Math 290 ELEMENT ARY LINEAR ALGEBRA
PR OGRESS CHECK { IV
January 29 (Tue), 2008

Instructor: Yasuyuki Kachi

Line #: 74449 82588.

More on matrix multiplications.

Let us highlight the de nition of the matrix multiplication AB, for two matrices

A= 1 d2 g buy  bno . both in size2 2:
dp1  ax bp1 b
ai;  ai b1 bz
AB =
ay axp b1 b

aq by + anhy
ap1bny + aghy

ajnbr + apby
ag b + axby

Let us also highlight the de nition of the multiplication AB, for two matrices

2 3 2 3
a;n arx ais bir b bis
A = 4 dp1 dpy AaAp3 5, B = 4 b21 b22 b23 5, both in size 3 3:
diz1 dasz2 ass b1 bz b3
2 2 3
i1 a2 ais b1 b2 bis
AB = 4ay axp apg® 4by by bsd
azy as as3 z1 bs b3

aq1bna + arzlpg + azshs
= 4 ay by + anby; + axhs;
ag1bq + agalpg + azsbsg

ayrbio+ ajpbpy + a1zbsy
ap1bio+ agalpy + axsbsy
az1bio+ azalpy + azsbsy

ayn s+ ajpbps+ aishss
A1 13+ Azpbps+ Ax3beg © .
az1 bz + azalpz+ azsbss

4, for A, B insize5 5, , are

The de nition of AB for A, B in size 4

similar, but spelling them out requiresmore a; 's, b; 's, and consumesmore space.
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When do two matrices fail to comm ute?
As we have discussedbefore, AB and BA neednot be equal . As for this, we

may refer to Examples6{7 in Pg. Ch. Ill. Indeed, we may create courtless number
of examplesof A, B with AB 6 BA.

11 10
Example 1. For A = 0 1 ° and B = 11 0 we have
11 10 _ 21
AB = 01 11 1
10 11 _ 11
BA = 11 o1 12"

hence AB 6 BA.

If A and B; both in sizen n; happento satisfy AB = BA; then we say
that A and B commute . It is good to be reminded that A and B commute
rarely, aswe will nd out below.

It is worthwhile to analyze how the commutativit y of A and B fails, in case

A and B are both in size 2 2, as follows. For simplicity, we avoid double

a b and B = P q

suxes j andinsteadwrite A = q = s - then we have
_ ap+ br aq+ bs
AB = cp+ dr cq+ ds
BA = 2P + cq bp+ dq

ar + ¢cs br+ ds

By equating thesetwo matrices, we may write out the condition for AB = BA as

ap+ br = ap+ cqg
ag+ bs = bp+ dg
cp+ dr = ar + cs, and

br + ds.

cq+ ds



Notice that terms in ead of the rst and the fourth equations cancel, and the two

equationsyield the sameinformation:

br = cq.

If b6 0, c6 0, g6 0, r 6 0, then we may rewrite the sameas

b _a
— =

r

Thus, we have derived the following handy formula:

Formula 1. If A and B are of form

A = b g = a
Cc r

where b6 0, c6 0, g6 0, r 6 0, and moreover if

b g a
c r
then AB and BA newer coincide .
1 2 .
Example 2. Let A = 5 , and B = 3 , Whereeadh is lled
1 2
by any scalar. Then we have AB 6 BA, because - 6 =3

[Il] UseFormula 1to verify AB 6 BA, when

0 1 12
(1) A_ 12) B_ 10)

2 2 3 4
@ A= 3 2 "’ B = 9 3’

01 0 1
@ A= 1 0 ° B = 10



Formula 1 above doesnot take care of the case ¢ = r = 0, namely, the case

_ awb - b q
A= 04 B7 05
This caserequires a separateanalysis. We have

- ap aq+ bs _
AB = ) ds BA =

ap bp+ dqg
0 ds

In this situation, there is a possibility for AB and BA to coincide. The precise
condition can be summarizedin the following terms:

Formula 2a As for a special case,seeexerciseproblem [X] (1).

If A and B are of form

_ ab _ P
A= 04 B 05

then AB = BA preciselywhen aqg+ bs bp+ dag. Otherwise, AB 6 BA.

B =

o b
ol

Example 3. Let A = (1) g : Then AB 6 BA. Indeed,

»

AB=015+26, BA 2 4+ 3 5

and it is easyto ched

1 5+26 6 2 4+ 3 5.

In Example 3, our task was to establish AB 6 BA, and for that matter we
did not have to calculate all the entries. Those\irrelev ant” ertries were lled by

[I1] Decidewhether AB = BA or AB 6 BA, for

A = B

11 _
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The following is analogousto Formula 2a:

Formula 2b. As for a special case,seeexerciseproblem [X] (2).

If A and B are of form

A = aO,B: p O
c d r s

then AB = BA preciselywhen cp+ dr = ar + cs. Otherwise, AB 6 BA.
Formula 1 doesnot take care of the case b = ¢ = 0 either, namely, the case

_ a o0 - P q
A= o4 B= 1 g
This casealso requires a separateanalysis. We have
_ ap aq _ ap dq
AB = 4 ds BA= ar ds

The precisecondition for AB and BA to coincideis summarizedin the following
terms:

Formula 3. If A and B are of form

_ a0 - P g
A = Od'B_ r s

then AB = BA preciselywhen a= d or q=r = 0. Otherwise, AB 6 BA.

1 O 1 1

B = . Then AB 6 BA.

Example 4. Let A = 0o 1 ° 1 1

This is immediate from Formula 3, but we can verify it directly as follows:

1
AB = o 1 1 1 1 1

e
LN
or
HO
e
=
[N



[I11] Decidewhether AB = BA or AB 6 BA, for

1 0 1 1=2
A= o 1 B 1 1
For the case A, B insize3 3, A, B insize4 4, , doing similar

analysis to write out the condition for the commutativity of A and B will
be more complicated, although technically it is still feasible.

When do two matrices commute? |  Zero matrix, Identit y matrix,

Scalar matrix.

Now let us shift our gears,and try to explore situations wherein the two matrices
A and B again both in sizen n haveto commute: AB = BA. Thuswe
agreethat we are going to focus on rather special situations.

Example 5 insizen n . A trivial exampleof two matrices A and B which
commute will be two identical matrices: A = B. In this case,

AB = BB = BA.

Example 6. Slightly more generally, we may consider two matrices A and B
which are proportionate :

tA = B, for somescalar t.

For simplicity, let us look at the case A and B arein size 2 2. Accordingly,
we may write

_ab _ ta tb
A= c d B = tc td
We calculate AB and BA as
g = @b tat _ ot a2+ bc t ab+ bd
" cd tc td  tac+cd t bc+ d®
ga = fa tb a b _ t a2+ bc t ab+ bd
" tctd ¢ d = tac+cd t bc+ d?



Thus AB and BA are equal. Indeed, they are equal to t AA : In
particular, A and B comnute: AB = BA.

Example 7. Two matrices A and B can commute when either A or B is of

special form. For example, considerthe following 2 2 matrix: A = 8 8
Then for an arbitrary 2 2 matrix B = f 2 , we have
00 pg _ 00 _
AB= 090 rs - 00 =M
_pg OO _ OO0 _
BA= s 00 T 00 - &

Thusboth AB and BA equal A. In particular, A and B commute: AB = BA.

De nition. A = 8 8 is called the zeromatrix in size 2 2.

Usually, we usethe letter \ O " to speci cally denotethe zero matrix:

°= 4o
Example 8. Two matrices A and B in size 2 2 commute when either
A or B is of the following special matrix: Cl) 2 . lLetussay A = é (1)
Then for an arbitrary 2 2 matrix B = E 2 , We have
SRS
I A N ]

Thusboth AB and BA equal B. In particular, A and B commute: AB = BA.



De nition. A = Cl) (1) is called the identity matrix in size 2.
Usually, we usethe letter \ | " to specically denotethe identity matrix:
| 10
01

Example 9. Slightly more generally A and B commute when either A or B is
of form

t 0 _ 1 0 _
0t =t 01 - tl , for somescalar t.

This indeed follows from Formula 3 which we have establishedearlier. Recall that

a part of Formula 3 says that for

_ a o0 - b q
A—OdandB—rS,

AB = BA holdsif a= d. But a = d for the above A means

_ t 0 _ 4
A = 0 i = tl, where a=d-=t.
_t 0 _ P q )
[IV] Calculate AB and BA for A = 0t B = r s Verify that both
_ tp tq : o
equal tB = rots and thereby re-establishthe claim in Example 9.
De nition. A = é (t) = tl, wheret is somescalar,is called a scalar matrix

in size 2. Note that O = the zero matrix and | =

0 O 10
0 0 01

the identity matrix are both scalar matrices. Indeed, they are t1 with t = 0; 1.



When A and B are not proportionate, and neither A nor B is a scalar matrix,
the commutativit y of A and B is particularly sensitive. The following exercise
problem [V] revealsthat a 2 2 matrix A which commuteswith any 2 2 matrix
must be a scalar matrix.

a b 1 o0 0

B and C = 1 . Assumethe

M et A= 4 B= ¢ 1 1 0

following condition ( ):

() AB = BA, and AC = CA.
Prove that, under the condition ( ), a= d, and b= ¢ = 0 both hold. In other
words, prove that, under the condition ( ), A is a scalar matrix: A = é ?

= tl.
There is yet another situation whentwo 2 2 matrices comnute.

Example 10. A and B commute when A and B are both diagonal matrices :

_ a 0 . _ p O
A= 904787 05
This also follows from Formula 3. Recall that a part of Formula 3 says that for
_ ao - b q
A = 0 d and B = r s

AB = BA holdsif g=r = 0. But q=r = 0 for the above B means

_ p O
B= 0 s
_a o0 _p O ,
[VI] Calculate AB and BA for A = 0 d B = 0 s Verify that both
equal egp dos , and thereby re-establishthe claim in Example 10.
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We now move on to the caseof 3 3 matrices. First, we begin by an

equivalert courterpart of Example 6.

Example 11. Let A and B be two matrices in size 3 3, which are

proportionate, namely,

2 3 2
a;; ap a3 ta;; tapp tass
A = 4ay ay axp°, B = tA = 4tay tap tax>,
a3 az ass taz; tazy tass

for somescalar t. Then

AB

t a§1+ appap t+agzazr  t apapptappazptazas, t apja;ztapazst ajzass
=4t apragy+ apan + apas  t apa;y+ a3, + apzasy t apdiz+ axpayst ayzass 5,
t agjay;+ agpdx + Azzdz t Azjage+ Azpape+ Azzaz; b Agjdyz+ Azgpdxz+ a3;

BA

t a3, +appdx +ajzds t ajidipt appdnt ajzdsy t ajdizt ajpdzs+t aizdss
=41t apragy+ apan +apas  t apapy+ a3,+ axzazy; t Ay dz+ Axpays+ axdss 5,
t agjay;+ agpdx + Azzdz t Azjagp+ Azpape+ Azzazy; b Azjdz+ Azgpdxz+ a3;

Thus AB and BA are equal. Indeed, they are equal to t AA : In
particular, A and B commute: AB = BA. For an easierproof, we may rely
on Formula 7 below .

Next, an equivalent counterpart of Example 7.

2 3
0 0O
Example 12. Let =40 0 05. Thenforan arbitary 3 3 matrix
0 0O
2 3
b1y bz bus
B =4by by bsd, wehave
P31 b3x  bs3
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2 32 3 2 3
0 0O b1 bz biz 0 0O
AB =40 0 094by; by b3 = 40 0 05 = A,
0 00 be be bss 0 0O
2 32 3 2 3
b1y b bis 0 0O 0 0O
BA=44hy by bs9240 0 095 = 40 0 09 = A.
1 e b3 0 0O 0 0O

Thusboth AB and BA equal A. In particular, A and B commute: AB =

2 3
0 0O
De nition. A = 40 0 05 s called the zeromatrix in size 3
0 0O
Again, we usethe letter \ O " to specically denotethe zero matrix:
2 3
0 0O
O=40 0 0°.
0 0O

Next, an equivalent counterpart of Example 8.

2 3
1 0O
Example 13. Let =40 1 05. Thenforan arbitary 3 3 matrix
0 0 1
2 3
by b bus
B = 4b21 (o b235 , we have
P31 b3x  bs3

2 32 3 2
100 b1 b2 s b1 b2 s

AB = 40 1 094Dy by b = 4y by byd = B,
0 01 1 b2 a3 1 b2 a3
2 32 3 2 3
b1 b2 s 100 b1 b2 bus
BA =4y by 03940 1 09 = 4by by byp® = B
1 b2 a3 0 01 1 b2 a3

Thusboth AB and BA equal B. In particular, A and B commute: AB =
This will be generalizedin Formula 4 (2a, b) below .

11
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2 3
1 00
De nition. A = 40 1 05 s called the identity matrix in size 3.
0 01
Again, we usethe letter \ | " to specically denotethe identity matrix:
2 3
1 00
| = 40 1 05.
0 0 1

Now, an equivalert cournterpart of Example 9.

Example 14. Slightly moregenerally A and B comnute wheneither A or B is

ff
of form 3 2 3

2
4

O O
o ~+ O

0 1 0O
05 = t40 1 05 = tI, for somescalart.
t 0 0 1

The following exerciseproblem [VII] isa3 3 analogof [IV].

2 3 2 3
t 00 b1 b i3
[VII] Calculate AB and BA for A = 40 t 09, B = 4by by by
0 0t by b2 bss
3

2
thyy  thyy thys
Verify that both equal tB = 4thy,; thy, thy3® , and thereby establish the

claim in Example 14. This will be generalizedin Formula 4 (3a, b) below .

2 3
t 0O
De nition. A = 40 t 05 = tl, wheret is somescalar, is called a
0O 0 t 5 3
0 0O
scalarmatrix in size3. Note that O = 40 0 09 the zero matrix and
5 3 0 0O
1 0O
= 40 1 0° theidentity matrix are both scalar matrices. Indeed, they are
0 0 1
tl with t = 0; 1.
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There is yet another situation when two 3 3 matrices commute, that is,
an equivalent counterpart of Example 10:

Example 15. A and B commute when A and B are both diagonal matrices :

2 3 2 3
aaz 0 O by O O
A=40 ap 095, B=40 by 05,
0 0 azs 0 0 b3>3
We have already worked this out in Pg. Ch. |11, exerciseproblem [VI]. Indeed,
2
agbrg 0 0
AB = BA=4 0 a22bp: 0 5.
0 0 azsbza

The following exerciseproblem [VIII]isa3 3 analogof [V]. It revealsthat a 3 3
matrix A which commuteswith any 3 3 matrix must be a scalar matrix.

2 3 2 3 3
dj; A2 A3 1 0 0 1 0 0
[VIII] Let A =4ay ap a3, B=40 1 05, Cc=40 1 05,
dzy dgy Az3 00 1 0 O 1
2 3
0 0 1
and D =41 0 05. Assumethe following condition ( ):
0 10
() AB = BA, AC = CA, and AD = DA.

Prove that, under the condition ( ),

aip = az asz, and

Ay = a3 = ag; = azxx = 0

dip = ai3

all hold. In other words, prove that, under the condition ( ), A is a scalar matrix:
2 3

t 00
A=40 t 05 =tlI.
0 0t
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Some more situations where two matrices commute | 2 2 case.

Let usreturn to the caseof 2 2 matrices. The following exerciseproblems|[IX],
[X] assertthat there are somerelatively large classesof 2 2 matricesin which any
two matrices commute.

[IX] Calculate AB and BA for

_ a ¢ _ b d
A= ¢ a B= 4 b
Verify that A and B commute: AB = BA.
[X] Special casesof Formulas 2 and 2° .
(1) Calculate AB and BA for
_ ab _ aq
A= g a B= 9 a
Verify that A and B comnute: AB = BA.
(2) Calculate AB and BA for
A = a o0 | B = a o0
c a r a
Verify that A and B commute: AB = BA.
[XI] (1) Calculate AB and BA for
_ a ¢ _ b d
A= ¢ a B= 4 b
(2) Verify
B 0 2ad bc
AB - BA = 2ad bc 0

(3) Use (2) to prove that A and B commute if and only if A and B are
proportionate, namely, either B = tA, or A = tB, for somescalar t.
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Case of larger size matrices.

We have intro ducedthe notions of the zeromatrix O, the identity matrix 1, and
also the notion of a scalar matrix tl . There are larger size equivalert courterparts
of these.

De nition. The m n where m and n neednot be equal matrix whose
entries are all 0,
2 0 0 0 O3
§ 00 0 OZ
o=2. . .. .. . .5
00 00

is called the zeromatrix insizem n . When there is a needto emphasizethe
size of the zero matrix, we denoteit by On, .

De nition. The n n matrix whose i;i enry islfor i = 1; 2 ; n and
other ertries are 0,
2 10 0 03
01 00
=80 0 i,
00 10
00 0 1

is called the identity matrix in size n. When there is a needto emphasizethe size
of the identit y matrix, we denoteit by I,.

De nition. The n  n matrix whose i; i entry ist for i = 1, 2; ; n and
other ertries are O,
2 t O 0 03
0 t 00
A=gi b o,
00 t O
0 0 0t

where t is somescalar, is called a scalar matrix in size n.
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We obsene

2t 0 003 210 00
0 t 00 0 1 00
gss'-.séﬂgs -
0 0 t O 00 10
0 0 0t 00 01

Thus, a scalar matrix is always a scalar multiple of the identit y matrix of the same

size. A scalar matrix is always of form t1 for somescalar t.

Wenotethat an m n matrix with m 6 n can newer be the identit y matrix .

For example,

w

AN
OO
(oN o)
= OO
o OO

ol

is not the identity matrix, becausethe number of rows and the number of columns

are not equal.

Similarly, note that an m n matrix with m 6 n can newer be a scalar

matrix . For example,

2t 0 03
0t o0
gooﬁz’
00

is not a scalar matrix, becausethe number of rows and the number of columns are

not equal.

Each part of the following Formula 4 is easyto verify. Indeed, those are what we
have already seen,when the matrices in sight are all in size 2 2, or are all in size
3 3.

16



Formula 4.
(1a) Let A beamatrix insizem r and O = O, , the zeromatrix in sizer n.

Then AO = O.

(1b) Let O = O  the zeromatrix in sizem r, and B amatrix in sizer n.

Then OB = O.

(c) Let O = O, , bethe zero matrix and C a matrix, both in size n n.

Then OC = O = CO. In particular, OO = O.

(2a) Let A beamatrix insizem n, and | = |, the identity matrix in size n.
Then Al = A.
(2b) Let I = I, bethe identity matrix in size n, and B a matrix in sizen r.

Then IB = B.

(2c) Let I = I, the identity matrix in size n and C a matrix in sizen n.

Then [IC = C = Cl. In particular, |1

(3a) Let A beamatrix insizem n, and | = I, the identity matrix in size n.
Let t beascalar. Then A tlI = tA.
(3b) Let I = I, bethe identity matrix in size n, and B a matrix in sizen r.

Let t bea scalar. Then tl B = tB.

(4) Let A beamatrix insizem n. Then 1A = A. Inparticular, 11 = 1.

For now let us concludeour examination of whentwo matrices A and B commnute,

and let us move on to the next topic.
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Associativit y Law.

We often deal with the situation wherethree matrices are involved. It is bene cial
to understand how we could possibly multiply out three matrices together. Suppose
we have

A =

a b ’ B = P A . C = Xy ’
c d r s zZ w

and we would like to make senseof the \triple product® ABC. There are two
obvious ways:

() Dene ABC as AB C. (i) Dene ABC as A BC

A natural question hereis, whether thesetwo de nitions match, namely, whether the
two matrices, one from (i), one from (ii), are equal. This is indeedthe case.In fact,

A c = &b y
c d zZ W

ap+ br aq+ bs
cp+ dr cqg+ ds

X

y
w

N

apx + brx + agz + bsz apy + bry + agw + bsw
Cpx + drx + cog + dsz cpy + dry + cogw + dsw

and

a b
c d

- T
n O

Xy
z w

pX + gz py+ qw

a b
c d rx+ sz ry+ sw

apx + agz + brx + bsz apy + agqw + bry + bsw
Cpx + cog + drx + dsz cpy + cqw + dry + dsw
Hence AB C and A BC coincide.
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To highlight the result in the previous page:
Formula 5a (Asso ciativit y Law). For2 2 matrices A, B, C, we have

AB C = A BC

The above Formula 5a concernsthe caseall the three matrices A, B, C arein size
2 2. The truth is, Formula 5aholdstrue in a much more generalsituation, namely,
Formula 5a holds true provided that the three matrices A, B, C are in right sizes

so that AB and BC are both dened. The following Formula 5 gives a full
generalization of Formula 5a:

Formula 5 (Asso ciativit y Law).
For m r matrix A, r s matrix B, andfor s n matrix C, we have
AB C = A BC

[XI1] Verify Formula 5.

De nition. Keeping Formula 5 in mind, we de ne the triple product ABC as
the m n matrix AB C, or equivalertly, asthe m n matrix A BC
To paraphrase,wedene ABC = AB C = A BC

Next we would like to de ne the \quadruple product” AB CD for four matrices
A, B, C, D. Weneedto assumethat they arein right sizessothat AB, BC, and
CD are de ned. There are v e obvious ways:

() Dene ABCD as AB C D.
(i) Dene ABCD as A BC D.
(i) Dene ABCD as A BC D
(v) Dene ABCD as A B CD

(v Dene ABCD as AB CD
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It turns out that all these v e coincide.

Formula 6. Let A, B, C, D be four matrices, in right sizessothat AB, BC,
and CD arede ned. Then

A BC D= A BCD

AB C D
= A B CD = AB CD

Notice that the validity of ead equality sign in Formula 6 is self-eviden, knowing

Forumla 5.

De nition. Keeping Forumla 6 in mind, we de ne the quadruple product
AB CD asthe v e mutually equal matrices in Formula 6 above:

ABCD = AB C D= ABC D=A BCD
= A B CD = AB CD
Consecutiv e pro duct. We may extend the above idea, and may de ne a

consecutive product for an arbitrary number of matrices. Let A, A,, As, :
Ax 1, Ak, be matrices which are in right sizes so that the products Aj;Aj,
Ar Az, AszAy, , Ax 1Ak, areall de ned. Then we may inductively de ne

the k-uple consecutive product A; A, Az Ax 1Ak as
A1A2Az Ay 1Ac = (A1A2) A3 Ac 2 Ac 1 Ak
By Formula 5 Asscciativity law , we may write the sameasin various form:

ALtAAs A¢ 1A = AL A Ac 3 A 2 A 1A«
= AL A Ac 4 A 3 Ax 2Ak 1A

= A1Az  Ax s Av 2 Ak 3Ax 2AK 1Ak
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We eventually arrive at the symmetrically opposite de nition

A1AsAs A 1A = A1 Ay Aj Ax 2 (A 1Ax)

Powers.

A special but important caseof a consecutive product is when all A1, Ao, :
Ay are the same matrix. In this case,in order for the product to be de ned,
we must require the matrix A to be square,namely, to bean n  n matrix.

De nition. Let A beamatrix in sizen n. Foread integerk = 2;3;4;,
wede ne AK as

where A; = A, = = A = A.
When k = 1, weunderstand Ak = Al as A.
For example,
A? = AA, A3 = AAA, A% = AAAA ,
and soon.
Example 16. As arather trivial example,for the identity matrix |, we have
1K =1, for k=1;23;

This can be veried by repeatedly applying Formula 4 (2c). Compare this with
Example 17.

The following Formula 7 guaranteesthe comnutativit y of two matrices which arise
aspowersof acommonn n matrix A.

Formula 7. Let A beamatrix insizen n. Foreahh i = 1,2 3; , and
j =123 :
Al = ATAl The Exponertial Law
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To paraphraseFormula 7,

Ak = Ak 1A

- AZAk 2
= AAK 1,

To verify Formula 7, we may repeatedly apply Formula 5, as follows:

AAA AAA = AA AAA A
X K y X K 1 y

= AA AA AA

X—x 2o —¥
= AA A AAA
X 3

X—yx 2—Y
= A AAA AA
Xy y

For an e ectiv e computation of powers, we keepin mind the following:

Formula 8. (1) Let t and u bescalars.Let A and B be two matrices in right
sizessothat AB is de ned. Then

tA uB = tu AB
(2) Let t beascalar,and A amatrix in sizen n. Then

K
tA = tkAK,  for k= 1,23
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Formula 8 (1) covers at least three special cases,namely, Formula 9 (7), (8), (9)
below . Thosearethe cases(i) A = I, (i) u= 1, and (iii) t = 1. It requires

to useFormula 4 to establish those implications.

Example 17. For a scalarmatrix A = tI, we have

k
Ak =t = tk], for k= 1,23

This is a consequencef Formula 8 (2) and Example 16.

Example 18. Let A = g 8 . Wemay nd Ak as
k
Kk - a0
ATS 0 b
2 3
a 0 o0
Example 19. Let A =40 b 09. Wemay nd AK as
0 0 c
2 3
ak 0 0
Ak =40 B 05,
0 0 ¥

[XI'11] Verify the assertionsin Examples 18{19.

[XIV] UseExample 19to nd A?2° for

2 3
1 0 O

A =40 1 0°.
0 0 1

[XV] Usethe result of [X] to nd AX, BX, for

Azla' B =

2 a
0 1 0 2
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Other prop erties of matrix operations.

We collect someother properties of matrix operations.

Formula 9. Let t and u bescalars,and A, B, C matrices. Assumethat A, B,
C arein right sizesin eadt of the identities below, sothat the sumand/or the product

in the identity is de ned. We have

(1) A+ B = B + A,

(2) A+ B+C = A+B + C,
3) A B+C = AB + AC,
4) A+ B C = AC + BC,
®) t B+C = tB + tC,

(6) t+u A = tA + UA,

(7) t UA = tu A,

(8) t AB = tA B,

9) t AB = A tB ,

(10) 1A = A.

Moreover, let O bethe zeromatrix in right size , and 0 the scalar zero. Then

(11) A+ 0O = A,
(12) A A= O,
(13) 0A = O,
(14) to = O.

From now on, we no longer make a note that the matrices in sight are in right

sizessothat the operations are de ned.
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Application of Formula 9.

Example 20. tAA uB+vC = tu AB + tv AC.
In particular, for t =1, u=1 and v = 1,
A B C = AB AC.

Example 21. Wesimplify A+ B A B . Think of A° B asin one
block. Thus

A+B A B = A A B +B A B

= AA AB + BA BB

A2 AB + BA B2.

In Example 21 above, we are not allowed to further simplify

A2 AB + BA B2

as
A? B2.

The reasonis obvious, namely, we neednot have AB = BA.

1 2 3 _ 1 3 _ 0 1

[Xv] Let A= o 7 % . B = L 5+ C= 10
(1) Find BCA. (2) Find B+ C A.

2 3 2 3 2 3

1 2 3 4 6 3 0 0 O
[XVII] Let A = 40 5 45, B =45 4 45, Cc =40 0 03

3 21 1 0 1 4 2 3
(1) Find AC. (2) Find BC.

(3) Verify AC = BC, C6 O, and A 6 B.
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11 Verfythat A6 O, B 6 O,

_ 33 _
XVIIl Let A= o, 5, B= T

and AB = O. Also nd BA.

1 2
XIX] Let A= o %
(3) Find A | + A

(1) Find A2 (2) Find A%

[XX] Verify
2
A+ B = A2+ AB + BA + B2
Explain why we are not allowed to further simplify this as
A? + 2AB + B?2

[XXI] UseExample 19to nd a 3 3 matrix A with real number ertries suc

that
2 3
8 0 O
A3 =40 1 05.
0 0 27

Polynomial substitution.

Let us considera polynomial :

= ap + aX + ayx? + + amx™,

f x =
where ag, a;, ao, , an are scalars. Let A be an n n matrix.
We de ne the substitution of f at A as

f A = al + atA + apA? + + am AM.

P P~
Example 22. Let f x = 1+ p?x + x? and A = ipg 11p72
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Then

fA_|+'07A+A2
10 +p7127 1pp§ . 127 1pp72
0 1 1 2 1 2 12 1 2
_ 10 1 1 0 1
S o1 Y11 Y10
2 2
-2 2
XXIT] (1) Let f x = x2 5x + 2 and A = ig.Finde.
2 3
31 4
(2) Let f x = x3 1x?+ 31x 30, and A= 40 2 69. Find f A .
0 05

Substitution of a polynomial at a matrix, in conjunction with polynomial
additions, multiplications and comp ositions.

For two polynomials
f X = ag + ajx + ayx? + + axX, and
gx = bp+ bix + bpx? + + bx,
we all know that the result of addition, and the result of multiplication, are both

polynomials. Wedene f + g x and fg x as

f+g x =fx +gx, and fg x =fx gx.
Example 23a. For f x = 1+ x? and gx = x + x3, wehave
f+g x =1+ x+ x2+ x5, and
fg x = x+ 2x3 + x5
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For a polynomial f x as above, we all know that the result of multiplying a

scalarto f x is apolynomial. For a scalart, wedene tf x as

tf X =1t f x.

Example 23b. For f x = 1+ x?, andfor t = 2, wehave

2f X = 2+ 2xZ2

Moreover, for two polynomials f x and g x as above, we all know that the

result of compositions there are two ways

f g x =f gx , and g f x =g fx ,
are polynomials.
Example 23c. For f x = 1+ x? and gx = x + x5 wehave
2
f g x =1+ x+x3 =1+ x2+ %+ x5, and
3
g f x = 1+x% + 1+ x> = 2+ 4x>+ 3x* + xb.

As Example 23c above shows,in general f g x and g f x are

di erent.

Formula 10. Let f x and g x bepolynomials, asabove. Let A beann n
matrix. Let t be a scalar. Then we have

1) f+g A =f A +gA,
(2) fg A =f A gA,
3) tf A =tf A, and
4) f g A =1 gA
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In particular, for two polynomials f x and g x ; andforan n n matrix

A; we have the commutativit y

f AgA = gA fA.
1 1
Example 24. Let A = 1 0 - Let
f x = 2+ x+ X2 gx = 1 x%2+ x*
Then
f A = 21 + A+ A2
_,10 . 1 1 1 1°
a 0 1 1 0 1 0
20 N 1 1 N 0 1
-0 2 1 0 1 1
_ 3 2
-2 1
and
gA = | A2 + A4
10 1 1%, 1 1°
T 0 1 1 0 1 0
10 0 1 11
=01 " 11 7% 10
_ 0O 2
B 2 2
. 3 2 o 2 )
We do know that thesetwo matrices 5 1 and 5 o commute:
3 2 o 2 _ 0O 2 3 2
2 1 2 2 2 2 2 1



Transp ose.

Foran m n matrix where m and n neednot be equal

2 3
di; a2 din
dp1 Az azn
A = . . . . H
dmi1 dm2 dmn

the transpose AT of A isdened asan n m matrix

2 3
ai1  az1 dm1

AT = § a;p  axp am?2 Z
ain don Amn

Stated in other words, the transpose AT of A is the matrix formed by interchanging
rows and columns of A. Or stated in other words, AT is the matrix whose i |
ertry matcheswith the |;i enry of A.

Example 25. For A = i 3 , the transposeof A is
T_ ac
A b d
2 3
a b c
For A = 4p q r9, the transposeof A is
Xy z
2 3
a p X
AT = 4p q y>o.
cr z
For A = a b cd , the transposeof A is
p qr s
2a p3
b q
T =
AT = §2 98
d s
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Formula 11. (1) For any matrix A, we have
T
AT = A.
(2) For two matrices A and B sucd that A + B is de ned, we have
T
A+ B = AT + BT.
(3) Foramatrix A and a scalar t, we have
T
tA =t AT
(4) For two matrices A and B sud that AB is de ned, we have
T
AB = BTAT.
(5) In particular, for a matrix A, we have
T
A+ AT = A+ AT when A issquare , and

-
AAT = AAT.

In general ATA and AAT neednot be equal , asthe following exampleshaws:

7 11 123
Example 26. For A = 4 4 3 15, the transposeof A is
6 1 3
3
7 4 6
AT = 411 3 15,
12 1 3
Moreover, we have
32 3 2 3
7 4 6 7 11 12 101 95 62
ATA = 411 3 154 4 3 19 =4 95 131 1269,
12 1 3 6 1 3 62 126 154
2 32 3 2 3
7 11 12 7 4 6 314 49 17
AAT = 4 4 3 15411 3 15 =4 49 26 30°.
6 1 3 12 1 3 17 30 46
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XXM Let A= o %, > 1

.
(1) Find AB . (2) Find BTAT.

.
(3) Verfy AB = BTAT.

Symmetric and skew-symmetric matrices.

De nition. If amatrix A satises AT = A, thenwecall suh A a symmetric
matrix .
De nition. If a matrix A satises AT = A, then wecall suh A a skew-

symmetric matrix.

2 3

b a p q
c and 4p b rd arethe generalforms of symmetric

qr c

Example 27. z
2 2, and 3 3, matrices, respectively.

By Formula 10 (5), matrices A + AT; and AT A; for somematrix A; are

always symmetric .

2 3
0 b 0
Example 28. b o and 4 p 0 rd5 are the general forms
g r O

of skew-symmetric 2 2, and 3 3, matrices, respectively.

[XXIV] Decidewhether ead of the following matrices is symmetric. Decidewhether

ead of the following matrices is skew-symmetric.

%0 2 1° 20 2 1°
(1) 02 (2) ) i % @ 42 035. (@ 4 2 0 35
130 1 3 0
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1 . :
[XXV] (1) UseFormula 11to show that - A+ AT IS symmetric.

1 . .
(2) UseFormula 11to shaw that > A AT s skew-symmetric.

(3) Let A beany n n matrix. Use(1{2) to shav that A is always written as

A=B+C, BT =B, and CT = C,

for suitable B and C. In other words, shav that any squarematrix is the sum of a
symmetric matrix B and a skew-symmetric matrix C.

2 3
2 5 3
[XXVI] Write A = 4 3 6 09 asthe sum of a symmetric matrix B and
4 1 1

a skew-symmetric matrix C.

[XXVI']] Let A = 2 (1) and B = i 11. Verify that AB is

not symmetric, although A and B are both symmetric.

2 3k
01 a
[XXVI1l] Find 40 0 15 |, for k= 1,2 3;
000
2t 0 0 032x,3 20 0 0 t32%x,% 20 0 0 t32y,3
. 0t 0 0Z6Xz t 0 0 0Z6X> 0 0t 0Z6Xx>
XxiX] Find 89 ¢ ¢ OESXS%,QO 0 OESXSE,QO - OESXSE.
000 t x4 0 0t 0 x4 t 00 0 x4
[XXX] Let f x = x 1 X > X k , Wwhere 1, o, ,
2 L0 03
0o 0 .
k arescalars.Let A = g ) . ) Z Verify f A = O.
0 O K
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Solutions to problems [{XXX].

m @ A = 11,5: 2 Wehae -1 & -2

By Formula 1, AB 6 BA.

- 2 _ 4 2 4
2 A = 3 , B = 9 . We have = 6 5 By Formula 1,
AB 6 BA.
_ 1 _ 1 1 1
3 A= 1 , B = 1 . We have KN 6 — By Formula 1,
AB 6 BA.
11 1 1
[ A= 0 2 ¢ B = 0 2 We have
11 1 1 1 1 +1 2 1
AB = 02 0 2 0 -0 ’
1 1 11 _ 1 1+ 1 2 1
BA = 0 2 02 0 -0
Hence AB 6 BA.
1 0 1 1= . .
(1] A= 0o 1 ° B = 1= 1 Note that A is a diagonal matrix, thus

Formula 3 is applicable. In order for AB = BA to hold, either A must bea scalar
matrix or B must be a diagonal matrix. Neither is true. Hence AB 6 BA.
Alternativ ely,

1 0 1 1=2 1 1=2
AB= 6 1 12 1 ° 1= 1
1 1= 1 0 _ 1 1=

BA= 1> 1 0 1 7 12 1

Hence AB 6 BA.
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_ t 0 _ b q
[IV] A_Ot’B_ rS.Then
_ t 0 q _ tp tq
AB = Ot r s  tr ts
_ b q t 0O _ tp tq
BA = r s 0t ~ tr ts
Hence AB = BA.
_a b 1 0 0
[V] For A = q B = 0o 1 = 1
_a b 1 0 _ b
AB= ¢d o 1 ° d
_ 1 0 a b _ b
BA = 0O 1 ¢ d c d
_a b 0 1 _ a
AC = cd 1 0 Cc
and
0 1 a b _ c d
CA= 91 0 ¢d ~ b
The identities
() AB = BA, and AC = CA
then read
a b _ a b b a
() c d c d and d c

From the rst identity in ( ), wehave b = ¢

() then reads

0.

. we have
C d
a b

The secondidentity in



From this identity, wehave a = d. HenceA isof form g g , that is, A isa
scalar matrix.
a0 pO _ ap+00 aoO0+0s _ ap O
V1] AB = o d 0O0s Op+dO0O 00+ds 0 ds '
BA_pO a 0 _ pat+t+00 po0o+0d _ ap O
"~ 0s O0O0d  Oa+s0 O0O0O+sd =~ 0 ds
Hence AB = BA.
2 32 3
t 00 i1 b s
VIl  AB =40 t 05 4y by bgd
0 0t bs; bz bss

2 3
t by +0 bpy+0 bzr t bip+ 0 b+ 0 bz t b3+ 0 b3+ 0 byss
=40 byy+t by +0 bz O byp+t bpp+0 bz, O b+t bpg+ 0 byzd
0 b+ 0 bpy+t b3y O bo+0 b+t bzp O b+ 0 bps+t bss

2 3
thy;  thyy  thys
= 4thy  thy thO,
ths; thsy  thss

2 32 3
bir b bz t 00
BA = 4y by b 40 t 09
b1 bs2 b3 0 0t

2 3
b1 t+ b O+byz O byy O+ by t+byz O by O+ by O+ bys t

= 4y t+ Dby O+bpy O by O+ by t+lpy O by O+ by O+ by tO
ey t+ by O+lez O by O+ bz t+hz3 O by O+ bz O+ bz t

2 3
tbyy  thyy  thys
=4 tb21 tb22 tb23 3) .
thy; thsy  thss

Hence AB = BA.
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2 3 2 3 2
dj1 A2 A3 1 0 0 1
[VIII] For A= 4ay, ap a32,B =401 05, C=40
dz; adg2 assz 00 1 0
we have
2 32 3 2 3
a;1 apy ais 1 0 O ajn a3
AB = 4ay, ap a32240 1 09 = 4ay ax a2,
az1 azy as3 0 0 1 az1 az as3
2 32 3 2 3
1 0 O a;1 app a3 aig aio a3
BA =40 1 0954%ay ayp aps® =4 ay ap axg?,
0 0 1 az1 az as3 az1 Az  ass
2 32 3 2 3
a;1 ary as 1 0 O a1 A a3
AC = 4ay axpy a3240 1 05 = 4ay Ay axn°,
az1 azy as3 0 0 1 as1 azy as3
and
32 3 2 3
1 0 O a;1 app a3 ail aio a3
CA =40 1 054%ay ap ap® =4 ay ap azd.
0O 0 1 az1 az as3 az1 Az a3
The identities
AB = BA, and AC = CA
then read
2 3 2 3
i1  ap ai3 a1 aio ai3
4ay aypy apg® = 4 ay axpy axp °, and
dz1 as2 ass asi as2 ass
2 3 2 3
ail dip a3 ail ai2 ai3
4 azi dpp aAp3 5 = 4 azi azo azs S5,
azi dz> Aas3 azi azo az3
From theseidentities, we have
aiz = ais, dp3 = dp3, 431 = a4g1, 4z = aszz,
a2 = Qiz, @4 = Az, a3 = a3, az2 = asz.
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Hence

A = a3 = Ay = axp = az = azxp = 0.
2 3
ain 0 0
In other words, A = 4 0 a» 09 . Now, for D =
0 0 azs
we have
32 3 2 3
ail 0 0 00 0 0 aii
AD = 40 a» 09541 0 05 =4a, 0 05,
0 0 azs 010 0 azs 0
and
2 32 3 2
0 0 1 il 0 0 0 0 ass
DA =41 0 0540 ay 05=43,; 0 05
010 0 0 sz 0 do2 0
The identit y
AD = DA
then reads
2 3 2
0 0 a1 0 0 ds3
4322 0 0 S = 4311 0 0 S
0 azs 0 0 dpo 0

From this identity, we have a;; = axpy = asz. Hence A is of form

2 3
a 0 o0

40 a 05,
0 0 a

that is, A is a scalar matrix.

_ b
[IX] AB = 4 b

d a
c

ad + bc

ab cd

2
001
41 0 0
010
+ C
d +a b



b a+ d ¢ b c + d a
b c a d a+b c d c +b a

o T
o
Q
O

ab cd ad + bc
ad + bc ab cd

Hence AB = BA.

_ab ag _ aa+bo0 aqg+ba
X1 (1) AB = 0Oa 0Oa  Oa+a0 0qg+a a

_ a® ab+qg

-0 a’ ’
BA= 20 ab _ aa+qg0 ab+qga
- 0 a 0Oa  Oa+a0O 0b+aa

_ a® ab+q

0 a’

Hence AB = BA.

2 AB = a0 a0 _ aa+0r ao0+0 a
~ ca r a ca+ar cO+a a

_ a2 0

T ac+r at
BA = a 0 a0 _ aa+0c ao0+0 a
" r a ca ra+ac r O+aa

a2 0
ac+r a2

Hence AB = BA.

_ac¢c bd _ ab+cd ad+c b
X @ AB= ¢ a4 d b~ cb+r ad cd+ a b

ab+ cd ad bc
ad bc ab+ cd '’
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b d a c _ ba+dc bc+d a
d b ¢c a da+ b ¢c dc+ b a

ab+ cd ad bc
ad bc ab+ cd

(2) From (1),

_ ab+ cd ad bc ab+ cd ad bc
AB  BA = ad bc ab+ cd ad bc ab+ cd

_ 0 2ad bc

- 2ad bc 0

(3) A and B commute if andonly if AB  BA

O. By (2), this condition is

equivalert to
0 2ad bc _ 0 O
2ad bc 0 -0 0

that is,

ad bc = 0, orinotherwords, ad = bc
First, if a6 0, then d = %, and

b 3 b bca _ b d _

22 bca b - d b B

Hence A and B are proportionate. Next, if a = 0, then either b = 0 or
c = 0. We have two cases(i), (ii):

i) If a=c= 0, then A =0 andhence A = tB with t = 0.
(i) If a= b= 0, then

A=O and B:O
C d

oo

d
0
) C ) d )
Thus either A = TB, with d 6 0, B = TA, with ¢ 6 0, or

A = B = 0. In all cases,A and B are proportionate.
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[XI] Let

2 3 2 3
ajn  ap air b1 b2 s
ay  ap ayr o1 by s
A = . . _ . , B = . . . :
dm1 dm2 Amr 3 br 1 br 2 br s
Ci1 Ci2 Cin
g Co1 G Con Z
C = . i ) . )
Cs1 GCs2 Csn

Note that A isinsizem r, B isinsizer s, and C isin sizes n. Hence
AB isdened andinsize m s, andalso BC isdened andinsizer n. In
particular, both- AB C and A BC arede ned, andboth arein sizem n.
Let i and j be xed, where 1 [ m, and 1 | n. We will nd
the 1i;j enry of the two matrices AB C and A BC . For this matter,
let k be xed, where 1  k XS' and let us expressthe i; k enry of AB,

using the \summation symbol” ;as

X
a bki
o1
Hencethe ;] enry of AB 'C is

X X X X
a by o = ar by cy:
k=1 =1 k=1 ‘=1
Next, let “° be xed, where 1 "% r, and let usexpressthe % j entry of
B C, using the samesummation symbol, as

X
boko Ckoj .
ko=1
Hencethe ;] enry of A BC i?
X X ' X X
djo boko Ckoj = aj o boko Ckoj -
~0=1 ko=1 "0=1 kO=1

From these,the i; ] entriesof AB C and A BC areclearly identical.
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[XI1l] Let A = g g By problem [VI], we have
2 _ a0 a0 _ aa 0 _ a0
AT = AA 0Ob 0 b 0 b b 0 B
2 2 3
3 _ p2p - @@ 0 a0 _ a a 0 _ a0
ATEAAE 5 Rp 0ob 0 B b 0 B
2 3
a 0 o0
and soon. Similarly,let A = 40 b 05. By Example 15, we have
0 0 c
2 32 3
a 0 o0 a 0 o0
A2 = AA = 40 b 0540 b 03
0 0 c 0 0 c
2 3 2 3
aa 0 0 a2 0 0
=40 bb 05 =40 1 05,
0 0 cc 0 0 ¢
2 32 3
a2 0 0 a 0o
A3 = A2A =40 P 0540 b 03
0 0 ¢ 0 0 c
2 3 2 3
a2 a 0 0 a8 0 0
=4 0 BPb 05=40 B 05,
0 0 2 c 0 0 ¢
and soon.
2 3
1 0 O
[XIV] Let A = 40 1 05 . By Example 19 which we have veried in
0O 0 1
problem [XI 1] , we have
2 3 2 3 2 3
1 0 07 120 0 0 100
A2 = 40 1 05 =40 1?° 05 =40 1 05
0O 0 1 0 0 120 0 01



_ 1 a 2 a
[XV] Let A = 0 1 ° B = 0 2 By problem [X],
1 a 1 a 1 a+ a
2 — — — —
AT = AA = 0 1 0 1 0 1 B
1 2a 1 a 1 a+ 2a
3 — 2 — — —_
A= ATA = 0O 1 o1 o0 1 a
1 3a 1 a 1 a+ 3a
4 _ 3 — — -
A ATA = 0 1 0O1 0 1 a
1 4a 1 a 1 a+ 4a
5 _— 4 — - —
A= ATA = 0 1 0O1 0 1 a
and soon. We conclude
1 af _ 1 ka
0 1 0 1
Similarly,
2 a 2 a 22 2a+ 2a
2 — — —
B== BB = 0 2 0 2 a 0 22
4 4a 2 a 4 2 4da+ 8a
3 — 2 — —
B = BB = 0 4 0o 2 0 4 2
8 12a 2 a 8 2 8a+ 24a
4 _ 3 — —
B = BB = 0 8 0o 2 = 0 8 2
B5 = B4B = 16 32a 2 a _ 16 2 16a + 64a
0 16 0o 2 0 16 2
and soon. We conclude
2 a2k k21
02 ~ 0 2K

=

H

[EEN

2a

1 ]

3a

1 H

4a

l b

5a

l b

4 4a

o 4

8 12a

0o 8 '’

16 32a

0 16 '’
32 80a
0 32



XVI] Let A = i 3 !

1
0

(1) Tond BCA, werst nd BC:

Nowwe nd BCA as BC A:

3 1

BCA = BC A = 5 1

o P

(2) Tond B+ C A, werst nd B+ C:

1 3 0 1
B+C = )

1 +

Now we nd B+ C A as

_ _ 1 4 12 3
BCA = BC A = > 2 01 1
2 3 2
1 2 3 4
[XVII] Let A= 40 5 45, B =45 4
3 21 1 0

2 3 2 3 2
1 2 3 0O 0 O 12

(1) AC =40 5 4540 0 05 = 416
3 21 4 2 3 4

2 32 3 2
4 63 0 0 O 12
20 BC =45 4 4540 0 059 = 416
1 0 1 4 2 3 4

(3) Clearly AC = BC, C86 O, and A 6 B.
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_ 3 3 _ 1 1
[XVil] Let A=, B = 11
_ 3 3 1 1 _ 00
AB = 4 4 11 =~ 00
Hence AB = O. Clearly A 6 O, B 6 O. Also
1 1 33 _ 1 1
BA = 1 1 4 4 1 1
_ 1 2
[XIX] Let A= o %
1 2 1 2
2 — —
1) A<= AA = o 1 o 1
_ 1 1+20 1 2+ 2 1
0 1+ 1 0 0 2+ 1
_ 10_I
= 51 °
10
2 A AcA I 1 I 0 1
3 A l+A = Al + AA
= A+ A?
= A+ |
_ 12+10_ 2 2
-0 1 01 =~ 00O
[XX] We have
2
A+ B = A+ B A+ B

A A+B + B A+B
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AA + AB + BA + BB

A2 + AB + BA + B2,

We are not allowed to further simplify this as

A2 + 2AB + B2,

Indeed, AB = BA isnot true in general.

[XXI] One 3 3 matrix that satis es

2 3

8 0 O
A =40 1 05

0O 0 27

is

2 3

2 0 O

A =40 1 05

0O 0 3

For this A, we can easilycalculate A® and verify that it satis es the givenidentit y.

[XXI1] (1) Let f x = x> 5+ 2 and A = ig
f A = A2 B5A + 2|
2 0° 2 0 10
= 45 5 45 T2 51
20 20 52 50 . 21 20
- 45 45 54 5 5 20 21
4 0 0 0 , 20
- 28 25 20 25 0 2
_ 4 0
-8 2
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2 3
31 4
(2) Let f x = x3 10x? + 31x 30, and A =40 2 69,
0 05
f A = A3 10AZ + 31A 30 .
To nd, we rst calculate A2, AS3.
2 3 2 3 2 3
31 4 31 4 9 5 38
A2 = AA = 40 2 69 40 2 69 = 40 4 425,
0 05 0 05 0 0 25
2 32 3 2 3
9 5 38 31 4 27 19 256
A3 = A2A = 40 4 42540 2 65 = 40 8 2345.
0 0 25 0 05 0 0 125
Thus,
f A
= A% 10AZ + 31A 30
2 3 2 3 2 3 2 3
27 19 256 9 5 38 31 4 1 00
= 40 8 2345 1040 4 425 + 3140 2 65 3040 1 0°
0 0 125 0 0 25 0 05 001

2 3 2 3 2 3 2 3
27 19 256 90 50 380 93 31 124 30 0 O

= 4 8 2345 40 40 4205+ 40 62 185 40 30 05
0 0 125 0 0 250 0 0 155 0 0 30
2 3
000
= 40 0 0° = O.
000

?  An alternativ e solution for (2)

Notice

f x = x3 10x2 + 31x 30 = x 3 x 2 x 5.
Thus,
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fA = A 3 A 2 A 5

2 32 32 3
0 1 4 1 1 4 2 1 4
40 1 6540 0 6240 3 69
0 0 2 0 0 3 0O 0 O

2 32 3 2 3
0 0 18 2 1 4 0 0O
= 40 0 12540 3 62 = 40 0 0° = O
0 0 6 0O 0 O 0 0O
_ 1 2 _ 3 1
[XXI'I] Let A = 0 o2 B = 5 1
(1) First, we calculate AB as
1 2 3 1 1 1
0o 2 2 1 4 2
T
Accordingly, we nd  AB as
T 1 1" 1 a4
AB B 4 2 1 2
(2) First, we nd AT and BT as
1 0 3 2
T — T —
A= 2 2 B = 11
Accordingly, we nd BT AT as
3 2 1 O 1 4
T AT = —
BIAL = 11 2 2 1 2
T
(3) Clearly AB = BTAT.
2 . . 2 1 . .
[XXIV] (1) > 0 Is skew-symmetric. (2) 1 3 IS symmetric.
2 3 2 3
0 21 o 2 1
(3 42 0 39 issymmetric. (4 4 2 0 35 isskew-symmetric.
1 30 1 3 0
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[XXV] (1) By Formula 11,

1 T 1
— A+ AT = — A+ AT
2 2
1
- = AT + AT
2
1
= — AT+ A
2
1
= — A+ AT
2
1 . ,
Hence - A+ AT IS symmetric.
(2) By Formula 11,
1 T 1 T
— A AT = — A AT
2 2
1 T
= — AT AT
2
1
= — AT A
2
1
= — A AT
2
1 . .
Hence - A AT is skew-symmetric.
1 - 1 -
3) ForA,wemaertB:7A+A ’CZTA A" , and
1 1
B+C = —/— A+AT + — A AT
2 2
1
= 7 A+ AT + A AT
= A.

In (1), (2), we have already veried BT = B and CT = C.
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2 3
2 5 3
[XXVI] For A = 4 3 6 09, wemay let
4 1 1
B:% A+ AT
0 2 3 2 31
1 2 5 3 2 3 4
= — @4 3 6 05+ 45 6 15A
2 4 11 3 0 1
3
2 1 7=2
=4 1 6 1=29,
7=2 1=2 1
1
C= — AT
2
3 2 31
1 2 5 3 2 3 4
= - 4 3 6 05 45 6 15A
4 1 1 3 0 1
2 3
0 4 1=2
=4 424 0 1=25
1=2 1=2 0

Clearly B is symmetric, C is skew-symmetric,and A = B + C.

[XXVI'l]] Clearly both A = 2 é and B = i ; are symmetric,
whereas
01 1 1 _ 1 1
AB = 10 1 1 1 1
which is not symmetric.
2 3
0 1 a
[XXVI1]] Let A=40 0 19. Then
0O 0O
2 32 3 2 3
0 1 a 0 1 a 0 0 1
A2 = AA = 40 0 1540 0 15 = 40 0 05,
0O 0O 0O 0O 0 0O
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2 32 3 2 3
01 a 0 0 1 0O 0O
A® = A2A = 40 0 1540 0 05 40 0 05 = O,
0O 0O 0O 0O 0 0O
A* = ASA = OA = O,
A®> = A*A = OA = O,
and soon.
t 0O 03 2X13 2tX13
0Ot 0O X2 _ t X2
[XXIX] 20 0 t Og 2X3 a th:;g’
0 0 t X4 X4
00 t3 2X13 2tX43
t 0 0O Xof _ GtXg
9L 0 0 0z gl . giug
0t O X4 t X3
20 0 0 t3 25,3  Z¢y,3
0 0Ot O X2 _ t X3
20 t O 0g 2X3g a 9txgg'
t 0 0O X4 tX1
[XXX] Let f x = x 1 X > X ., where 1, o,
k arescalars. For eadh j with j = 1,; 2; Kk, weset f; x = x
soour f X iswritten as
f x = f; x fao X fr x .
2 L0 03
0 2 0
Now for A = . . . é we have
0O O K
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2
2. 0 0 03 ;0 0 0
0 2 0 0 0 i 0 0
i A= E 0 0 ; o% 0 0 ,- 0
0O O 0 K 0O O 0 i
2 3
1 i 0 0 0
0 2 , 0 0
- 0 0 P 0
0 0 0 K ,
2.0 0 03
0 2j 0 0
“RBo0 0 0 07"
0 0 0 Kj
where we have set = i i, foreahh i with i 6 j, for brevity.
Now then
f A = f]_ A f2 A fk A
20 0 0 32 12 0 0 3 2 1k 0 03
~ go 21 0 Zg 0 O 0 Z § 0 2k OZ
0O O K1 0 O k2 0 0 0
20 12 1K 0 0 3
g 0 21 O 2k 0 Z
= . ] =0
0 0 K1 k2 0
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