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e Evaluation of determinants — II: Co-factor expansion.

In the previous lecture (Pg. Ch. VI, page 22—) we have examined how we could

evaluate the determinant of a square matrix whose entries are concrete numbers,

using elementary row and column operations . Such a method works by virtue of

Formulas 1, 2 in Pg. Ch. VI, page 13-15. We have found that we could always rewrite

the given determinant

ailr a2 -+ Qin
a21 Q22 - Q2n
det A = det
Gn1  Gp2 - Ann
14 : : : 99 :
as “a scalar times a triangular determinant ” | namely, either
[a11 a2 a3 Qin ]
a1 Q22 a23 a2n
(i) det | @31 @as2 as3 a3n
LAn1  Anp2 (Gn3 Qnn J

0 b22 *
< * ) - det 0 0 bss ,
0 0 0 - bnn
L |
some scalar b11b22b33 - - - by,



or,

(ii) det

Here, in each of (i), (ii) above, the scalar attached in front of the triangular
determinant “typcally” comes out as a result of the row and/ or the column
reduction(s) we have applied to the determinant (see Formulas 1, 2 in Pg. Ch. VI,
pages 13f15). Most importantly, this method takes advantage of the formulas on

a1l
a21
asi

anl

a12
a22
as2

an2

ai13
a23
ass

an3

triangular determinants:

and

bll

b12
b22

big -
bog -

Ain
A2n
asn

ann
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[ C11 0 0 0 7
* C292 0 0
( % ) det | ¥ ¥ Cs3 0
L 1
| x * ¥ st Cpp
L
some scalar C11C22C33 *** Cnpn

. bnn:



C11 0 0o --- 0

C21 C29 0o .- 0
det | 31 ¢c32 ¢33 -+ O = C11 - Cog - C33 - - Com
Cni Ch2 Cp3z - Cnn

(see Formula 4 in Pg. Ch. VI, page 23).

e In the present lecture, we explore another method of evaluating determinants,

called co-factor expansions . Prior to the discussion, we introduce one notation:

Notation. From now on, we will often use the notation

ailp a2 - Qin
az1 Q22 - Aon
anl an2 to Ann
aix a2 - Ain
X a1 Q22 - A2n
as an alternative of det } ) . } . Thus,
an1  Qp2 - Ann
411 312 = a110a22 — Q120a21 a b = CLd — bC
a1 a92 ’ c d ’

ail aiz2 ais
a21 Q22 A23
as1 a32 Aass

= 11022033 — (11023032 — A12021033 + Q12023031 + @13A21032 — A13A22031,
and

a; az as
bl bg b3 = a1b263—CL1b302—CE2b163+CL2b361+a3b102—a3b261.

1 C2 C3



Formula 1. We have

ai; G12 a13
21 G292 G23 = an
az1 a3z ass

a21 Q22
asiy as2

Ga21 G23
a3; ass

G22 Q23

+ ais
az2 a33

'_a12

e We may avoid double suffixes, and may rewrite Formula 1 as follows:

Formula 1. We have
ay ag as
by b by b by b
bl b2 b3 = a1 C2 03 — a ' Cl 3 + as ‘ Cl 02
c1 co 3 2 3 1 1 2

e Verification of Formulas 1, 1’.

Since Formula 1 and Formula 1’ have the same content, it suffices to verify only

Formula 1’.

By the definition of determinants, the left-hand side equals

arbacs —ajbscy —agbics + azbscy + agbica — agbacy .
Meanwhile, the right-hand side equals
ai (bzcs - bscz) — az (bICB - b3C1> + a3 <b102 - b2C1)
= ai1byc3 — arbgco — asbycs + asbscey + agbyca — agbscy.

These two quantities are identical. Hence the verification of Formula 1’, and hence

of Formula 1, is complete.

e The content of Formula 1 (and Formula 1’ ) is as follows. The left-hand side of the
formula is a determinant of a 3 x 3 matrix. The right-hand side of the formula is
a linear combination of determinants of 2 x 2 matrices. Thus, the formula reduces

the evaluation of a 3 x 3 determinant to evaluations of 2 x 2 determinants .




Example 1. Let us evaluate the same determinant as Example 31 of Pg. Ch. VI,

page 26, but this time using Formula 1 above.

11 1

-1 -2 2 -2 2 -1
2 -1 -2 :1-‘ ‘ 1.‘ ‘+1‘ ‘
| o ] -2 -1 1 -1 1 -2

a® ab ac
Example 2. ab b* be

ac bc 2
b2 be ab be ab b?
_ 2 _
B ab ac 2 ta ac be

= aQ(b2 S — bc-bc)—ab(ab‘c2 — bc-ac)—l—ac(ab-bc— b2 -ac)
= a? (b202 - b202) — ab<a602 - abcz) + ac(abzc - abzc>

= a>-0 — ab-0 + ac-0



Example 3. -r 0 p
qg - O
0 »p —7r D —r 0
= O —7r + _
‘—p 0' q 0' ( q)'q —p‘

e How to memorize Formulas 1, 1’7
Let us look at the identity in Formula 1 more closely:
ail a2 a3

az1 Q22 G23 = ai11
as1 a3z ass

The first 2 x 2 determinant appearing in the right-hand side is

22 Q23
az2 a33

This is nothing but the “sub-determinant” of the original determinant obtained

by eliminating the row and the column containing a;; . Let us denote this by Mi;:

az2 23
az2 Aass

Mll =

6



Next, the second 2 x 2 determinant appearing in the right-hand side of the formula
is

a21 Q23
as1 as3

This is nothing but the “sub-determinant” of the original determinant obtained

by eliminating the row and the column containing a;s . Let us denote this by Mis:

az1 Q23

Mo =
12 as1  ass

Last, the third 2 x 2 determinant appearing in the right-hand side of the formula
is

as1 a22
as1 a3z

This is nothing but the “sub-determinant” of the original determinant obtained

by eliminating the row and the column containing a;3 . Let us denote this by Mi3:

a21 G22

Mz =
1 asr as2

e In short, using My, My, M;3, we may paraphrase Formula 1 as follows:

Formula 2a. We have

ai1 a1z a3
az1 a2 a3 | = ain My — aip M2 + aiz Mis,
az1 a3z ass

az1 Q22
asr as2

az1 Q23
as1 ass




e In Formula 2a, we have looked at the three entries a11, ai2, a13. These are in
the first row of the original determinant

aixz ai2 ais
a21 Qa22 a23
a31 aszz2 ass

e We may instead look at the three entries in the second, or the third, row of the

original determinant. We accordingly have the following two formulas:

Formula 2b. We have

ai1 a2 a13
az1 G2 a3 | = — a1 Moy + ag Moz — ag3 Mg,
a3; aszz2 ass

where
aiz2 ais ail; ais ailz ai2
M21 - ) M22 - ) M23 -
asz Q33 asy ass asy as2
Formula 2c. We have
ai; a2 a3
ag1 a2 a3 | = asz1 Msy — asza M3z + asz Mss,
az1 a3z ass
where
aiz2 ais ailz a3 ailz ai2
Mz = ; Msy = ; Msz =
Q22 Q23 as1 Qg3 as1 ag2

e Again, we may avoid double suffixes and may rewrite Formulas 2a, 2b, 2c

as follows:



Formula 2a’, 2b’, 2¢/. We have
ay; az as b b
by by b3| = a1 | > °
Ca C3
C1 C2 (3

as a
oy |2 B
C2 C3
az as

= ¢
by b

C2

C1

ai
1

a

b1

C3

as
C3

as

b3

+ as

— by

b1

C1

aj
C1

a

b1

bo
C2

as
C2

ag
bo

e We have exactly the same type of formulas for columns, instead of rows:

Formula 3a. We have
ail; aiz2 ais
az1 Q22 G23 =
az1 a3z ass
where
a22 Q23
M11 = M21
az2 a33
Formula 3b. We have
a11 Qai2 ais
@21 QA22 A23 =
a3; aszz2 ass
where
az1 a23
My = ) Mo
as1 ass3

a1 My — a1 Moy + asy Ms,

ai2
a32

ai3
as3

— a2 Mi2 + a2 Moy — asz Msa,

aii
a3i

ai3
a33

ai3
a23

ai3
a23



Formula 3c. We have
a1 a2 a3
az1 a2 a3 | = a1z Miz — a3 Moz + asz Mss,
as1 a3z ass
where
a1 a22 a1l ai2 a1l a2
Mz = Moz = ; Msz =
as1 a3z a3; as2 az1 Qa22
e To avoid double suffixes and rewrite Formulas 3a, 3b, 3c:
Formula 3a’, 3b’, 3c’. We have
ap a2 as
b by b - by b3 b, | @2 a3 az as
1 b2 b3 | = a1 — b1 + ¢
c2 C3 c2 C3 by b3
ci C2 C3
b1 b3 ar as ar as
= —as + by — C2
c1 c3 c1 3 by b3
b1 b a;  a ar  a
= as — b3 + c3
1 Cc c1 C by b

e Minors and Co-factors.

We call the 2 x 2 determinants

M1, My, Mys, May, Moz, Mas, Msy, Msa, Mss

that appeared in Formulas 2a, 2b, 2¢, 3a, 3b and 3¢ the minors of the determinant

aii
a1
asi

ai2
a2
as2

10

a13
a3
a33



We notice that, the signs of the terms appearing in each of these six formulas are
“alternating”. Indeed, we may rewrite the six formulas in a more uniform fashion,

if we introduce “the signed minors”, or, the co-factors :

Cii = + My, Ci2 = — Mo, Ci3 = + M3,
Co1 = — Moy, Caz = + Mo, Caz = — Mas,
Cs1 = + May, C3y = — Mag, Cs3 = + Mas.

Observe the pattern of signs for C;; s against M;; s:

+ | - |+

+ | - |+

Formula 4 (Co-factor expansion with respect to rows). We have

ail aiz2 a3
agr aze azz | = annCi + a12Ci2 + a13C53
as1 az2 as3

= a91Co1 + ageCy + az3Cas

= a31C31 + a3z2C3 + asz3Css,

where
a22 Q23 az1 a23 as1 a22
Cn = + , Ci2 = — , Ciz = + ;
ase2 ass as; ass as; sy
a2 13 a1 ai3 air a2
Cor = — , Ca = + ,  Cag = — ;
ase2 ass as; ass as;  ase
a2 13 a1 a13 air a2
Cs1 = + , O3 = — , Cs3 = +
age Q23 az1 Q93 ag1 Qg2
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Formula 5 (Co-factor expansion with respect to columns). We have

ail aiz2 a3
ag1 aze agz | = a1 Cii + a1 Co1 + a3 Cs
as1 az2 as3

= a12C12 + a2 C% + aszCs

= a13C13 + ax3Cs3 + as3Css

where
a22 Q23 as1 a23 as1 Q22
Cn = + , Ci2 = — , Ciz = + ,
az2 a33 as1 ass as1 as2
aiz2 ais ail  ais ail  ai2
Cy = — , Ca = + , O = —
az2 a3z3 as1 as3 as1 as2
ai2 ai3 ailp ai3 ail a2
Cs1 = + , O3 = — , Cs3 = +
a22 Q23 a21 Q23 a21 Q22

e Again, there is a way to rewrite Formulas 4, 5 without using the double suffixes:

Formula 4’ (Co-factor expansion with respect to rows). We have

a; az as
by by b3 = a1 A1 + axAs + a3z As
C1 ()] C3

= by By + b2 By + b3 B3

= c1Cy + 0y 4+ c3C5,

where
by b by b by b
Al = + 2 3 , A2 — 1 3 ’ Ag = + 1 2 ’
Co C3 c1 Cs C1 C2
e e B e R TiE
o as as a1 a3 _ ay az
Cr= Ty b0 2T 7 bg" O = Ty bz‘

12



Formula 5’ (Co-factor expansion with respect to columns).

ai
by
C1
where
A n by b3
1 co C3 )
B . g as
1 o 3 ’
as as
(@] + by by |’
[I] Re-do Pg.
5! -8 0
(1) 9 7T 4
-8 7 1

g as
by b3
C2 C3

_|_

a1 Ay + b1 By + 1 Cy
CLQAQ + b2B2 + CQCQ

CL3A3 + b3 Bs + 03037

by b b
1 3 ’ As = + 1

C1 C3 C1

ay; as a1

5 B3 = -

1 C3 C1

a a a
1 3 ’ Oy = + 1

by b3 b1

4 3 =2
o 4 1
-2 3 4

We have

Ch. VI, problem [IV], (1), (2), using co-factor expansions:

[II] Re-do Pg. Ch. VI, problem [V], (1-3), using co-factor expansions:

(1)

S O =
S =+ O

= o O

(2)

o = O

O O =
= o O

(3)

S O =

0
1
t

— o O

[III] Re-do Pg. Ch. VI, problem [VI], (1-4), using co-factor expansions:

(1)

l1+a

1
145

1 1 1
(2) a b
a? b A2
T 0 ¢
-1 x b
0 -1 a

13



e Co-factor expansion — The case of larger size determinants.

We have exactly the same formula as Formulas 4, 5 for larger size determinants.

First, we define the minors and co-factors.

Definition. Let us consider the general n x n matrix

air 0 G151 aij arj+1 Q1n
ai—1,1 *°° QAi—145-1 Qi—15 Gi—1454+1 -~ Qi—1n
A = a1 s Qi 5—1 Qi Qi 541 ce Qin
2 J 2
Giy1,1 0 Qi41,5—-1 Qi415  Ai41,541 0 Gigln
| Gn1 U CLn,j—l CLnj CLn,j—i—l te Ann |
and its determinant
air 0 G151 aij aij+1 Q1n
ai—1,1 " Qi—145-1 Qi—15 @Gi—14+1 -~ Gi—1n
det A = a1 e Q-1 Q5 Qi j+1 Qin
aiy1,1 0 Gi41,5-1 Qi1 Gipl 541 0 Gigln
anl e Qn,j—1 Qnj Gn,j+1 e Gnn

Note that in the above,
(i) therows 1, i—1, 4, i+1, n, and (ii) the columns 1, j—1, j, j+1, n,

are highlighted. The (i, j)—th minor MZ(A) of the matrix A is the following

(n — 1) X (n - 1) determinant:

aii s ay j—1 ai,j+1 e A1p
M(A) _ | @i—11 0 Qi—145-1 Qi—14541 " Qi—1n
1] -
Ai+1,1 0 Ai41,5—-1 Q41541 0 Qi4lon
Gn1 e An, j—1 An, j+1 T Qnn

14



In other words, the (7,', j)—th minor M;; (A) of A is the determinant of the
(n — 1) X (n — 1) matrix obtained by taking out the row ¢ and the column j of the

original matrix A.

Definition. Let A and M;; (A) be as above. The (7,', j)—th co-factor C’i‘(A)

of the matrix A is defined as

Ci;(4) = <—1>i+jMij(A).

e Agree that the above definitions of M;; = M;; (A) and Cj; = Cj (A) coincide
with the previous one we gave, when the original matrix A is 3 x 3. Below is the

pattern of the signs for Cj; (A) s against M;; (A) S:

+ | - |+ - + | - |+ -
n X n, where n is odd n X n, where n is even

e Now we may state the larger size counterpart of Formulas 4, 5:

Formula 6 (Co-factor expansion with respect to rows). Let

a1 a2z - Gip
4 - (g1 Qg2 - G2p
ani Gpa -+ G
be the general n x n matrix. Let C;; = C’i~(A) be the co-factors of A, as

defined above. Then

15



aix Qiz2 - Qip

a21 Qg2 - G2y
det A =

an1 an2 e Ann

= a11Ci1 + a12Ci2 + -+ + a1,Cip

= a1 Co1 + axCs + -+ + a2,Coy,

= Qn1 Cnl + an2 Cn2 S annCnn .

Formula 7 (Co-factor expansion with respect to columns). Let

air a2 -0 Qip
4 = a1 Qg2 - Q2p
anl  ap2 o Ann
be the general n x n matrix. Let C;; = Cj (A) be the co-factors of A, as
defined above. Then
a1 a2 -0 Qip
det A — a1 Qg2 - Q2p
an1  Qp2 - Ann

= a11Ci1 + a21C21 + -+ + an1Cn1

= a12C12 + a22C + -+ + ap2Cy2

= Q1in Cln + a2, C2n + -+ annCnn .

16



e To highlight the 4 x 4 case of Formulas 6 and 7:

Formula 8 (Co-factor expansion with respect to rows, case 4 x 4). Let

a1 a2 ai13 ai4
A 21 G22 A23 A24
asz1 G32 Aas3 as4
g1 Q42 Q43 0A44

be the general 4 x 4 matrix. The sixteen minors of A are

A22 A23 24 a21 A23 424 a21 A22 A24 a21 A22 a23
My =|a32 a3z aza|, Mi2=|a31 a3z azs|, Mi3=|a31 a3z az4|, M14=|a31 a3z az3|,
(42 Q43 Q44 (41 Q43 Q44 (41 Q42 Q44 (41 Q42 Q43
ai2 a13 ai4 ail a3 aiq ail a1z aiq ail aiz ais
Moy =|age a3z asa|, Moo =|a31 az3 azs|, Maz=|a31 a3z az4|, Mas=|as1 a3z as3|,
(42 43 Q44 (41 Q43 Q44 (41 Q42 Q44 (41 Q42 Q43
a1z a13 14 ai1 ai3 ai4 ai a12 a4 ai 12 413
M3 =|a22 a3 a24|, M3z =|a21 a23 a24|, M3z = |az1 az2 azs|, Mzs=|az1 a2 as3|,
a42 A43 Q44 a41 43 A44 a41 A42 Q44 a41 42 aA43
ai2 a13 ai4 ail a3 aiq ail a1z aiq ail aiz ais
My =|a22 a3 a24|, Mz =|a21 a23 a24|, Msz=|az1 a2z az4|, Mas=|az1 a2 as3|.
az2 a33 34 azi as3 as4 as1 32 as4 as1 a3z as3

Moreover, the sixteen co-factors of A are

Ci1 = + M, Ci2 = — Mo, Ciz = + M3, Ciy = — Ma,
Co1 = — Moy, Cos = + Mo, Caz = — Mas, Coy = + Maa,
Cs31 = + Mz, Cs3 = —Mszy, Cs3 = + Mas, Csq4 = — May,

Cyn = — My, Cyo = + My, Cyz = — Mys, Cya = + Muyy.

17



Observe the pattern of the signs for C; s against M;; s:

+ | - |+ | -

Then we have

a11 Q12 a3 a4

a21 QAa22 a2 a24
det A = 3

a3; a3z as3 34

a41 Q42 Q43 Q44

= a11Ci1 + a12Ci2 + a13C13 + a14Chs
= a1 Co1 + a22Co + a3 Ca3 + ag4Coy
= a31C31 + a32C39 + asz3Cs3 + asqCsy

= a1 Cy1 + ag2Cho + a43Cy3 + a44Cyy .

Formula 9 (Co-factor expansion with respect to columns, case 4 x 4). Let

a1 @12 ai13 ai4
A = Ga21 Q22 (423 A24
a31 G32 Aa33 AaA34
41 G42 A43 QA44

be the general 4 x 4 matrix, as in Formula 8. Then, under the same notation as in

Formula 8, we have

18



a1l 12 a1z ai4
a a a a
det A — 21 22 23 24
a31 G32 G33 Aa34
g1 Q42 A43 (A44

= a11Ci1 + a21Co1 + a31C31 + a1 Cn
= a12C12 + a220C + a32C32 + a42 Cy2
= a13C13 + a23C% + a3z3Cs3 + as3Cys
= a14C1a + a20Co4 + a34C34 + a44Clyq .

[IV] Evaluate each of the following determinants using co-factor expansions:

a’> +bv® — % — d? 2(bc + ad) 2(bd — ac)
(1) 2(bc — ad) a? — b + % — d? 2(cd + ab)
2(bd + ac) 2(cd — ab) a’> — b? — % + d?
1 1 1 1 a —-b ¢ —d ap aq bp
a b c d b a d ¢ ar as br
(2> CL2 b2 C2 d2 : (3) p —q T — s (4> cp cq dp
a® vV 3 &P q p s r cr cs dr

¢ 1o 0t S

(1) o t -1 . (2) 0 o0 1 1
b t+a d c b t+a

t —1 0 0 0 0 0

0 t -1 0 0 O 0

0 0 t -1 0 O 0

0 0 0 t 0 0 0
3) . : .

0 0 0 0 —1 0

0 0 0 0 t —1

Gp GOGp—1 0Gp-2 dAp_-3 **° a3 az t+ ay

19
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Solution to problems [I-V].

5 -8 0 4 3 -2
m (1) |9 7 4/=223 (2 |5 4 1|=-60.
-8 7 1 -2 3 4
1 00 0 10 1 00
m (1) o ¢t o|l=¢t (@2 |1 00 =-1. (3 |01 0=
0 0 1 0 0 1 0 ¢t 1
1+a 1 1
[III] (1) 1 1+ 1 = ab + bc + ca + abe.
1 1 1+c
1 1 1
(2) a b c| = <b—a)<c—a> (c—b).
a? b 2
1 1 1
(3) ;3 bl; ch :<b—a><c—a><c—b><a+b+c).
x 0 ¢
(4) -1 =z b| = azx® +bx +c
0 -1 a
a? + b — % - d? 2(be + ad) 2(bd — ac)
V] (1) 2(be — ad) a? = b + 2 — d? 2(cd + ab)
2(bd—|—ac) 2(cd—ab) a? — b — 2 + d?
3
= (a2+62+02+d2).
1 1 1 1
a b ¢ d
(2> CL2 b2 C2 d2
ad b a3



V] (1)
t
@ |,
d
3)

SO O <+

Qn

t —1 | =t3+at> +bt +c

b t+a

0 0

-1 0 4 3 2

A = t* 4+ at? + bt? + ct + d.

b t4+a
-1 0 0 0 0 0

t -1 0 0 0 0

0 t -1 0 0 0

0 0 t 0 0 0

0 0 0 -1 0

0 0 0 t —~1
Gp—1 Qp—2 Qap-3 -+ a3 az t+a;

= " + at" ! 4 apt"? 4+ -

21

+ ap_ot? + an_1t + a,.



