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�
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� More on matrix multiplications.

Let us highlight the de�nition of the matrix multiplication AB , for two matrices

A =
�

a11 a12

a21 a22

�
, B =

�
b11 b12

b21 b22

�
, both in size 2 � 2:

AB =
�

a11 a12

a21 a22

� �
b11 b12

b21 b22

�

=
�

a11b11 + a12b21 a11b12 + a12b22

a21b11 + a22b21 a21b12 + a22b22

�
.

Let us also highlight the de�nition of the multiplication AB , for two matrices

A =

2

4
a11 a12 a13

a21 a22 a23

a31 a32 a33

3

5, B =

2

4
b11 b12 b13

b21 b22 b23

b31 b32 b33

3

5, both in size 3 � 3:

AB =

2

4
a11 a12 a13

a21 a22 a23

a31 a32 a33

3

5

2

4
b11 b12 b13

b21 b22 b23

b31 b32 b33

3

5

=

2

4
a11b11 + a12b21 + a13b31 a11b12+ a12b22 + a13b32 a11b13 + a12b23+ a13b33

a21b11 + a22b21 + a23b31 a21b12+ a22b22 + a23b32 a21b13 + a22b23+ a23b33

a31b11 + a32b21 + a33b31 a31b12+ a32b22 + a33b32 a31b13 + a32b23+ a33b33

3

5 .

The de�nition of AB for A, B in size 4 � 4, for A, B in size 5 � 5, � � � , are

similar, but spelling them out requiresmore aij 's, bij 's, and consumesmore space.
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� When do t wo matrices fail to comm ute?

As we have discussedbefore, AB and B A neednot be equal . As for this, we

may refer to Examples 6{7 in Pg. Ch. I I I. Indeed, we may create countless number

of examplesof A, B with AB 6= B A.

Example 1. For A =
�

1 1
0 1

�
, and B =

�
1 0
1 1

�
, we have

AB =
�

1 1
0 1

� �
1 0
1 1

�
=

�
2 1
1 1

�
,

B A =
�

1 0
1 1

� �
1 1
0 1

�
=

�
1 1
1 2

�
,

hence AB 6= B A.

� If A and B ; both in size n � n; happen to satisfy AB = B A; then we say

that A and B commute . It is good to be reminded that A and B commute

rarely, as we will �nd out below.

� It is worthwhile to analyze how the commutativit y of A and B fails, in case

A and B are both in size 2 � 2, as follows. For simplicit y, we avoid double

su�xes � ij and instead write A =
�

a b
c d

�
and B =

�
p q
r s

�
. then we have

AB =
�

ap + br aq + bs
cp + dr cq + ds

�
,

B A =
�

ap + cq bp + dq
ar + cs br + ds

�
.

By equating thesetwo matrices, we may write out the condition for AB = B A as

ap + br = ap + cq,

aq + bs = bp + dq,

cp + dr = ar + cs, and

cq + ds = br + ds.

2



Notice that terms in each of the �rst and the fourth equations cancel, and the two

equationsyield the sameinformation:

br = cq.

If b 6= 0, c 6= 0, q 6= 0, r 6= 0, then we may rewrite the sameas

b
c

=
q
r

.

Thus, we have derived the following handy formula:

Form ula 1. If A and B are of form

A =
�

� b
c �

�
, B =

�
� q
r �

�
,

where b 6= 0, c 6= 0, q 6= 0, r 6= 0, and moreover if

b
c

6=
q
r

,

then AB and B A never coincide .

Example 2. Let A =
�

� 1
2 �

�
, and B =

�
� 2
3 �

�
, where each � is �lled

by any scalar. Then we have AB 6= B A, because
1
2

6=
2
3

.

[I] UseFormula 1 to verify AB 6= B A, when

(1) A =
�

0 1
� 1 2

�
, B =

�
1 2

� 1 0

�
,

(2) A =
�

2 2
3 � 2

�
, B =

�
3 4
9 � 3

�
,

(3) A =
�

0 1
1 0

�
, B =

�
0 1

� 1 0

�
.
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� Formula 1 above doesnot take care of the case c = r = 0, namely, the case

A =
�

a b
0 d

�
, B =

�
p q
0 s

�
.

This caserequires a separateanalysis. We have

AB =
�

ap aq + bs
0 ds

�
, B A =

�
ap bp + dq
0 ds

�
.

In this situation, there is a possibility for AB and B A to coincide. The precise

condition can be summarized in the following terms:

Form ula 2a
�
As for a special case,seeexerciseproblem [X] (1).

�

If A and B are of form

A =
�

a b
0 d

�
, B =

�
p q
0 s

�
,

then AB = B A preciselywhen aq + bs = bp+ dq. Otherwise, AB 6= B A.

Example 3. Let A =
�

1 2
0 3

�
, B =

�
4 5
0 6

�
. Then AB 6= B A. Indeed,

AB =
�

� 1 � 5 + 2 � 6
0 �

�
, B A =

�
� 2 � 4 + 3 � 5
0 �

�
,

and it is easyto check

1 � 5 + 2 � 6 6= 2 � 4 + 3 � 5.

� In Example 3, our task was to establish AB 6= B A, and for that matter we

did not have to calculate all the entries. Those \irrelev ant" entries were �lled by � .

[I I] Decide whether AB = B A or AB 6= B A, for

A =
�

1 1
0 2

�
, B =

�
1 � 1
0 2

�
.
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� The following is analogousto Formula 2a:

Form ula 2b.
�
As for a special case,seeexerciseproblem [X] (2).

�

If A and B are of form

A =
�

a 0
c d

�
, B =

�
p 0
r s

�
,

then AB = B A preciselywhen cp + dr = ar + cs. Otherwise, AB 6= B A.

� Formula 1 doesnot take care of the case b = c = 0 either, namely, the case

A =
�

a 0
0 d

�
, B =

�
p q
r s

�
.

This casealso requires a separateanalysis. We have

AB =
�

ap aq
dr ds

�
, B A =

�
ap dq
ar ds

�
.

The precisecondition for AB and B A to coincide is summarized in the following

terms:

Form ula 3. If A and B are of form

A =
�

a 0
0 d

�
, B =

�
p q
r s

�
,

then AB = B A precisely when a = d or q = r = 0. Otherwise, AB 6= B A.

Example 4. Let A =
�

1 0
0 � 1

�
, B =

�
1 � 1
1 1

�
. Then AB 6= B A.

This is immediate from Formula 3, but we can verify it directly as follows:

AB =
�

1 0
0 � 1

� �
1 � 1
1 1

�
=

�
1 � 1

� 1 � 1

�
,

B A =
�

1 � 1
1 1

� �
1 0
0 � 1

�
=

�
1 1
1 � 1

�
.
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[I I I] Decide whether AB = B A or AB 6= B A, for

A =
�

1 0
0 � 1

�
, B =

�
1 1=2

1=2 1

�
.

� For the case A, B in size 3 � 3, A, B in size 4 � 4, � � � , doing similar

analysis to write out the condition for the commutativit y of A and B will

be more complicated, although technically it is still feasible.

� When do t wo matrices comm ute? | Zero matrix, Iden tit y matrix,

Scalar matrix.

Now let us shift our gears,and try to explore situations wherein the two matrices

A and B
�
again both in size n � n

�
have to commute: AB = B A. Thus we

agreethat we are going to focus on rather special situations.

Example 5
�
in size n � n

�
. A trivial exampleof two matrices A and B which

commute will be two identical matrices: A = B . In this case,

AB = B B = B A.

Example 6. Slightly more generally, we may consider two matrices A and B

which are proportionate :

t A = B , for somescalar t.

For simplicit y, let us look at the case A and B are in size 2 � 2. Accordingly,

we may write

A =
�

a b
c d

�
, B =

�
ta tb
tc td

�
.

We calculate AB and B A as

AB =
�

a b
c d

� �
ta tb
tc td

�
=

�
t
�
a2 + bc

�
t
�
ab + bd

�

t
�
ac + cd

�
t
�
bc + d2

�
�

,

B A =
�

ta tb
tc td

� �
a b
c d

�
=

�
t
�
a2 + bc

�
t
�
ab + bd

�

t
�
ac + cd

�
t
�
bc + d2

�
�

.

6



Thus AB and B A are equal.
�
Indeed, they are equal to t

�
AA

�
:
�

In

particular, A and B commute: AB = B A.

Example 7. Two matrices A and B can commute when either A or B is of

special form. For example, consider the following 2 � 2 matrix: A =
�

0 0
0 0

�
.

Then for an arbitrary 2 � 2 matrix B =
�

p q
r s

�
, we have

AB =
�

0 0
0 0

� �
p q
r s

�
=

�
0 0
0 0

�
= A,

B A =
�

p q
r s

� �
0 0
0 0

�
=

�
0 0
0 0

�
= A.

Thus both AB and B A equal A. In particular, A and B commute: AB = B A.

De�nition. A =
�

0 0
0 0

�
is called the zero matrix in size 2 � 2.

Usually, we usethe letter \ O " to speci�cally denote the zero matrix:

O =
�

0 0
0 0

�
.

Example 8. Two matrices A and B in size 2 � 2 commute when either

A or B is of the following special matrix:
�

1 0
0 1

�
. Let us say A =

�
1 0
0 1

�
.

Then for an arbitrary 2 � 2 matrix B =
�

p q
r s

�
, we have

AB =
�

1 0
0 1

� �
p q
r s

�
=

�
p q
r s

�
= B ,

B A =
�

p q
r s

� �
1 0
0 1

�
=

�
p q
r s

�
= B .

Thus both AB and B A equal B . In particular, A and B commute: AB = B A.
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De�nition. A =
�

1 0
0 1

�
is called the identit y matrix in size 2.

Usually, we usethe letter \ I " to speci�cally denote the identit y matrix:

I =
�

1 0
0 1

�
.

Example 9. Slightly more generally, A and B commute when either A or B is

of form
�

t 0
0 t

�
= t

�
1 0
0 1

�
= t I , for somescalar t.

This indeed follows from Formula 3 which we have establishedearlier. Recall that
�
a part of

�
Formula 3 says that for

A =
�

a 0
0 d

�
and B =

�
p q
r s

�
,

AB = B A holds if a = d. But a = d for the above A means

A =
�

t 0
0 t

�
= t I , where a = d = t.

[IV] Calculate AB and B A for A =
�

t 0
0 t

�
, B =

�
p q
r s

�
. Verify that both

equal tB =
�

tp tq
tr ts

�
, and thereby re-establish the claim in Example 9.

De�nition. A =
�

t 0
0 t

�
= tI , where t is somescalar, is called a scalar matrix

in size 2. Note that O =
�

0 0
0 0

�
�
the zero matrix

�
and I =

�
1 0
0 1

�

�
the identit y matrix

�
are both scalar matrices. Indeed, they are t I with t = 0; 1.
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� When A and B are not proportionate, and neither A nor B is a scalar matrix,

the commutativit y of A and B is particularly sensitive. The following exercise

problem [V] revealsthat a 2 � 2 matrix A which commutes with any 2 � 2 matrix

must be a scalar matrix.

[V] Let A =
�

a b
c d

�
, B =

�
1 0
0 � 1

�
, and C =

�
0 � 1
1 0

�
. Assume the

following condition (� ):

(� ) AB = B A, and AC = CA.

Prove that, under the condition (� ), a = d, and b = c = 0 both hold. In other

words, prove that, under the condition (� ), A is a scalar matrix: A =
�

t 0
0 t

�

= tI .

� There is yet another situation when two 2 � 2 matrices commute.

Example 10. A and B commute when A and B are both diagonal matrices :

A =
�

a 0
0 d

�
; B =

�
p 0
0 s

�
.

This also follows from Formula 3. Recall that
�
a part of

�
Formula 3 says that for

A =
�

a 0
0 d

�
and B =

�
p q
r s

�
,

AB = B A holds if q = r = 0. But q = r = 0 for the above B means

B =
�

p 0
0 s

�
.

[VI] Calculate AB and B A for A =
�

a 0
0 d

�
, B =

�
p 0
0 s

�
. Verify that both

equal
�

ap 0
0 ds

�
, and thereby re-establish the claim in Example 10.
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� We now move on to the case of 3 � 3 matrices. First, we begin by an

equivalent counterpart of Example 6.

Example 11. Let A and B be two matrices in size 3 � 3, which are

proportionate, namely,

A =

2

4
a11 a12 a13

a21 a22 a23

a31 a32 a33

3

5 , B = t A =

2

4
ta11 ta12 ta13

ta21 ta22 ta23

ta31 ta32 ta33

3

5 ,

for somescalar t. Then

AB

=

2

4
t
�
a2

11+ a12a21 + a13a31
�

t
�
a11a12 + a12a22+ a13a32

�
t
�
a11a13 + a12a23+ a13a33

�

t
�
a21a11 + a22a21+ a23a31

�
t
�
a21a12+ a2

22 + a23a32
�

t
�
a21a13 + a22a23+ a23a33

�

t
�
a31a11 + a32a21+ a33a31

�
t
�
a31a12 + a32a22+ a33a32

�
t
�
a31a13+ a32a23 + a2

33

�

3

5,

B A

=

2

4
t
�
a2

11+ a12a21 + a13a31
�

t
�
a11a12 + a12a22+ a13a32

�
t
�
a11a13 + a12a23+ a13a33

�

t
�
a21a11 + a22a21+ a23a31

�
t
�
a21a12+ a2

22 + a23a32
�

t
�
a21a13 + a22a23+ a23a33

�

t
�
a31a11 + a32a21+ a33a31

�
t
�
a31a12 + a32a22+ a33a32

�
t
�
a31a13+ a32a23 + a2

33

�

3

5.

Thus AB and B A are equal.
�
Indeed, they are equal to t

�
AA

�
:
�

In

particular, A and B commute: AB = B A. For an easier proof, we may rely

on Formula 7
�
below

�
.

� Next, an equivalent counterpart of Example 7.

Example 12. Let A =

2

4
0 0 0
0 0 0
0 0 0

3

5 . Then for an arbitrary 3 � 3 matrix

B =

2

4
b11 b12 b13

b21 b22 b23

b31 b32 b33

3

5 , we have
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AB =

2

4
0 0 0
0 0 0
0 0 0

3

5

2

4
b11 b12 b13

b21 b22 b23

b31 b32 b33

3

5 =

2

4
0 0 0
0 0 0
0 0 0

3

5 = A,

B A =

2

4
b11 b12 b13

b21 b22 b23

b31 b32 b33

3

5

2

4
0 0 0
0 0 0
0 0 0

3

5 =

2

4
0 0 0
0 0 0
0 0 0

3

5 = A.

Thus both AB and B A equal A. In particular, A and B commute: AB = B A.

De�nition. A =

2

4
0 0 0
0 0 0
0 0 0

3

5 is called the zero matrix in size 3 � 3.

Again, we usethe letter \ O " to speci�cally denote the zero matrix:

O =

2

4
0 0 0
0 0 0
0 0 0

3

5 .

� Next, an equivalent counterpart of Example 8.

Example 13. Let A =

2

4
1 0 0
0 1 0
0 0 1

3

5 . Then for an arbitrary 3 � 3 matrix

B =

2

4
b11 b12 b13

b21 b22 b23

b31 b32 b33

3

5 , we have

AB =

2

4
1 0 0
0 1 0
0 0 1

3

5

2

4
b11 b12 b13

b21 b22 b23

b31 b32 b33

3

5 =

2

4
b11 b12 b13

b21 b22 b23

b31 b32 b33

3

5 = B ,

B A =

2

4
b11 b12 b13

b21 b22 b23

b31 b32 b33

3

5

2

4
1 0 0
0 1 0
0 0 1

3

5 =

2

4
b11 b12 b13

b21 b22 b23

b31 b32 b33

3

5 = B .

Thus both AB and B A equal B . In particular, A and B commute: AB = B A.

This will be generalizedin Formula 4 (2a, b)
�
below

�
.
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De�nition. A =

2

4
1 0 0
0 1 0
0 0 1

3

5 is called the identit y matrix in size 3.

Again, we usethe letter \ I " to speci�cally denote the identit y matrix:

I =

2

4
1 0 0
0 1 0
0 0 1

3

5 .

� Now, an equivalent counterpart of Example 9.

Example 14. Slightly more generally, A and B commute when either A or B is

of form
2

4
t 0 0
0 t 0
0 0 t

3

5 = t

2

4
1 0 0
0 1 0
0 0 1

3

5 = t I , for somescalar t.

� The following exerciseproblem [VI I] is a 3 � 3 analog of [IV].

[VI I] Calculate AB and B A for A =

2

4
t 0 0
0 t 0
0 0 t

3

5 , B =

2

4
b11 b12 b13

b21 b22 b23

b31 b32 b33

3

5 .

Verify that both equal tB =

2

4
tb11 tb12 tb13

tb21 tb22 tb23

tb31 tb32 tb33

3

5 , and thereby establish the

claim in Example 14. This will be generalizedin Formula 4 (3a, b)
�
below

�
.

De�nition. A =

2

4
t 0 0
0 t 0
0 0 t

3

5 = t I , where t is some scalar, is called a

scalar matrix in size 3. Note that O =

2

4
0 0 0
0 0 0
0 0 0

3

5
�
the zero matrix

�
and

I =

2

4
1 0 0
0 1 0
0 0 1

3

5
�
the identit y matrix

�
are both scalar matrices. Indeed, they are

t I with t = 0; 1.
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� There is yet another situation when two 3 � 3 matrices commute, that is,

an equivalent counterpart of Example 10:

Example 15. A and B commute when A and B are both diagonal matrices :

A =

2

4
a11 0 0
0 a22 0
0 0 a33

3

5 ; B =

2

4
b11 0 0
0 b22 0
0 0 b33

3

5 .

We have already worked this out in Pg. Ch. I I I, exerciseproblem [VI I]. Indeed,

AB = B A =

2

4
a11b11 0 0

0 a22b22 0
0 0 a33b33

3

5 .

� The following exerciseproblem [VI I I] is a 3 � 3 analogof [V]. It revealsthat a 3 � 3

matrix A which commutes with any 3 � 3 matrix must be a scalar matrix.

[VI I I] Let A =

2

4
a11 a12 a13

a21 a22 a23

a31 a32 a33

3

5, B =

2

4
1 0 0
0 1 0
0 0 � 1

3

5 , C =

2

4
1 0 0
0 � 1 0
0 0 1

3

5 ,

and D =

2

4
0 0 1
1 0 0
0 1 0

3

5 . Assumethe following condition (� ):

(� ) AB = B A, AC = CA, and AD = DA.

Prove that, under the condition (� ),

a11 = a22 = a33, and

a12 = a13 = a21 = a23 = a31 = a32 = 0

all hold. In other words, prove that, under the condition (� ), A is a scalar matrix:

A =

2

4
t 0 0
0 t 0
0 0 t

3

5 = t I .
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� Some more situations where t wo matrices comm ute | 2 � 2 case.

Let us return to the caseof 2 � 2 matrices. The following exerciseproblems [IX],

[X] assertthat there are somerelatively large classesof 2 � 2 matrices in which any

two matrices commute.

[IX] Calculate AB and B A for

A =
�

a � c
c a

�
, B =

�
b � d
d b

�
.

Verify that A and B commute: AB = B A.

[X]
�
Special casesof Formulas 2 and 20

�
.

(1) Calculate AB and B A for

A =
�

a b
0 a

�
, B =

�
a q
0 a

�
.

Verify that A and B commute: AB = B A.

(2) Calculate AB and B A for

A =
�

a 0
c a

�
, B =

�
a 0
r a

�
.

Verify that A and B commute: AB = B A.

[XI] (1) Calculate AB and B A for

A =
�

a c
c � a

�
, B =

�
b d
d � b

�
.

(2) Verify

AB � B A =
�

0 2
�
ad � bc

�

� 2
�
ad � bc

�
0

�
.

(3) Use (2) to prove that A and B commute if and only if A and B are

proportionate, namely, either B = tA , or A = tB , for somescalar t.
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� Case of larger size matrices.

We have intro duced the notions of the zero matrix O, the identit y matrix I , and

also the notion of a scalar matrix tI . There are larger sizeequivalent counterparts

of these.

De�nition. The m � n
�
where m and n need not be equal

�
matrix whose

entries are all 0,

O =

2

6
6
4

0 0 � � � � � � 0 0
0 0 � � � � � � 0 0
...

...
. . .

. . .
...

...
0 0 � � � � � � 0 0

3

7
7
5 ,

is called the zero matrix
�
in size m � n

�
. When there is a needto emphasizethe

sizeof the zero matrix, we denote it by Om � n .

De�nition. The n � n matrix whose
�
i; i

�
entry is 1 for i = 1; 2; � � � ; n and

other entries are 0,

I =

2

6
6
6
6
4

1 0 � � � 0 0
0 1 � � � 0 0
...

...
. . .

...
...

0 0 � � � 1 0
0 0 � � � 0 1

3

7
7
7
7
5

,

is called the identit y matrix in size n. When there is a needto emphasizethe size

of the identit y matrix, we denote it by I n .

De�nition. The n � n matrix whose
�
i; i

�
entry is t for i = 1; 2; � � � ; n and

other entries are 0,

A =

2

6
6
6
6
4

t 0 � � � 0 0
0 t � � � 0 0
...

...
. . .

...
...

0 0 � � � t 0
0 0 � � � 0 t

3

7
7
7
7
5

,

where t is somescalar, is called a scalar matrix in size n.
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� We observe
2

6
6
6
6
4

t 0 � � � 0 0
0 t � � � 0 0
...

...
. . .

...
...

0 0 � � � t 0
0 0 � � � 0 t

3

7
7
7
7
5

= t

2

6
6
6
6
4

1 0 � � � 0 0
0 1 � � � 0 0
...

...
. . .

...
...

0 0 � � � 1 0
0 0 � � � 0 1

3

7
7
7
7
5

.

Thus, a scalar matrix is always a scalar multiple of the identit y matrix of the same

size. A scalar matrix is always of form t I for somescalar t.

� We note that an m � n matrix with m 6= n can never be the identit y matrix .

For example,
2

4
1 0 0 0
0 1 0 0
0 0 1 0

3

5

is not the identit y matrix, becausethe number of rows and the number of columns

are not equal.

� Similarly, note that an m � n matrix with m 6= n can never be a scalar

matrix . For example,

2

6
4

t 0 0
0 t 0
0 0 t
0 0 0

3

7
5

is not a scalar matrix, becausethe number of rows and the number of columns are

not equal.

� Each part of the following Formula 4 is easyto verify. Indeed, those are what we

have already seen,when the matrices in sight are all in size 2 � 2, or are all in size

3 � 3.
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Form ula 4.

(1a) Let A be a matrix in size m � r and O = Or � n the zeromatrix in size r � n.

Then AO = O.

(1b) Let O = Om � r the zeromatrix in size m � r , and B a matrix in size r � n.

Then OB = O.

(1c) Let O = On � n be the zero matrix and C a matrix, both in size n � n.

Then OC = O = CO. In particular, O O = O.

(2a) Let A be a matrix in size m � n, and I = I n the identit y matrix in size n.

Then AI = A.

(2b) Let I = I n be the identit y matrix in size n, and B a matrix in size n � r .

Then I B = B .

(2c) Let I = I n the identit y matrix in size n and C a matrix in size n � n.

Then I C = C = CI . In particular, I I = I .

(3a) Let A be a matrix in size m � n, and I = I n the identit y matrix in size n.

Let t be a scalar. Then A
�

t I
�

= tA .

(3b) Let I = I n be the identit y matrix in size n, and B a matrix in size n � r .

Let t be a scalar. Then
�

t I
�

B = tB .

(4) Let A be a matrix in size m � n. Then 1A = A. In particular, 1 I = I .

For now let usconcludeour examination of whentwo matrices A and B commute,

and let us move on to the next topic.
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� Asso ciativit y Law.

We often deal with the situation where three matrices are involved. It is bene�cial

to understand how we could possibly multiply out three matrices together. Suppose

we have

A =
�

a b
c d

�
, B =

�
p q
r s

�
, C =

�
x y
z w

�
,

and we would like to make senseof the \triple product" AB C. There are two

obvious ways:

(i) De�ne AB C as
�

AB
�

C. (ii) De�ne AB C as A
�

B C
�

.

A natural question here is, whether thesetwo de�nitions match, namely, whether the

two matrices, one from (i), one from (ii), are equal. This is indeed the case. In fact,

�
AB

�
C =

� �
a b
c d

� �
p q
r s

� � �
x y
z w

�

=
�

ap + br aq + bs
cp + dr cq + ds

� �
x y
z w

�

=
�

apx + brx + aqz + bsz apy + bry + aqw + bsw
cpx + drx + cqz + dsz cpy + dry + cqw + dsw

�
,

and

A
�

B C
�

=
�

a b
c d

� � �
p q
r s

� �
x y
z w

� �

=
�

a b
c d

� �
px + qz py + qw
r x + sz r y + sw

�

=
�

apx + aqz + brx + bsz apy + aqw + bry + bsw
cpx + cqz + drx + dsz cpy + cqw + dry + dsw

�
.

Hence
�

AB
�

C and A
�

B C
�

coincide.
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� To highlight the result in the previous page:

Form ula 5a (Asso ciativit y Law). For 2 � 2 matrices A, B , C, we have
�

AB
�

C = A
�

B C
�

.

� The above Formula 5a concernsthe caseall the three matrices A, B , C are in size

2 � 2. The truth is, Formula 5a holds true in a much more generalsituation, namely,

Formula 5a holds true provided that the three matrices A, B , C are in right sizes

so that AB and B C are both de�ned. The following Formula 5 gives a full

generalization of Formula 5a:

Form ula 5 (Asso ciativit y Law).

For m � r matrix A, r � s matrix B , and for s � n matrix C, we have
�

AB
�

C = A
�

B C
�

.

[XI I] Verify Formula 5.

De�nition. Keeping Formula 5 in mind, we de�ne the triple product AB C as

the m � n matrix
�

AB
�

C, or equivalently , as the m � n matrix A
�

B C
�

.

To paraphrase,we de�ne AB C =
�

AB
�

C = A
�

B C
�

.

� Next we would like to de�ne the \quadruple product" AB CD for four matrices

A, B , C, D . We needto assumethat they are in right sizesso that AB , B C, and

CD are de�ned. There are �v e obvious ways:

(i) De�ne AB CD as
� �

AB
�

C
�

D .

(ii) De�ne AB CD as
�

A
�

B C
� �

D .

(iii) De�ne AB CD as A
� �

B C
�

D
�

.

(iv) De�ne AB CD as A
�

B
�

CD
� �

.

(v) De�ne AB CD as
�

AB
� �

CD
�

.
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It turns out that all these�v e coincide.

Form ula 6. Let A, B , C, D be four matrices, in right sizesso that AB , B C,

and CD are de�ned. Then
� �

AB
�

C
�

D =
�

A
�

B C
� �

D = A
� �

B C
�

D
�

= A
�

B
�

CD
� �

=
�

AB
� �

CD
�

.

Notice that the validit y of each equality sign in Formula 6 is self-evident, knowing

Forumla 5.

De�nition. Keeping Forumla 6 in mind, we de�ne the quadruple product

AB CD as the �v e mutually equal matrices in Formula 6 above:

AB CD =
� �

AB
�

C
�

D =
�

A
�

B C
� �

D = A
� �

B C
�

D
�

= A
�

B
�

CD
� �

=
�

AB
� �

CD
�

.

� Consecutiv e pro duct. We may extend the above idea, and may de�ne a

consecutive product for an arbitrary number of matrices. Let A1, A2, A3, � � � ,

Ak � 1, Ak , be matrices which are in right sizes so that the products A1 A2,

A2 A3, A3 A4, � � � , Ak � 1 Ak , are all de�ned. Then we may inductiv ely de�ne

the k-uple consecutive product A1 A2 A3 � � � Ak � 1Ak as

A1 A2 A3 � � � Ak � 1Ak =
� � �

� �
�

(A1 A2) A3
�

� � �
�
Ak � 2

�
Ak � 1

�
Ak .

By Formula 5
�
Associativit y law

�
, we may write the sameas in various form:

A1 A2 A3 � � � Ak � 1Ak =
� �

A1 A2 � � � Ak � 3
�

Ak � 2

� �
Ak � 1 Ak

�

=
� �

A1 A2 � � � Ak � 4
�

Ak � 3

� �
Ak � 2 Ak � 1 Ak

�

=
� �

A1 A2 � � � Ak � 5
�

Ak � 4

� �
Ak � 3 Ak � 2 Ak � 1 Ak

�

= � � � .
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We eventually arrive at the symmetrically opposite de�nition

A1 A2 A3 � � � Ak � 1Ak = A1

�
A2

�
A3

�
� � �

�
Ak � 2 (Ak � 1 Ak )

�
� �

� � �
.

� Powers.

A special but important caseof a consecutive product is when all A1, A2, � � � ,

Ak are the same matrix. In this case, in order for the product to be de�ned,

we must require the matrix A to be square,namely, to be an n � n matrix.

De�nition. Let A be a matrix in size n � n. For each integer k = 2; 3; 4; � � � ,

we de�ne Ak as

Ak = A1 A2 � � � Ak ,

where A1 = A2 = � � � = Ak = A.

� When k = 1, we understand Ak = A1 as A.

� For example,

A2 = AA , A3 = AAA , A4 = AAAA ,

and so on.

Example 16. As a rather trivial example, for the identit y matrix I , we have

I k = I , for k = 1; 2; 3; � � � .

This can be veri�ed by repeatedly applying Formula 4 (2c).
�
Compare this with

Example 17.
�

� The following Formula 7 guaranteesthe commutativit y of two matrices which arise

as powers of a common n � n matrix A.

Form ula 7. Let A be a matrix in size n � n. For each i = 1; 2; 3; � � � , and

j = 1; 2; 3; � � � ,

A i + j = A i A j
�

The Exponential Law
�

.
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� To paraphraseFormula 7,

Ak = Ak � 1 A

= Ak � 2 A2

= Ak � 3 A3

= � � � � � �

= A2 Ak � 2

= A Ak � 1.

� To verify Formula 7, we may repeatedly apply Formula 5, as follows:

A A A � � � A A A =
�

A A � � � A A A
�

A
x y x yk k � 1

=
�

A A � � � A A
� �

A A
�

x yk � 2

=
�

A A � � � A
� �

A A A
�

x yk � 3

= � � � � � �

=
�

A A
� �

A A � � � A A
�

x yk � 2

= A
�

A A A � � � A A
�

.
x yk � 1

� For an e�ectiv e computation of powers, we keepin mind the following:

Form ula 8. (1) Let t and u be scalars. Let A and B be two matrices in right

sizesso that AB is de�ned. Then
�

t A
� �

u B
�

=
�
t u

� �
AB

�
.

(2) Let t be a scalar, and A a matrix in size n � n. Then
�

t A
� k

= tk Ak , for k = 1; 2; 3; � � � .
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� Formula 8 (1) covers at least three special cases,namely, Formula 9 (7), (8), (9)
�
below

�
. Those are the cases (i) A = I , (ii) u = 1, and (iii) t = 1. It requires

to useFormula 4 to establish those implications.

Example 17. For a scalar matrix A = tI , we have

Ak =
�

t I
� k

= tk I , for k = 1; 2; 3; � � � .

This is a consequenceof Formula 8 (2) and Example 16.

Example 18. Let A =
�

a 0
0 b

�
. We may �nd Ak as

Ak =
�

ak 0
0 bk

�
.

Example 19. Let A =

2

4
a 0 0
0 b 0
0 0 c

3

5. We may �nd Ak as

Ak =

2

4
ak 0 0
0 bk 0
0 0 ck

3

5.

[XI I I] Verify the assertionsin Examples 18{19.

[XIV] Use Example 19 to �nd A20 for

A =

2

4
1 0 0
0 � 1 0
0 0 1

3

5.

[XV] Use the result of [X] to �nd Ak , B k , for

A =
�

1 a
0 1

�
, B =

�
2 a
0 2

�
.
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� Other prop erties of matrix operations.

We collect someother properties of matrix operations.

Form ula 9. Let t and u be scalars,and A, B , C matrices. Assumethat A, B ,

C are in right sizesin each of the identities below, sothat the sumand/or the product

in the identit y is de�ned. We have

(1) A + B = B + A,

(2) A +
�

B + C
�

=
�

A + B
�

+ C,

(3) A
�

B + C
�

= AB + AC ,

(4)
�

A + B
�

C = AC + B C,

(5) t
�

B + C
�

= tB + tC ,

(6)
�

t + u
�

A = tA + uA,

(7) t
�

uA
�

=
�

tu
�

A,

(8) t
�

AB
�

=
�

tA
�

B ,

(9) t
�

AB
�

= A
�

tB
�

,

(10) 1A = A.

Moreover, let O be the zero matrix
�
in right size

�
, and 0 the scalar zero. Then

(11) A + O = A,

(12) A � A = O,

(13) 0A = O,

(14) t O = O.

� From now on, we no longer make a note that the matrices in sight are in right

sizesso that the operations are de�ned.

24



� Application of Form ula 9.

Example 20.
�

tA
� �

uB + v C
�

=
�

tu
�

AB +
�

tv
�

AC .

In particular, for t = 1, u = 1 and v = � 1,

A
�

B � C
�

= AB � AC .

Example 21. We simplify
�

A + B
� �

A � B
�

. Think of A � B as in one

block. Thus
�

A + B
� �

A � B
�

= A
�

A � B
�

+ B
�

A � B
�

=
�

AA � AB
�

+
�

B A � B B
�

= A2 � AB + B A � B 2.

� In Example 21 above, we are not allowed to further simplify

A2 � AB + B A � B 2

as

A2 � B 2.

The reasonis obvious, namely, we neednot have AB = B A.

[XVI] Let A =
�

1 2 3
0 1 � 1

�
, B =

�
1 3

� 1 2

�
, C =

�
0 1

� 1 0

�
.

(1) Find B CA. (2) Find
�

B + C
�

A.

[XVI I] Let A =

2

4
1 2 3
0 5 4
3 � 2 1

3

5 , B =

2

4
4 � 6 3
5 4 4

� 1 0 1

3

5 , C =

2

4
0 0 0
0 0 0
4 � 2 3

3

5 .

(1) Find AC . (2) Find B C.

(3) Verify AC = B C, C 6= O, and A 6= B .
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[XVI I I] Let A =
�

3 3
4 4

�
, B =

�
1 � 1

� 1 1

�
. Verify that A 6= O, B 6= O,

and AB = O. Also �nd B A.

[XIX] Let A =
�

1 2
0 � 1

�
.

(1) Find A2. (2) Find A4. (3) Find A
�

I + A
�

.

[XX] Verify

�
A + B

� 2
= A2 + AB + B A + B 2.

Explain why we are not allowed to further simplify this as

A2 + 2AB + B 2.

[XXI] Use Example 19 to �nd a 3 � 3 matrix A
�
with real number entries

�
such

that

A3 =

2

4
8 0 0
0 � 1 0
0 0 27

3

5 .

� Polynomial substitution.

Let us considera polynomial :

f
�
x

�
= a0 + a1x + a2x2 + � � � + am xm ,

where a0, a1, a2, � � � , am are scalars. Let A be an n � n matrix.

We de�ne the substitution of f at A as

f
�
A

�
= a0 I + a1 A + a2 A2 + � � � + am Am .

Example 22. Let f
�
x

�
= 1 +

p
2 x + x2 and A =

�
1
� p

2 � 1
� p

2
1
� p

2 1
� p

2

�
.
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Then

f
�
A

�
= I +

p
2 A + A2

=
�

1 0
0 1

�
+

p
2

�
1
� p

2 � 1
� p

2
1
� p

2 1
� p

2

�
+

�
1
� p

2 � 1
� p

2
1
� p

2 1
� p

2

� 2

=
�

1 0
0 1

�
+

�
1 � 1
1 1

�
+

�
0 � 1
1 0

�

=
�

2 � 2
2 2

�
.

[XXI I] (1) Let f
�
x

�
= x2 � 5x + 2 and A =

�
2 0
4 5

�
. Find f

�
A

�
.

(2) Let f
�
x

�
= x3 � 10x2 + 31x � 30, and A =

2

4
3 1 4
0 2 6
0 0 5

3

5. Find f
�
A

�
.

� Substitution of a polynomial at a matrix, in conjunction with polynomial

additions, multiplications and comp ositions.

For two polynomials

f
�
x

�
= a0 + a1x + a2x2 + � � � + ak xk , and

g
�
x

�
= b0 + b1x + b2x2 + � � � + b̀ x ` ,

we all know that the result of addition, and the result of multiplication, are both

polynomials. We de�ne
�

f + g
� �

x
�

and
�

f g
� �

x
�

as
�

f + g
� �

x
�

= f
�
x

�
+ g

�
x

�
, and

�
f g

� �
x

�
= f

�
x

�
g
�
x

�
.

Example 23a. For f
�
x

�
= 1 + x2, and g

�
x

�
= x + x3, we have

�
f + g

� �
x

�
= 1 + x + x2 + x3, and

�
f g

� �
x

�
= x + 2x3 + x5.
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� For a polynomial f
�
x

�
as above, we all know that the result of multiplying a

scalar to f
�
x

�
is a polynomial. For a scalar t, we de�ne

�
t f

� �
x

�
as

�
t f

� �
x

�
= t � f

�
x

�
.

Example 23b. For f
�
x

�
= 1 + x2, and for t = 2, we have

�
2f

� �
x

�
= 2 + 2x2.

� Moreover, for two polynomials f
�
x

�
and g

�
x

�
as above, we all know that the

result of compositions
�
there are two ways

�

�
f � g

� �
x

�
= f

�
g
�
x

� �
, and

�
g � f

� �
x

�
= g

�
f

�
x

� �
,

are polynomials.

Example 23c. For f
�
x

�
= 1 + x2, and g

�
x

�
= x + x3, we have

�
f � g

� �
x

�
= 1 +

�
x + x3

� 2
= 1 + x2 + 2x4 + x6, and

�
g � f

� �
x

�
=

�
1 + x2

�
+

�
1 + x2

� 3
= 2 + 4x2 + 3x4 + x6.

� As Example 23c above shows, in general
�

f � g
� �

x
�

and
�

g � f
� �

x
�

are

di�eren t.

Form ula 10. Let f
�
x

�
and g

�
x

�
be polynomials, asabove. Let A be an n � n

matrix. Let t be a scalar. Then we have

(1)
�

f + g
� �

A
�

= f
�
A

�
+ g

�
A

�
,

(2)
�

f g
� �

A
�

= f
�
A

�
g

�
A

�
,

(3)
�

t f
� �

A
�

= t f
�
A

�
, and

(4)
�

f � g
� �

A
�

= f
�

g
�
A

� �
.
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� In particular, for two polynomials f
�
x

�
and g

�
x

�
; and for an n � n matrix

A; we have the commutativit y

f
�
A

�
g
�
A

�
= g

�
A

�
f

�
A

�
.

Example 24. Let A =
�

1 � 1
1 0

�
. Let

f
�
x

�
= 2 + x + x2, g

�
x

�
= 1 � x2 + x4.

Then

f
�
A

�
= 2I + A + A2

= 2
�

1 0
0 1

�
+

�
1 � 1
1 0

�
+

�
1 � 1
1 0

� 2

=
�

2 0
0 2

�
+

�
1 � 1
1 0

�
+

�
0 � 1
1 � 1

�

=
�

3 � 2
2 1

�
,

and

g
�
A

�
= I � A2 + A4

=
�

1 0
0 1

�
�

�
1 � 1
1 0

� 2

+
�

1 � 1
1 0

� 4

=
�

1 0
0 1

�
+

�
0 1

� 1 1

�
+

�
� 1 1
� 1 0

�

=
�

0 2
� 2 2

�
.

We do know that thesetwo matrices
�

3 � 2
2 1

�
and

�
0 2

� 2 2

�
commute:

�
3 � 2
2 1

� �
0 2

� 2 2

�
=

�
0 2

� 2 2

� �
3 � 2
2 1

�
.
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� Transp ose.

For an m � n matrix
�
where m and n neednot be equal

�

A =

2

6
6
4

a11 a12 � � � a1n

a21 a22 � � � a2n
...

...
. . .

...
am 1 am 2 � � � amn

3

7
7
5 ,

the transpose AT of A is de�ned as an n � m matrix

AT =

2

6
6
4

a11 a21 � � � am 1

a12 a22 � � � am 2
...

...
. . .

...
a1n a2n � � � amn

3

7
7
5 .

Stated in other words, the transpose AT of A is the matrix formed by interchanging

rows and columns of A. Or stated in other words, AT is the matrix whose
�
i; j

�

entry matcheswith the
�
j; i

�
entry of A.

Example 25. For A =
�

a b
c d

�
, the transposeof A is

AT =
�

a c
b d

�
.

For A =

2

4
a b c
p q r
x y z

3

5 , the transposeof A is

AT =

2

4
a p x
b q y
c r z

3

5 .

For A =
�

a b c d
p q r s

�
, the transposeof A is

AT =

2

6
4

a p
b q
c r
d s

3

7
5 .

30



Form ula 11. (1) For any matrix A, we have
�

AT
� T

= A.

(2) For two matrices A and B such that A + B is de�ned, we have
�

A + B
� T

= AT + B T .

(3) For a matrix A and a scalar t, we have
�

tA
� T

= t
�

AT
�

.

(4) For two matrices A and B such that AB is de�ned, we have
�

AB
� T

= B T AT .

(5) In particular, for a matrix A, we have
�

A + AT
� T

= A + AT
�

when A is square
�

, and

�
AA T

� T
= A AT .

� In general AT A and AA T neednot be equal , asthe following exampleshows:

Example 26. For A =

2

4
� 7 11 12
4 � 3 1
6 � 1 3

3

5 , the transposeof A is

AT =

2

4
� 7 4 6
11 � 3 � 1
12 1 3

3

5 .

Moreover, we have

AT A =

2

4
� 7 4 6
11 � 3 � 1
12 1 3

3

5

2

4
� 7 11 12
4 � 3 1
6 � 1 3

3

5 =

2

4
101 � 95 � 62
� 95 131 126
� 62 126 154

3

5 ,

AA T =

2

4
� 7 11 12
4 � 3 1
6 � 1 3

3

5

2

4
� 7 4 6
11 � 3 � 1
12 1 3

3

5 =

2

4
314 � 49 � 17
� 49 26 30
� 17 30 46

3

5 .
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[XXI I I] Let A =
�

1 2
0 � 2

�
, and B =

�
� 3 � 1
2 1

�
.

(1) Find
�

AB
� T

. (2) Find B T AT .

(3) Verify
�

AB
� T

= B T AT .

� Symmetric and skew-symmetric matrices.

De�nition. If a matrix A satis�es AT = A, then we call such A a symmetric

matrix .

De�nition. If a matrix A satis�es AT = � A, then we call such A a skew-

symmetric matrix.

Example 27.
�

a b
b c

�
and

2

4
a p q
p b r
q r c

3

5 are the general forms of symmetric

2 � 2, and 3 � 3, matrices, respectively.

� By Formula 10 (5), matrices A + AT ; and AT A; for somematrix A; are

always symmetric .

Example 28.
�

0 b
� b 0

�
and

2

4
0 p q

� p 0 r
� q � r 0

3

5 are the general forms

of skew-symmetric 2 � 2, and 3 � 3, matrices, respectively.

[XXIV] Decidewhether each of the following matrices is symmetric. Decidewhether

each of the following matrices is skew-symmetric.

(1)
�

0 2
� 2 0

�
. (2)

�
2 1
1 3

�
. (3)

2

4
0 2 1
2 0 3
1 3 0

3

5 . (4)

2

4
0 2 � 1

� 2 0 � 3
1 3 0

3

5 .
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[XXV] (1) Use Formula 11 to show that
1
2

�
A + AT

�
is symmetric.

(2) Use Formula 11 to show that
1
2

�
A � AT

�
is skew-symmetric.

(3) Let A be any n � n matrix. Use (1{2) to show that A is always written as

A = B + C, B T = B , and CT = � C,

for suitable B and C. In other words, show that any squarematrix is the sum of a

symmetric matrix B and a skew-symmetric matrix C.

[XXVI] Write A =

2

4
2 5 3

� 3 6 0
4 1 1

3

5 as the sum of a symmetric matrix B and

a skew-symmetric matrix C.

[XXVI I] Let A =
�

0 1
1 0

�
and B =

�
1 1
1 � 1

�
. Verify that AB is

not symmetric, although A and B are both symmetric.

[XXVI I I] Find

2

4
0 1 a
0 0 1
0 0 0

3

5

k

, for k = 1; 2; 3; � � � .

[XXIX] Find

2

6
4

t 0 0 0
0 t 0 0
0 0 t 0
0 0 0 t

3

7
5

2

6
4

x1

x2

x3

x4

3

7
5,

2

6
4

0 0 0 t
t 0 0 0
0 t 0 0
0 0 t 0

3

7
5

2

6
4

x1

x2

x3

x4

3

7
5,

2

6
4

0 0 0 t
0 0 t 0
0 t 0 0
t 0 0 0

3

7
5

2

6
4

x1

x2

x3

x4

3

7
5.

[XXX] Let f
�
x

�
=

�
x � � 1

� �
x � � 2

�
� � �

�
x � � k

�
, where � 1, � 2, � � � ,

� k are scalars. Let A =

2

6
6
4

� 1 0 � � � 0
0 � 2 � � � 0
...

...
. . .

...
0 0 � � � � k

3

7
7
5 . Verify f

�
A

�
= O.
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Solutions to problems [I{XXX].

[I] (1) A =
�

� 1
� 1 �

�
, B =

�
� 2

� 1 �

�
. We have

1
� 1

6=
2

� 1
.

By Formula 1, AB 6= B A.

(2) A =
�

� 2
3 �

�
, B =

�
� 4
9 �

�
. We have

2
3

6=
4
9

. By Formula 1,

AB 6= B A.

(3) A =
�

� 1
1 �

�
, B =

�
� 1

� 1 �

�
. We have

1
1

6=
1

� 1
. By Formula 1,

AB 6= B A.

[I I] A =
�

1 1
0 2

�
, B =

�
1 � 1
0 2

�
. We have

AB =
�

1 1
0 2

� �
1 � 1
0 2

�
=

�
� 1 �

�
� 1

�
+ 1 � 2

0 �

�
=

�
� 1
0 �

�
,

B A =
�

1 � 1
0 2

� �
1 1
0 2

�
=

�
� 1 � 1 +

�
� 1

�
� 2

0 �

�
=

�
� � 1
0 �

�
.

Hence AB 6= B A.

[I I I] A =
�

1 0
0 � 1

�
, B =

�
1 1=2

1=2 1

�
. Note that A is a diagonal matrix, thus

Formula 3 is applicable. In order for AB = B A to hold, either A must bea scalar

matrix or B must be a diagonal matrix. Neither is true. Hence AB 6= B A.

Alternativ ely,

AB =
�

1 0
0 � 1

� �
1 1=2

1=2 1

�
=

�
1 1=2

� 1=2 � 1

�
,

B A =
�

1 1=2
1=2 1

� �
1 0
0 � 1

�
=

�
1 � 1=2

1=2 � 1

�
.

Hence AB 6= B A.
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[IV] A =
�

t 0
0 t

�
, B =

�
p q
r s

�
. Then

AB =
�

t 0
0 t

� �
p q
r s

�
=

�
tp tq
tr ts

�
,

B A =
�

p q
r s

� �
t 0
0 t

�
=

�
tp tq
tr ts

�
.

Hence AB = B A.

[V] For A =
�

a b
c d

�
, B =

�
1 0
0 � 1

�
, C =

�
0 � 1
1 0

�
, we have

AB =
�

a b
c d

� �
1 0
0 � 1

�
=

�
a � b
c � d

�
,

B A =
�

1 0
0 � 1

� �
a b
c d

�
=

�
a b

� c � d

�
,

AC =
�

a b
c d

� �
0 � 1
1 0

�
=

�
b � a
d � c

�
,

and

CA =
�

0 � 1
1 0

� �
a b
c d

�
=

�
� c � d
a b

�
.

The identities

(� ) AB = B A, and AC = CA

then read

(�� )
�

a � b
c � d

�
=

�
a b

� c � d

�
, and

�
b � a
d � c

�
=

�
� c � d
a b

�
.

From the �rst identit y in (�� ), we have b = c = 0. The secondidentit y in

(�� ) then reads
�

0 � a
d 0

�
=

�
0 � d
a 0

�
.
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From this identit y, wehave a = d. Hence A is of form
�

a 0
0 a

�
, that is, A is a

scalar matrix.

[VI] AB =
�

a 0
0 d

� �
p 0
0 s

�
=

�
a � p + 0 � 0 a � 0 + 0 � s
0 � p + d � 0 0 � 0 + d � s

�
=

�
ap 0
0 ds

�
,

B A =
�

p 0
0 s

� �
a 0
0 d

�
=

�
p � a + 0 � 0 p � 0 + 0 � d
0 � a + s � 0 0 � 0 + s � d

�
=

�
ap 0
0 ds

�
.

Hence AB = B A.

[VI I] AB =

2

4
t 0 0
0 t 0
0 0 t

3

5

2

4
b11 b12 b13

b21 b22 b23

b31 b32 b33

3

5

=

2

4
t � b11 + 0 � b21 + 0 � b31 t � b12 + 0 � b22 + 0 � b32 t � b13 + 0 � b23 + 0 � b33

0 � b11 + t � b21 + 0 � b31 0 � b12 + t � b22 + 0 � b32 0 � b13 + t � b23 + 0 � b33

0 � b11 + 0 � b21 + t � b31 0 � b12 + 0 � b22 + t � b32 0 � b13 + 0 � b23 + t � b33

3

5

=

2

4
tb11 tb12 tb13

tb21 tb22 tb23

tb31 tb32 tb33

3

5 ,

B A =

2

4
b11 b12 b13

b21 b22 b23

b31 b32 b33

3

5

2

4
t 0 0
0 t 0
0 0 t

3

5

=

2

4
b11 � t + b12 � 0 + b13 � 0 b11 � 0 + b12 � t + b13 � 0 b11 � 0 + b12 � 0 + b13 � t
b21 � t + b22 � 0 + b23 � 0 b21 � 0 + b22 � t + b23 � 0 b21 � 0 + b22 � 0 + b23 � t
b31 � t + b32 � 0 + b33 � 0 b31 � 0 + b32 � t + b33 � 0 b31 � 0 + b32 � 0 + b33 � t

3

5

=

2

4
tb11 tb12 tb13

tb21 tb22 tb23

tb31 tb32 tb33

3

5 .

Hence AB = B A.
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[VI I I] For A =

2

4
a11 a12 a13

a21 a22 a23

a31 a32 a33

3

5 , B =

2

4
1 0 0
0 1 0
0 0 � 1

3

5 , C =

2

4
1 0 0
0 � 1 0
0 0 1

3

5 ,

we have

AB =

2

4
a11 a12 a13

a21 a22 a23

a31 a32 a33

3

5

2

4
1 0 0
0 1 0
0 0 � 1

3

5 =

2

4
a11 a12 � a13

a21 a22 � a23

a31 a32 � a33

3

5 ,

B A =

2

4
1 0 0
0 1 0
0 0 � 1

3

5

2

4
a11 a12 a13

a21 a22 a23

a31 a32 a33

3

5 =

2

4
a11 a12 a13

a21 a22 a23

� a31 � a32 � a33

3

5 ,

AC =

2

4
a11 a12 a13

a21 a22 a23

a31 a32 a33

3

5

2

4
1 0 0
0 � 1 0
0 0 1

3

5 =

2

4
a11 � a12 a13

a21 � a22 a23

a31 � a32 a33

3

5 ,

and

CA =

2

4
1 0 0
0 � 1 0
0 0 1

3

5

2

4
a11 a12 a13

a21 a22 a23

a31 a32 a33

3

5 =

2

4
a11 a12 a13

� a21 � a22 � a23

a31 a32 a33

3

5 .

The identities

AB = B A, and AC = CA

then read
2

4
a11 a12 � a13

a21 a22 � a23

a31 a32 � a33

3

5 =

2

4
a11 a12 a13

a21 a22 a23

� a31 � a32 � a33

3

5 , and

2

4
a11 � a12 a13

a21 � a22 a23

a31 � a32 a33

3

5 =

2

4
a11 a12 a13

� a21 � a22 � a23

a31 a32 a33

3

5 .

From these identities, we have

� a13 = a13, � a23 = a23, a31 = � a31, a32 = � a32,

� a12 = a12, a21 = � a21, a23 = � a23, � a32 = a32.
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Hence

a12 = a13 = a21 = a23 = a31 = a32 = 0.

In other words, A =

2

4
a11 0 0
0 a22 0
0 0 a33

3

5 . Now, for D =

2

4
0 0 1
1 0 0
0 1 0

3

5 ,

we have

AD =

2

4
a11 0 0
0 a22 0
0 0 a33

3

5

2

4
0 0 1
1 0 0
0 1 0

3

5 =

2

4
0 0 a11

a22 0 0
0 a33 0

3

5 ,

and

DA =

2

4
0 0 1
1 0 0
0 1 0

3

5

2

4
a11 0 0
0 a22 0
0 0 a33

3

5 =

2

4
0 0 a33

a11 0 0
0 a22 0

3

5 .

The identit y

AD = DA

then reads
2

4
0 0 a11

a22 0 0
0 a33 0

3

5 =

2

4
0 0 a33

a11 0 0
0 a22 0

3

5 .

From this identit y, we have a11 = a22 = a33. Hence A is of form
2

4
a 0 0
0 a 0
0 0 a

3

5 ,

that is, A is a scalar matrix.

[IX] AB =
�

a � c
c a

� �
b � d
d b

�
=

�
a � b +

�
� c

�
� d a �

�
� d

�
+

�
� c

�
� b

c � b + a � d c �
�

� d
�

+ a � b

�

=
�

ab � cd �
�
ad + bc

�

ad + bc ab � cd

�
,
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B A =
�

b � d
d b

� �
a � c
c a

�
=

�
b � a +

�
� d

�
� c b �

�
� c

�
+

�
� d

�
� a

d � a + b � c d �
�

� c
�

+ b � a

�

=
�

ab � cd �
�
ad + bc

�

ad + bc ab � cd

�
.

Hence AB = B A.

[X] (1) AB =
�

a b
0 a

� �
a q
0 a

�
=

�
a � a + b � 0 a � q + b � a
0 � a + a � 0 0 � q + a � a

�

=
�

a2 a
�
b + q

�

0 a2

�
,

B A =
�

a q
0 a

� �
a b
0 a

�
=

�
a � a + q � 0 a � b + q � a
0 � a + a � 0 0 � b + a � a

�

=
�

a2 a
�
b + q

�

0 a2

�
.

Hence AB = B A.

(2) AB =
�

a 0
c a

� �
a 0
r a

�
=

�
a � a + 0 � r a � 0 + 0 � a
c � a + a � r c � 0 + a � a

�

=
�

a2 0
a

�
c + r

�
a2

�
,

B A =
�

a 0
r a

� �
a 0
c a

�
=

�
a � a + 0 � c a � 0 + 0 � a
r � a + a � c r � 0 + a � a

�

=
�

a2 0
a

�
c + r

�
a2

�
.

Hence AB = B A.

[XI] (1) AB =
�

a c
c � a

� �
b d
d � b

�
=

�
a � b + c � d a � d + c �

�
� b

�

c � b +
�

� a
�

� d c � d +
�

� a
�
�
�

� b
�

�

=
�

ab + cd ad � bc
�

�
ad � bc

�
ab + cd

�
,
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B A =
�

b d
d � b

� �
a c
c � a

�
=

�
b� a + d � c b� c + d �

�
� a

�

d � a +
�

� b
�

� c d � c +
�

� b
�
�
�

� a
�

�

=
�

ab + cd �
�
ad � bc

�

ad � bc ab + cd

�
.

(2) From (1),

AB � B A =
�

ab + cd ad � bc
�

�
ad � bc

�
ab + cd

�
�

�
ab + cd �

�
ad � bc

�

ad � bc ab + cd

�

=
�

0 2
�
ad � bc

�

� 2
�
ad � bc

�
0

�
.

(3) A and B commute if and only if AB � B A = O. By (2), this condition is

equivalent to
�

0 2
�
ad � bc

�

� 2
�
ad � bc

�
0

�
=

�
0 0
0 0

�
,

that is,

ad � bc = 0, or in other words, ad = bc.

First, if a 6= 0, then d =
bc
a

, and

b
a

A =
�

b
�
bc

��
a�

bc
��

a � b

�
=

�
b d
d � b

�
= B .

Hence A and B are proportionate. Next, if a = 0, then either b = 0 or

c = 0. We have two cases(i), (ii):

(i) If a = c = 0, then A = O and hence A = tB with t = 0.

(ii) If a = b = 0, then

A =
�

0 c
c 0

�
and B =

�
0 d
d 0

�
.

Thus either A =
c
d

B , with d 6= 0, B =
d
c

A, with c 6= 0, or

A = B = O. In all cases,A and B are proportionate.
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[XI I] Let

A =

2

6
6
4

a11 a12 � � � a1r

a21 a22 � � � a2r
...

...
. . .

...
am 1 am 2 � � � amr

3

7
7
5 , B =

2

6
6
4

b11 b12 � � � b1s

b21 b22 � � � b2s
...

...
. . .

...
br 1 br 2 � � � br s

3

7
7
5 ,

C =

2

6
6
4

c11 c12 � � � c1n

c21 c22 � � � c2n
...

...
. . .

...
cs1 cs2 � � � csn

3

7
7
5 .

Note that A is in size m � r , B is in size r � s, and C is in size s � n. Hence

AB is de�ned and in size m � s, and also B C is de�ned and in size r � n. In

particular, both
�

AB
�

C and A
�

B C
�

arede�ned, and both are in size m � n.

Let i and j be �xed, where 1 � i � m, and 1 � j � n. We will �nd

the
�
i; j

�
entry of the two matrices

�
AB

�
C and A

�
B C

�
. For this matter,

let k be �xed, where 1 � k � s, and let us expressthe
�
i; k

�
entry of AB ,

using the \summation symbol"
X

; as
rX

` =1

ai` b̀ k :

Hencethe
�
i; j

�
entry of

�
AB

�
C is

sX

k=1

 
rX

` =1

ai` b̀ k

!

ck j =
sX

k=1

rX

` =1

ai` b̀ k ck j :

Next, let `0 be �xed, where 1 � `0 � r , and let us expressthe
�
`0; j

�
entry of

B C, using the samesummation symbol, as
sX

k 0=1

b̀ 0k 0 ck 0j :

Hencethe
�
i; j

�
entry of A

�
B C

�
is

rX

` 0=1

ai` 0

 
sX

k 0=1

b̀ 0k 0 ck 0j

!

=
rX

` 0=1

sX

k 0=1

ai` 0 b̀ 0k 0 ck 0j :

From these, the
�
i; j

�
entries of

�
AB

�
C and A

�
B C

�
are clearly identical.
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[XI I I] Let A =
�

a 0
0 b

�
. By problem [VI], we have

A2 = A A =
�

a 0
0 b

� �
a 0
0 b

�
=

�
a � a 0

0 b � b

�
=

�
a2 0
0 b2

�
,

A3 = A2 A =
�

a2 0
0 b2

� �
a 0
0 b

�
=

�
a2 � a 0

0 b2 � b

�
=

�
a3 0
0 b3

�
,

and so on. Similarly, let A =

2

4
a 0 0
0 b 0
0 0 c

3

5 . By Example 15, we have

A2 = A A =

2

4
a 0 0
0 b 0
0 0 c

3

5

2

4
a 0 0
0 b 0
0 0 c

3

5

=

2

4
a � a 0 0

0 b � b 0
0 0 c � c

3

5 =

2

4
a2 0 0
0 b2 0
0 0 c2

3

5 ,

A3 = A2 A =

2

4
a2 0 0
0 b2 0
0 0 c2

3

5

2

4
a 0 0
0 b 0
0 0 c

3

5

=

2

4
a2 � a 0 0

0 b2 � b 0
0 0 c2 � c

3

5 =

2

4
a3 0 0
0 b3 0
0 0 c3

3

5 ,

and so on.

[XIV] Let A =

2

4
1 0 0
0 � 1 0
0 0 1

3

5 . By Example 19
�
which we have veri�ed in

problem [XI I I]
�
, we have

A20 =

2

4
1 0 0
0 � 1 0
0 0 1

3

5

20

=

2

4
120 0 0
0

�
� 1

� 20
0

0 0 120

3

5 =

2

4
1 0 0
0 1 0
0 0 1

3

5 .
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[XV] Let A =
�

1 a
0 1

�
, B =

�
2 a
0 2

�
. By problem [X],

A2 = A A =
�

1 a
0 1

� �
1 a
0 1

�
=

�
1 a + a
0 1

�
=

�
1 2a
0 1

�
,

A3 = A2 A =
�

1 2a
0 1

� �
1 a
0 1

�
=

�
1 a + 2a
0 1

�
=

�
1 3a
0 1

�
,

A4 = A3 A =
�

1 3a
0 1

� �
1 a
0 1

�
=

�
1 a + 3a
0 1

�
=

�
1 4a
0 1

�
,

A5 = A4 A =
�

1 4a
0 1

� �
1 a
0 1

�
=

�
1 a + 4a
0 1

�
=

�
1 5a
0 1

�
,

and so on. We conclude
�

1 a
0 1

� k

=
�

1 ka
0 1

�
.

Similarly,

B 2 = B B =
�

2 a
0 2

� �
2 a
0 2

�
=

�
22 � 2a + 2a
0 22

�
=

�
4 4a
0 4

�
,

B 3 = B 2 B =
�

4 4a
0 4

� �
2 a
0 2

�
=

�
4 � 2 4a + 8a

0 4 � 2

�
=

�
8 12a
0 8

�
,

B 4 = B 3 B =
�

8 12a
0 8

� �
2 a
0 2

�
=

�
8 � 2 8a + 24a

0 8 � 2

�
=

�
16 32a
0 16

�
,

B 5 = B 4 B =
�

16 32a
0 16

� �
2 a
0 2

�
=

�
16 � 2 16a + 64a

0 16 � 2

�
=

�
32 80a
0 32

�
,

and so on. We conclude
�

2 a
0 2

� k

=
�

2k k 2k � 1a
0 2k

�
.
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[XVI] Let A =
�

1 2 3
0 1 � 1

�
, B =

�
1 3

� 1 2

�
, C =

�
0 1

� 1 0

�
.

(1) To �nd B CA, we �rst �nd B C:

B C =
�

1 3
� 1 2

� �
0 1

� 1 0

�
=

�
� 3 1
� 2 � 1

�
.

Now we �nd B CA as
�

B C
�

A :

B CA =
�

B C
�

A =
�

� 3 1
� 2 � 1

� �
1 2 3
0 1 � 1

�
=

�
� 3 � 5 � 10
� 2 � 5 � 5

�
.

(2) To �nd
�

B + C
�

A, we �rst �nd B + C:

B + C =
�

1 3
� 1 2

�
+

�
0 1

� 1 0

�
=

�
1 4

� 2 2

�
.

Now we �nd
�

B + C
�

A as

B CA =
�

B C
�

A =
�

1 4
� 2 2

� �
1 2 3
0 1 � 1

�
=

�
1 6 � 1

� 2 � 2 � 8

�
.

[XVI I] Let A =

2

4
1 2 3
0 5 4
3 � 2 1

3

5 , B =

2

4
4 � 6 3
5 4 4

� 1 0 1

3

5 , C =

2

4
0 0 0
0 0 0
4 � 2 3

3

5 .

(1) AC =

2

4
1 2 3
0 5 4
3 � 2 1

3

5

2

4
0 0 0
0 0 0
4 � 2 3

3

5 =

2

4
12 � 6 9
16 � 8 12
4 � 2 3

3

5,

(2) B C =

2

4
4 � 6 3
5 4 4

� 1 0 1

3

5

2

4
0 0 0
0 0 0
4 � 2 3

3

5 =

2

4
12 � 6 9
16 � 8 12
4 � 2 3

3

5.

(3) Clearly AC = B C, C 6= O, and A 6= B .
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[XVI I I] Let A =
�

3 3
4 4

�
, B =

�
1 � 1

� 1 1

�
.

AB =
�

3 3
4 4

� �
1 � 1

� 1 1

�
=

�
0 0
0 0

�
.

Hence AB = O. Clearly A 6= O, B 6= O. Also

B A =
�

1 � 1
� 1 1

� �
3 3
4 4

�
=

�
� 1 � 1
1 1

�
.

[XIX] Let A =
�

1 2
0 � 1

�
.

(1) A2 = A A =
�

1 2
0 � 1

� �
1 2
0 � 1

�

=
�

1 � 1 + 2 � 0 1 � 2 + 2 �
�

� 1
�

0 � 1 +
�

� 1
�

� 0 0 � 2 +
�

� 1
�

�
�

� 1
�

�

=
�

1 0
0 1

�
= I .

(2) A4 = A2 A2 = I I = I =
�

1 0
0 1

�
.

(3) A
�

I + A
�

= A I + A A

= A + A2

= A + I

=
�

1 2
0 � 1

�
+

�
1 0
0 1

�
=

�
2 2
0 0

�
.

[XX] We have
�

A + B
� 2

=
�

A + B
� �

A + B
�

= A
�

A + B
�

+ B
�

A + B
�
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= A A + A B + B A + B B

= A2 + A B + B A + B 2.

We are not allowed to further simplify this as

A2 + 2AB + B 2.

Indeed, AB = B A is not true in general.

[XXI] One 3 � 3 matrix that satis�es

A3 =

2

4
8 0 0
0 � 1 0
0 0 27

3

5

is

A =

2

4
2 0 0
0 � 1 0
0 0 3

3

5 .

For this A, wecan easilycalculate A3 and verify that it satis�es the given identit y.

[XXI I] (1) Let f
�
x

�
= x2 � 5x + 2 and A =

�
2 0
4 5

�
.

f
�
A

�
= A2 � 5A + 2I

=
�

2 0
4 5

� 2

� 5
�

2 0
4 5

�
+ 2

�
1 0
0 1

�

=
�

2 0
4 5

� �
2 0
4 5

�
�

�
5 � 2 5 � 0
5 � 4 5 � 5

�
+

�
2 � 1 2 � 0
2 � 0 2 � 1

�

=
�

4 0
28 25

�
�

�
10 0
20 25

�
+

�
2 0
0 2

�

=
�

� 4 0
8 2

�
.
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(2) Let f
�
x

�
= x3 � 10x2 + 31x � 30, and A =

2

4
3 1 4
0 2 6
0 0 5

3

5.

f
�
A

�
= A3 � 10A2 + 31A � 30I .

To �nd, we �rst calculate A2, A3.

A2 = A A =

2

4
3 1 4
0 2 6
0 0 5

3

5

2

4
3 1 4
0 2 6
0 0 5

3

5 =

2

4
9 5 38
0 4 42
0 0 25

3

5 ,

A3 = A2 A =

2

4
9 5 38
0 4 42
0 0 25

3

5

2

4
3 1 4
0 2 6
0 0 5

3

5 =

2

4
27 19 256
0 8 234
0 0 125

3

5 .

Thus,

f
�
A

�

= A3 � 10A2 + 31A � 30I

=

2

4
27 19 256
0 8 234
0 0 125

3

5 � 10

2

4
9 5 38
0 4 42
0 0 25

3

5 + 31

2

4
3 1 4
0 2 6
0 0 5

3

5 � 30

2

4
1 0 0
0 1 0
0 0 1

3

5

=

2

4
27 19 256
0 8 234
0 0 125

3

5 �

2

4
90 50 380
0 40 420
0 0 250

3

5 +

2

4
93 31 124
0 62 186
0 0 155

3

5 �

2

4
30 0 0
0 30 0
0 0 30

3

5

=

2

4
0 0 0
0 0 0
0 0 0

3

5 = O.

?
�

An alternativ e solution for (2)
�

Notice

f
�
x

�
= x3 � 10x2 + 31x � 30 =

�
x � 3

� �
x � 2

� �
x � 5

�
.

Thus,
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f
�
A

�
=

�
A � 3I

� �
A � 2I

� �
A � 5I

�

=

2

4
0 1 4
0 � 1 6
0 0 2

3

5

2

4
1 1 4
0 0 6
0 0 3

3

5

2

4
� 2 1 4
0 � 3 6
0 0 0

3

5

=

2

4
0 0 18
0 0 12
0 0 6

3

5

2

4
� 2 1 4
0 � 3 6
0 0 0

3

5 =

2

4
0 0 0
0 0 0
0 0 0

3

5 = O.

[XXI I I] Let A =
�

1 2
0 � 2

�
, B =

�
� 3 � 1
2 1

�
.

(1) First, we calculate AB as
�

1 2
0 � 2

� �
� 3 � 1
2 1

�
=

�
1 1

� 4 � 2

�
.

Accordingly, we �nd
�

AB
� T

as

�
AB

� T
=

�
1 1

� 4 � 2

� T

=
�

1 � 4
1 � 2

�
.

(2) First, we �nd AT and B T as

AT =
�

1 0
2 � 2

�
, B T =

�
� 3 2
� 1 1

�
.

Accordingly, we �nd B T AT as

B T AT =
�

� 3 2
� 1 1

� �
1 0
2 � 2

�
=

�
1 � 4
1 � 2

�
.

(3) Clearly
�

AB
� T

= B T AT .

[XXIV] (1)
�

0 2
� 2 0

�
is skew-symmetric. (2)

�
2 1
1 3

�
is symmetric.

(3)

2

4
0 2 1
2 0 3
1 3 0

3

5 is symmetric. (4)

2

4
0 2 � 1

� 2 0 � 3
1 3 0

3

5 is skew-symmetric.
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[XXV] (1) By Formula 11,

�
1
2

�
A + AT

� � T

=
1
2

� �
A + AT

� T
�

=
1
2

�
AT +

�
AT

� T
�

=
1
2

�
AT + A

�

=
1
2

�
A + AT

�
.

Hence
1
2

�
A + AT

�
is symmetric.

(2) By Formula 11,

�
1
2

�
A � AT

� � T

=
1
2

� �
A � AT

� T
�

=
1
2

�
AT �

�
AT

� T
�

=
1
2

�
AT � A

�

= �
1
2

�
A � AT

�
.

Hence
1
2

�
A � AT

�
is skew-symmetric.

(3) For A, we may let B =
1
2

�
A + AT

�
, C =

1
2

�
A � AT

�
, and

B + C =
1
2

�
A + AT

�
+

1
2

�
A � AT

�

=
1
2

�
A + AT + A � AT

�

= A.

In (1), (2), we have already veri�ed B T = B and CT = � C.
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[XXVI] For A =

2

4
2 5 3

� 3 6 0
4 1 1

3

5 , we may let

B =
1
2

�
A + AT

�

=
1
2

0

@

2

4
2 5 3

� 3 6 0
4 1 1

3

5 +

2

4
2 � 3 4
5 6 1
3 0 1

3

5

1

A

=

2

4
2 1 7=2
1 6 1=2

7=2 1=2 1

3

5 ,

C =
1
2

�
A � AT

�

=
1
2

0

@

2

4
2 5 3

� 3 6 0
4 1 1

3

5 �

2

4
2 � 3 4
5 6 1
3 0 1

3

5

1

A

=

2

4
0 4 � 1=2

� 4 0 � 1=2
1=2 1=2 0

3

5 .

Clearly B is symmetric, C is skew-symmetric, and A = B + C.

[XXVI I] Clearly both A =
�

0 1
1 0

�
and B =

�
1 1
1 � 1

�
are symmetric,

whereas

AB =
�

0 1
1 0

� �
1 1
1 � 1

�
=

�
1 � 1
1 1

�
,

which is not symmetric.

[XXVI I I] Let A =

2

4
0 1 a
0 0 1
0 0 0

3

5 . Then

A2 = A A =

2

4
0 1 a
0 0 1
0 0 0

3

5

2

4
0 1 a
0 0 1
0 0 0

3

5 =

2

4
0 0 1
0 0 0
0 0 0

3

5 ,
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A3 = A2 A =

2

4
0 1 a
0 0 1
0 0 0

3

5

2

4
0 0 1
0 0 0
0 0 0

3

5 =

2

4
0 0 0
0 0 0
0 0 0

3

5 = O ,

A4 = A3 A = O A = O,

A5 = A4 A = O A = O,

and so on.

[XXIX]

2

6
4

t 0 0 0
0 t 0 0
0 0 t 0
0 0 0 t

3

7
5

2

6
4

x1

x2

x3

x4

3

7
5 =

2

6
4

t x1

t x2

t x3

t x4

3

7
5 ,

2

6
4

0 0 0 t
t 0 0 0
0 t 0 0
0 0 t 0

3

7
5

2

6
4

x1

x2

x3

x4

3

7
5 =

2

6
4

t x4

t x1

t x2

t x3

3

7
5,

2

6
4

0 0 0 t
0 0 t 0
0 t 0 0
t 0 0 0

3

7
5

2

6
4

x1

x2

x3

x4

3

7
5 =

2

6
4

t x4

t x3

t x2

t x1

3

7
5 .

[XXX] Let f
�
x

�
=

�
x � � 1

� �
x � � 2

�
� � �

�
x � � k

�
, where � 1, � 2, � � � ,

� k are scalars. For each j with j = 1; 2; � � � ; k, we set f j
�
x

�
= x � � j ,

so our f
�
x

�
is written as

f
�
x

�
= f 1

�
x

�
f 2

�
x

�
� � � f k

�
x

�
.

Now for A =

2

6
6
4

� 1 0 � � � 0
0 � 2 � � � 0
...

...
. . .

...
0 0 � � � � k

3

7
7
5 , we have
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f j
�
A

�
=

2

6
6
6
6
6
6
6
4

� 1 0 � � � 0 � � � 0
0 � 2 � � � 0 � � � 0
...

...
. . .

...
...

0 0 � � � � j � � � 0
...

...
...

. . .
...

0 0 � � � 0 � � � � k

3

7
7
7
7
7
7
7
5

�

2

6
6
6
6
6
6
6
6
4

� j 0 � � � 0 � � � 0
0 � j � � � 0 � � � 0
...

...
. . .

...
...

0 0 � � � � j � � � 0
...

...
...

. . .
...

0 0 � � � 0 � � � � j

3

7
7
7
7
7
7
7
7
5

=

2

6
6
6
6
6
6
6
6
4

� 1 � � j 0 � � � 0 � � � 0
0 � 2 � � j � � � 0 � � � 0
...

...
. . .

...
...

0 0 � j � � j 0
...

...
...

. . .
...

0 0 � � � 0 � � � � k � � j

3

7
7
7
7
7
7
7
7
5

=

2

6
6
6
6
6
6
6
4

� 1j 0 � � � 0 � � � 0
0 � 2j � � � 0 � � � 0
...

...
. . .

...
...

0 0 � � � 0 � � � 0
...

...
...

. . .
...

0 0 � � � 0 � � � � k j

3

7
7
7
7
7
7
7
5

,

where we have set � ij = � i � � j , for each i with i 6= j , for brevity.

Now then

f
�
A

�
= f 1

�
A

�
f 2

�
A

�
� � � f k

�
A

�

=

2

6
6
4

0 0 � � � 0
0 � 21 � � � 0
...

...
. . .

...
0 0 � � � � k1

3

7
7
5

2

6
6
4

� 12 0 � � � 0
0 0 � � � 0
...

...
. . .

...
0 0 � � � � k2

3

7
7
5 � � �

2

6
6
4

� 1k 0 � � � 0
0 � 2k � � � 0
...

...
. . .

...
0 0 � � � 0

3

7
7
5

=

2

6
6
4

0 � � 12 � � � � 1k 0 � � � 0
0 � 21 � 0 � � � � � 2k � � � 0
...

...
. . .

...
0 0 � � � � k1 � � k2 � � � � 0

3

7
7
5 = O.
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