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e Order comparison.

Let G be a group, and =z € G. Recall that the order of x was defined as
the smallest m € Z; m > 0 such that ™ = 1. Write m = ordx. The order
of z is infinity, if there does not exist m € Z, m > 0 such that ™ = 1. Write

ordz = oo.

e We have seen that the order of an element of a finite group is always finite.

More strongly, the following theorem holds:

Theorem 1. Let G be a finite group. Let O(G) denote the order of G.
(1) Let € G be arbitrary. Then ordz divides o(G).

(2) If there exists € G such that ordz = o(G), then
G ~ p,,, where m = O(G).

(3) If o(G) = p isa prime number, then G ~ p,.

Example 1. Let G be a group of order 24, G % po4. Then for =z € G\{l},
the only possibility for ordz is

2, 3, 4, 6, 8, 12.
Example 2. Let G be a group of order 7. Then G ~ ur.

e The proof of the above Theorem 1 requires the notion of congruence ‘ " of

=l

a group G modulo its subgroup H. We will return to this topic later.



The following result is convenient.

Theorem 2.
Then

Let f: Gi —— Gs be a group isomorphism .

e Application.

ordzx = ord f(x).

Let z € Gj.

We are now ready to show that the two non-abelian groups

of order 8, namely,
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( the quaternionic group of order 8 ), are not isomorphic to each other .

e Indeed, to prove the statement, it suffices to simply list the orders of the

eight elements of each group D, Q.

(1) The list of orders of the elements of D:

(this is in the order the matrices in D are listed in the above).
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(2) The list of orders of the elements of @:

(this is in the order the matrices in ) are listed in the above). If we compare

these two tables, clearly D and () cannot be isomorphic to each other.

e The subgroup of GG generated by two elements of G.

We have defined the notion of a subgroup of a group G generated by one element
xr € G. We may generalize this in the following. Let z, v € G. We may

consider such elements in G as

2 _ _
x, y, 2%y wy, (ay) = ayay, 2Py, wy? 2P, 2t oy
_ _ —1 1 _ _ _ _
ey, wyt, (zy) =y leml, aTlyn, yTlmy,  wyzTt, gy
zyz~ty™l, wyrTlyT e, wyaTlyTlay, 27 yTE

Note that many of these may coincide.

Lemma. Let G be a group. For z, y € G, let

H = U {xk1y€1xk2y€2_,_kay€m c G ‘kla"'7km7£17"'7£m EZ}

m=1

This H forms a subgroup of G.

e We may denote the above H by <x, Y > The proof of Lemma is self-evident.
Indeed, the multiplication of two elements in H clearly belongs to H;

(xkl y‘el P xkh’L y‘&n ) (ajka»l y£m+1 P xkn y‘en ) — xkl y‘el P xkn yzn'
Moreover,

(xklyel...kay€m>_1 = Yy "



e Often the ambient group G coincides with the subgroup <:z:, y>; G = <:z:, y>.

Then we say that the group G is generated by the two elements =z and y .

e Recall that the group G is generated by its single element x; G = <x>,
if and only if either G ~ w,,, or G ~ G, (Z) (the additive group Z).

e There is no good analog of this statement for groups generated by two elements;

G = <x y>.

Example 3. We may consider the subgroup S of G = GLg (]R) generated by

X = , and Y =

O = O
SO =
_ o O
_ o O
o O =
O = O

Since we have the relations

X2=1, Y3=1I XY =YX, XY?=YX,

( and hence also
X! = X, vyl = v2 v2)~ =,
(XY)™" = v2x, (Xv2)~

it follows that

s = (x,v) ={I X, v, ¥ XV, X¥*} C GL(R).

[} (1) Describe the subgroup of GL4(R) generated by

OO = O
OO O
SO = OO
_— o O O
— o O O
o O O
O O = O
O = O O



(2) Describe the subgroup of GL4 (R) generated by

O = O O
— o O O
OO O
OO = O
O O O
— o O O
OO = O
O = OO

e Direct products.

Let G; and G3 be groups. Let
G = G x Gy = {(xl,xg) ‘ z1 € G, xQEGQ},
We may introduce the group structure into G; G x G —— G, as
(1’1, 932) (y17 yz) = (l’lyl, 932y2)-

Clearly, the identity element of G = G; x Gg is (1, 1), which we denote by 1.
Also clearly,

(331,332)_1 = (z7% 231).

G = G1 x Gy clearly forms a group. We call G = G; x G5 the direct product
of G and Gs.

Example 4. Kleinian group of order 4.

Let G = {1, a, b, c} be a set, consisting of four elements. Define the group
structure of GG as follows.

11 =1, la = a, 1b = b, lc = ¢

al = a, aa = 1, ab = c, ac = b,

bl = b, ba = c, bb = 1, bc = a,

cl = ¢, ca = b, cb = a, cc = 1.



Fact. The above G forms an abelian group of order 4. G is isomorphic to
K2 X [

Proof.  Let us denote po = {1, —1}. Hence

o X gy — {(1, ), (1, -1), (-1,1), (-1, —1)},

with the multiplicative structure

(1, 1) (1, 1) = (1, 1), (L 1)1 -1) = (1, -1),

L) (=11 = (=11, (L) (=1 -1) = (=1, -1),
(1, -1 (1 1) = (1, 1), (1, =) (1, -1) = (1, 1),

(1, 1) (-1, 1) = (=1, -1), (1, 1) (=1, =1) = (-1, 1),
(-1,1)(1, 1) = (-1, 1), (-1, 1)(1, -1) = (-1, -1),
(- 1) -1 = (1 1), (-1 1)

(- (

(- (

Define a bijective mapping f : po X s —— G as

FL,1) =1,  f(, 1) =a f(-1,1) =b  f(-1,-1) =g

then clearly f satisfies the property
(Hom) f(aﬁ) = f(a)f(ﬁ) for each «, 8 € po X po. O

Example 5. We may prove
P2 X p2 # pa.

Indeed, the orders of non-identity elements of gy X po are 2, whereras gy has

an element of order 4.



e Still, often it happens that

Hre X Mg = Mg

Example 6. We may prove
B2 X p3 = He-

Indeed, it suffices to show that the product
H2 X 3 = { (17 1)7 (17 43)7 (17 C?%)?
(-1 1), (-LG). (-1.¢) }

has an element of order 6. Indeed, x = ( — 1, Cg) has order 6. Indeed,

(-1LG)# (L), 2 =(1G)#1L1)
= (—-1,1) # (1,1), ot = (1, ¢3) # (1, 1),

x® (—1, (??) #* (1, 1), and

T

a® = (1, 1).

e To generalize Example 6, we may show the following.

Fact. Let k and ¢ be two integers, £k > 1, £ > 1. Assume that & and ¢ are
co-prime . In other words, the only integer m > 0 that divides both k and ¢

is m = 1. Then

HE X [y = fgg.



