each term in the resulting distribution is of form
& (Bene) = Be - (Eme),

where 17, is a monomial, and [, € Z is a coefficient. Regard £ as a monomial

sum and apply distributive law to & 1y. The resulting distribution is a sum of terms

of form “an integer times a monomial”. Combine or cancel terms when necessary.

Example.

T (2 + 129 + $3> = 2r1 + a:%xg + T123.

(1 + $1l’2> <1 — xll’g) =1 - x%az%

CEENCEEIICEED

= ajlx% - x%xz + a:gxg — .713%{133 + .7133{13% — x%a)l.

Notation. We denote the set of polynomials in {xl, cee xn} endowed with
the additive and the multiplicative structure, by

Z [931, e xn}
Theorem. R = Z [331, R xn} forms a commutative ring . In other words,

R satisfies the following five conditions (i-v):

(i) R is an additive group with respect to ‘ + ’ | in particular, R admits

the additive identity 0,

(ii) R is associative with respect to multiplication, namely,

E(nC) = (577)(,

(ili) R is commutative with respect to multiplication, namely,

En = né,



(iv) R admits a multiplicative identity 1, namely,

5 1 = 67
(v) R is distributive, namely,

e(n+¢) = en+ec

e In view of the above Theorem, we call 7Z [:L'l, cee l‘n] the polynomial ring

with n-variables (and with Z—coefﬁcients).

e The polynomialring R = Z [581, cee xn] contains the subset {xl, cee xn},

which we call the set of indeterminates of the polynomial ring R.

e When n = 1, 2, 3, we often denote the set of indeterminates {33 }, {33, Y },

{ T, Y, z } We denote the corresponding polynomials rings

Z[az}, Z[az, y}, Z[az, Y, z}

1] (1) In Z [z, y], verify

(x+y><x—y):a:2—y2, (a:+y>2

(2) In Z [m, v, z], verify

2% + 2zy + 92

2
(a:+y+z> = 22 + y? + 2% + 20y + 2yz + 222
(3) In Z [x, y, 2], verify

(1) (e-2) (1-2)

= :L’Qy — xyz — 222 + x2?

+ 2z — y22



(4) In Z [z, y], verify

(ee0)" = 3 (1)«

For example,

Ay = 1 — o9,

By = (o —m) (0= as) (02— 2),
A= (o) (o —as) (01— ) (2 as) (2 ) (s — 0).

Show that A,, consists of (n') terms. Show that, of those n!, (n!)/2 come with
coefficient = 1, other (n') / 2 come with coefficient = —1. Show that the terms of
A, are ﬂ:mil ... zi» such that {il, zn} = {0, 1,2,---, n—l}.

n

e An explicit formula for As is found in [III] (3) in the previous page. An explicit
formula for A, is found in Appendix A.

[V] Let £ € Z [wl, e xn} be an arbitrary polynomial.

(1) Verify that ¢ induces a mapping ¢ : Z" —— Z,

g(ml, cee mn) — Z a(il,",in) mil m:{b

1120,-+,0, 20

(the polynomial substitution )



(2) Prove

a(mh'”?mn) +§_2(m17”'7mn) = gl +§2(m17 ”'7mn)7
5_1(777&7 T mn) 5_2(m17 T mn) = 5152(7,”17 ) mn)

(3) Let & = A, be as in [IV]. Prove that A, (mq, .-+, m,) # 0 if and only if
my, --+, m, are all distinct.

Example. When n = 1, the ring Z [:L'l, ceey :r:n] is simply written as Z[w}
An element of Z[m} is of form

ag + a1 + axz? + - 4+ a,a”,

ap, 1, Qg, "+, Op € 7.

e Degrees of monomials.

Let :cill .-+ x' be a monomial in {331, cee L T } We call the number

4t i = d

the degree of the monomial %' --- zir. We write it deg (33111 co gl )

Example. deg (w%x;),) = 3. deg (9313323331'4) = 4. deg (1'11'%373) = 6.

e Counting monomials. Polynomials with Rational Coefficients.

We may count the number of monomials of degree d in Z [:L'l, cee :r:n],
for each d > 0.

Lemma. Let d € Z, d > 0. Then there are

Pyn) — (d—l—z—l) _ n(n+1)-~c-“(d—|—n—1)

monomials of degree d in {331, R }

e See Appendix B for a proof.



Example. Py(n) = n(n2—|— Y = %nz + %n
1 2
P3(n) = n(n+ 3)‘(n+ ) = %ng + %nz + %n

e Observe that each P, defines a mapping P;: Z; — Z4 taking n into Py(n).

e It makes sense to think of P; as the “polynomial substitution” of

z(z+1)- (z+d-1)
gd:: d! )

even though £; does not have coefficients in Z but only in Q . This motivates us

to introduce polynomials with Q-coefficients .

e Polynomials with Rational Coefficients.

Definition. Let Q [wl, cee xn] be the set of formal sums of monomials in
{:L'l, cee Ty }, having coefficients in Q :
Qfar - m]
e {£ e Z a(ila",in) x’:Lll . {,C:L'ﬂ ‘ Oé(i17..77;n) S @7
11 20,:+,in >0

Qi in) = 0 except for

finitely many (z’l, cee in) }

This set Q [331, cee :L‘n] admits an addition and a multiplication, and it forms a
commutative ring. We call Q [1’1, cee l‘n} the polynomial ring with Q-coefficients .
e When n =1, Q [1’1, cee xn} is written as Q [93}
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1 1
Example. - 93% + - ro + 1 € Q [1‘1, 332}.
1 1 1
— 2} + — 23 + ——x3r4 € Q [931, T2, T3, 1’4]-
6 2 3
e In some sense, the algebraic structure of the polynomial ring Q[ajl, cee xn] is
simpler than that of the polynomial ring Z[ajl, cee xn}. It takes a little bit of a

ring theory (which we have not covered yet) to explain what this precisely means,
but this is attributed to the fact that Q is a field, whereas 7Z is not. (See “the
field axioms” in Pg. Ch. I). We may stretch our imagination and want to define the
polyomial ring F [a:l, cee xn} over an arbitrary field F. This indeed makes perfect
sense. For example, we may define R[wl, R xn}, (C[xl, ceey xn}, etc. Although
this way of generalizing the concept of polynomial rings is very important, especially
in the context of the theory of roots of polynomial equations, we will not discuss this

at this stage. Let us stick with @[ml, cee xn} for a while.

e Symmetric group S, acting on Q [wl, cee xn}.

Let G = S, be the n-th symmetric group, as before. Let
R =l n]

be the polynomial ring with Q-coefficients. Since each ¢ € G induces a bijection

g {xla"':xn} {3717"':1%}7

accordingly for each monomial ¢ = :clf -z in R, we may define
g f— 1;1 .« .. in
£7 = Lo (1) Lo(n):

Evidently this is again a monomial, and therefore it belongs to R. Next, for an
arbitrary polynomial & € R, we may write

5 = 04151 + "'+a’s§s:

where every & is a monomial , and oy € Q. Then we define

§7 = o] + -+ sl

10



Note that {7 = & whenever § = 1 (: PR x%)

Example. Let n = 4, and ¢ € G = S; be defined as

o(l) = 2, o(2) =1, o(3) = 4, o(4) = 3.
Let
£ = madrd — 2radxs — 3adxdwy + 4adadny
+ bryzias — 6xoxird — Trdwswi + Swowdzd.
Then
£7 = xdwomw] — 2x3x0xi — 3adwsw] + 4aizzad
+ broxizri — 6zix3xi — Taxizdzy + Swixzixd.

[VI] Let G =S5, and R = Q|xq, ---, l’n] be as before.

€ R and 0,7 € G be arbitrary. Let e € G denote

(1) Let 57 517 52
the identity element of G. Show

(i) (& +§2)U = & + &5, (ii) (5152)0 = (&7) (¢9).

i) (©7) =¢o v e =¢
(2) Let 0,7 € G and £ € R be such that 7 = & = £". Show
&7 = =g,

Hence Stab(§) = {U € G ‘ &7 = } forms a subgroup of G.

[VII] Let G and R be as above. Let H C G be an arbitrary subgroup. Let
RH = {§ €ER ‘ &7 = ¢ for an arbitrary o € H}.

11



(1) Show
1, & +4+&, && e R (51752 € RH),

af € RU (ae@, geRH).

(RH is called the ring of invariants of H inside R).

(2) For £ € R, let Stab(¢) be the subgroup of G as defined in [VI]. Show
Stab(§) O H (¢ € RY).

In particular,

Stab(¢) = G (€ € RY).
When H # G, can we always claim Stab(¢) = H for € € R¥ ?
(3) Show that

n n
P = E$Z:$1+"'+xn: pnznxele---xn,
/=1 /=1
and
P2 = E l’il’j = X1T2 + Ir1T3 + - cee T1Tp
1<i<j<n
=g + xoxsy + - e 4 Ty
+ .-
+$n—1xn

all belong to RE. More generally, let d € Z, 1 < d < n be arbitrary. Show

d
Pa = Z < l’”) e R¢
=1

1< < <g<n

( the d-th fundamental symmetric polynomial )

[VIII] Let G, R and R® be as above. Let A = A,, be as in [IV]:

A = H (asi—mj) € R.

1<i<j<n

12



(1) Show
A ¢ RC,

by observing that (A)U = — A, for a transposition o € (. This motivates us

to define

(RE)" = {51-1-52 € R‘ﬁl € RY & € R,

£ = & or &5 = =& for an arbitrary o € G}.

Show

*

R C (R%)", and A € (RY)".

(2) Let
H = stab(a) = {0 € G| (8) = a},

asin [VI] (2). H forms a subgroup of G. Show that H is generated by the subset

{0102 e G ‘ o1, 09 are transpositions}
of G.

(3) Let H be asin (2). Consider the ring of invariants

RH = {f eER ‘ £9 = ¢ for an arbitrary o € H},

as in [VII]. Show
R = (RY)".

13



e We often denote R** for RH = (RG)*. We often denote also R¥Y™™ for RC.

We have

R 2 Ralt 2 Rsymm
IX] Let R = Q [581, s xn]. Let R C R be as defined above. Assume
n > 3. Show

Ralt 75 R.
How about the same for n = 27

Definition. We call the subgroup H = Stab (A) of G = S,, defined in
[VIII] (2), the (n-th) alternating group , and denote it by A,. Note that the order

of A, is (n!)/2:

o O(Ag) = 3, 0(A4) = 12, O(Ag,) = 60, O(AG) = 360,

e The group A, for n > 5 is an example of a “so-called” simple group .

e Appendix A — Calculation of Aj,.

In Q [931, T, I3, 934}, we have

A4 = (331 — 1’2) (1‘1 — 333) (331 — 334) (1’2 — 1’3) (1‘2 - 334) (333 - 1’4)
= w3zdrs — 2xdxs — wda0xd + 2ix0nd + miadrd — xi2da3
— 23zdxy + 2ixdxy + 2i3dxy — 2ixdxy — w3xdxy + 2iximy
+ a3woxi — adwszxri — madzi + x3wsai 4+ madzt — zoxdxd
— x%xgxi + xlxgxi + .’1?%.’133.’132 — xlxgxi — [13%.’133.’13?1 + xgxgxi .
Proof. Ay = (ml - .’172) (331 - xg) (ml - x4) (332 - xg) (:CQ — x4) (333 — x4)

14



2 2 2 2 2 2
|:.7131.132 — Tr1x; — Tix3 + T1x3 + T3x3 — x2x3}

[331332333 — (139 + z125 + 2ow3) T4 + (21 + 22 + 73) 2] — affi]
3,.2 2.3 372 2. 3 3,.2 2,.3
|:$1$2$3 - 331332333 - $1x2$3 + 331332333 + 331:1:251:3 - 331332333]
+ | — mi’x% + x%x% + .13:;’332.’133 — m%xgxg — xlajgajg, + ajlx%x% T4
+ | — 2iwoms + 2ixdws + 232d — 2z — mpdad 4+ miwoxd | a4
+ | = .’13%.13%.133 + xlxgxg, + m%xgxg - xlxgxg — m%x% + a:%xg T4
+ | 23ze — 2303 — 2iwy + 22k + mzdzs — miwoxd |2l
[ 2.2 3 2 2 3 2,21 .2
+ | z{x3 — X175 — TiT2xT3 + X1T2X3 + XT3 — XTHX3 | T
[ 2 2 2.2 3 2.2 3] .2
+ | z{Tox3 — T1T3T3 — T{T3 + T1T3 + T3X3 — ToX3 | Xy
+ | — 2o + m2d + 23wz — ;25 — 23Tz + Towd | 23
3.2 2,.3 32 2. .3 3.2 2.3
— x{’x%u + x%x%u + :C‘I’xgxgu — x%xgxgu - $1$%$3ZE4 + xlxgxgu
— xi’xgajg,.m —+ [13%.13%.133.’134 + mi’x%m — x%x%m — ajlx%xgm —+ xlxgxgm
— x%x%xgu + x1x§x3x4 + x%xgxgu — xlxgxgu - x%x%u + x%x%m
+ xi’xgaji — m%x%xi — xi’xg,x?l + m%x%xi + xlxgxg,xi — ajlxgxgxi
+ 2ixdxd — madzrt — vimowsal + mimozdzi 4+ xdwsad — x3xiad
+ x%xgajg,xi — xlxgxgaji — m%x%xi + xlxgaji + m%x%xi — xgxgxi
— pizoxy + mazdxd + pizsal — mxdal — vizsal + woxdad
rizdrs — aiwdvs — iwoxd + viwewd 4+ mizdrd — xyaiad
- xi’x%m + m%x%m + xi’x%m — m%x%m - x%x%m + m%x%m
+ zizox] — xYwazxt — mwdai + wdwswi 4+ mzir] — wawiad
- [13%.’132.’13?1 + ajlx%xi + [13%.’133.’13?1 — ajlx%xi - [13%.133.’13?1 + .’132.’13%.132 .4
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e Appendix B.

We prove what is postponed in the main text. We prove the following Lemma:

Lemma. Let d € Z, d > 0. Then there are

Pyn) = (4Fn—1Y) nn+1)-(d+n-1)
A= d - d!
monomials of degree d in {xl, R }
Proof. The number of monomials in {331, ceey xn} of degree d is the same as
the number of (7,'1, cee zn) € Z™ such that
i1 >0, -, i >0, i1+ -+ i, = d.
This number is the same as the number of (jl, ceey jn) € Z" such that

This number is the same as the number of ways to split consecutive (d + n) letters

MAs e Aain
into exactly n parts, preserving the order:

Ay A ‘ it - Aig] “ ...... H[Mflﬂ c Adan]

so that each part contains at least one letter. Such number is equal to

d+n—-1\ [(d+n-1
()= ()
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