Math 830 ABSTRACT ALGEBRA

QUIZ - IX
October 27 (Fri), 2006
Instructor: Yasuyuki Kachi
Line #: 17014.
ID: Name :

[I] (40pts) Let

regarded as a function f: R? —— R.

(cosH)a: — (sin@)y
(3) f =
| (sinf)z + (cosf)y | ;
( [ (cosH)a: + (sin@)y | )
f =
i (sin@)az — (cos@)y ]

(4) Let t € R, t > 0.
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([I] continued)

(5) Let
G = {[CC‘ Z} € GLy(R) ' for an arbitrary {z}ema
(Al D - (D)

Prove

“Aec G, ifandonlyif AT A = 1.7

Proof.  mecondion £ ([¢ N[0y~ s([0]) s

2 2
rewritten as (cw: + by) - <cq: + dy) = 2% + y?,  thatis,
<a2 - 02>x2 + 2<ab + cd):vy + (b2 - d2>y2
=122 4+0- -2y + 192

This holds for an arbitrary [zl € R2. Compare the coefficients of z2, zy, y*:

(*) = 17 - 0, = 1.

Notice

AT A =

Thus the condition (x) is equivalent to AT A =
2
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([I] continued)

(6) Prove that G is a subgroup of GL3(R). Prove
cosf — sinf
G_{[sine cos@] QER}
cos 6 sin
Y {[sinQ —COSG] QER}'

(7)  Find all the elements of G of order 2° | foreach £ = 1,2,3, --- .

(8) List all the subgroups H of G satisfying the properties (i-ii):

(i) “ For an arbitrary element A € H, there exists an integer ¢, ¢ > 1, such

that AG) =71, 7
(ii) “ There is no subgroup H' of G satisfying (i) and H C H’, other than

H itself. ”

For which pair(s) of subgroups H; and Hy of G satisfying (i-ii), there exists
P € G such that
Hy = {PAP|Acm}?

Explain.
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([I] continued)
As for (8), use the following:  For
T — 0 .
Cos — sin
P = 2
R
sin CosS
2
and
cos b sin
A = ,
sin 0 — cosf
we have
COST sinT
PAP ! =
sin 7 — COST
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[II] (60pts) Let

regarded as a function ¢: C?> —— R.

o A

(3) Let t € R, t>0.
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([IT] continued)
(4) Let
G = { [i g} € GLQ(C) ' for an arbitrary [j}} e C?,
o B z _ z
(5 2[e]) = ([2]) ]
For A = [3 ?], define A* = [% g] Prove that
AEGLQ(C),
“Ae G, ifandonlyif A*A = 1.7
First reduce the condition
o B z _ z
AP I )
to
(laf + [+F) [sF + (a8 +45) 2w
+ (@ +as)zw + (8] + [6]") [w]® = [2[" + |ul

2
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([IT] continued)

This holds for an arbitrary [Z} € C2?. Substitute [Z} = [1] , [ﬂ )

to obtain
o + [v[F = |8 + 6 = 1

Substitute this back in the previous identity, and it becomes
(aﬁ + 73) zw  + <5ﬁ + 75) zw = 0.

This holds for an arbitrary [Z} € C?. Substitute L’i] = {1], [\/1__1] .

Verify that what you obtain is equivalent to
a a B |1 0
g 9 v~ 6| |0 11"

(5) Let G be asin (4). Prove that

H - { [g ‘aﬂ € GLy(C) ‘ lof? 4+ 8] = 1}

is a subgroup of G N SLy ((C)

(6) (Extra 100pts) Let G and H be as in (4), (5). Prove
H = G N SLy(C).
7
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([IT] continued)

(7)  Let us introduce the following notations for G and H:

G = U,, H =GGnN SLQ((C) = SU,.
Let p: SUy —— GLg (R) be a mapping defined as

d

a++v—-1b —c++/—1d
c++v—-1d a—+—1b ])

a’? + b — 2 — d&? 2(bc + ad) 2(bd — ac)
= 2(bc — ad) a? — b + 2 — d? 2(cd + ab)
2(bd + ac) 2(cd — ab) a? — b — % + d?

Quote a statement from Quiz V, problem [VI], which affirms that ¢ satisfies
(Hom) gp(AB) = gp(A)(p(B) (A, B € SUQ).

Quote a statement from Quiz V, problem [VI], which affirms that for A € SUs,
C = go(A) satisfies CTC = 1.

Quote a statement from Quiz V, problem [VI], which affirms that for A € SUs,
det (A) =1

(8) Prove ¢ }(I) = {:EI}.
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([IT] continued)

(9) Let

C:

O3

Find a function

1

Os

(10)  Let

According to (7),

Name :
ay a2 as
by by b3| € GL3(R) | CTC =1, C GL3(R).
C1 C2 C3
f: R® —— R such that
as as T
bo bs| € GLs (R) ‘ for an arbitrary Y c R3,
()] C3 z
al a9 as X €T
f bi by b3 Y = f Y } :
C1 C2 C3 z z
SO3 = O3 N SLg,(]R).
(V22N SUQ — 503 Let
0 0] [0 +1 0] [0 0 +1
+1 O , +1 O 0 , +1 O 0 ,
0 il_ i 0 0 il_ i 0O £1 0 ]
+1 0 ] [+1 0 0 ] [0 0 1]
0 =11, 0 0 =1, 0O #£1 O } ,
0 0 ] i 0O +£1 O ] _:I:l 0 0 ]
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([IT] continued)

and moreover let
S = T n SL3(R).

Prove that T is a subgroup of Os of order 48. Prove that S is a subgroup of
SO3 of order 24.

(11)  Decide whether S ~ S4, the symmetric group of degree 4.

(12)  Prove that ¢~'(S) is a subgroup of SU; of order 48. Decide whether

ot (S) is isomorphic to T' above.

10



