Math 290 ELEMENTARY LINEAR ALGEBRA
SOLUTION FOR QUIZ — XV (05/06)

May 6 (Tue), 2008

Instructor: Yasuyuki Kachi

Line #: 74449 / 82588.
[I] (15pts) (1) k& = R. The subset

L)

of R? is linearly independent over R.

e

Indeed,
1 -1 .
’11‘_27&0@11@).
(2) k = C. The subset
1 1 v =1 1
1|, |v=1, 1|, |1
v —1 1 1 1

of C3 is linearly dependent over C.

Indeed, four vectors in C* can never be linearly independent over C.

(3) k = C. The subset
-1 -1 -1

1 -1 0
of C* is linearly independent. over C.

Indeed, put the three vectors together to form a matrix:

-1 -1 -1
0 1 -1
-1 0 1
1 -1 0



This matrix has a 3 x 3 minor that yields a non-zero value:
-1 -1 -1
o - () -
-1 0 1

= -3 # 0.

[II] (45pts) (la) Let «, B € C. Then

1 a p
rank | o? aof = 1.
B ap p?

Indeed, the matrix has a non-zero entry 1, at the first row, the first column. Thus
the rank of the matrix is at least 1. Meanwhile, no 2 x 2 minor of the matrix

yields a non-zero value. All of

1 « 1 g a f
a o’ a afl a® afl
1 « 1 B a f
B afy B B af  B*|
a o a af a® af
poapy g gy af 3
equal 0. Hence the rank of the matrix is 1. Alternatively, the reduced row echelon
1 a
form of the matrix is 0 0 O, which clearly has rank 1.
0 0 O
-1+ +v-3
(Ib) Let w = +2 c C Note
1 + w4+ w? =0, and wd = 1.
Note also
wt = w



In the matrix in (1a), substitute o = w, and 3 = w?, to obtain

2

v &
S

1
w
w2

— &
£ =

As we have already seen in (1a), the rank of this matrix is 1:

1 W w?
rank | w w? 1 = 1.
w2 o1 w
(2)  Over R,
1 2 3 4
5 06 7 8
rank | g g0 1 19 2.

13 14 15 16

Indeed, the reduced row echelon form of the matrix is

1 0 -1 -2
0 1 2 3
0 0 O 0|’
0 0 O 0

which clearly has rank 2.

(3) Let b, ¢, d € R be such that
b # 0, c # 0, and d # 0.

Let
4 o= \/— (b2+c2+d2) e C
Then
uw —b —c —d
b u d —c _
rank ¢ —d b 2.
d ¢ —b pu



Indeed, first, the rank of the matrix is at least 2, since we find the 2 X 2 minor

that yields a non-zero value:
poo—=bl
b pu |

This quantity does not equal 0 because, by assumption, ¢ € R, d € R, ¢ # 0,
and d # 0.

p? + vt = —(b2+02+d2>+b2

= —c% — d°

Now, taking into account p # 0, we may apply the elementary row operation

to the matrix:

L —b —c —d W —b —cC —d
b L d —c 0 —c*—d*> be+pud bd— puc
—
c —d I b 0 bec—pd —b>—d?> cd+ pb
L d c —b ©wo L0 bd4+pc cd—pb  —b*—c? |
Then we may apply the elementary column operation to the matrix:
Y 0 0 0 T
0 —c2—d?> be+pud bd— puc
_
0 bc—pd —b>—d*> cd+ pb
L0 bd+puc cd—pb  —b*>—c2 |
Here, no 2 x 2 minor of the matrix
—c2—d?> bec+pud bd— pc
bc—pd  —b%>—d?> cd+ pb
bd + pc cd—pb  —b> —c?

yields a non-zero value.



Indeed, it is straightforward to check that all of

bc — pd

bd + pc

equal 0. Accordingly, no 3 x 3 minor of the matrix

yields a non-zero value.

bc + pd
—b? — d? 7
bc + pd

cd — pb

—b? —d?

cd — pb

i

0

0

L 0

—c2—d? bd— puc bc + pd
bc — pud  cd+ ub , —b? — d?
—c2—d? bd—pc bc + pd
bd + pc  —b? — 2 ’ cd — pb
bc — ud cd + pb —b? — d?
bd + puc  —b* —c? ’ cd — pb
0 0 0 T

—c2—d*> bc+pd  bd — puc

be—pd  —b>—d* cd+ pb

bd+ pc  cd—pub  —b% —c? |

Hence this last matrix has rank 2.

pw —b —c —d
original matrix boop d —c has rank 2
& C —d 7] b 1 .
d & —b 7!
p —b —c —d
* [Alternative Solution ] - For A = b p d —c ’
c —d " b
d C —b 7]
b ¢ d
T __ 1% C
A - —C d 7] —b
—d —c b pu

bd — pc
cd + pb
bd — pc
—b? —c?
cd + pb

—b% — 2

Consequently, the

we have



It follows

AAT =

QU O T
=
QL
|
@)
|
(wpl
=
|
Q.
o

c —b pu —d —c b pu

|
o O OO
o O O O
o O O O
o O OO

Thus the column vectors of AT, namely,

7 b c d

g = | 0 z = | " s = | ¢ z, = | €
1 —c ) 2 d P 3 m P 4 —b ’

—d —c b 7

are all in Ker A. Let U be the C-subspace of C* spanned by these four vectors

over C:

U = C<$1, Zo, T3, $4> .

To establish rank A = 2, it suffices to prove rank A7 = 2, that is, dimc¢ U = 2 .

For this matter, first note U C Ker A. We claim dim¢c U > 2. Indeed, the

matrix

X1 o X3 X4

has a 2 x 2 minor that yields a non-zero value, as we have seen. In particular,
dimc Ker A > 2. Weclaim dim¢c Ker A = 2. Indeed, set

0 b ¢ d

-b 0 —-d ¢
B = —c d 0 —b
—d —c b 0

Note that B has entries in R . It easily follows that u is one of the eigenvalues

of B, and moreover



A = pul — B.

In particular, Ker A exactly equals the eigenspace V,, of B associated to the
eigenvalue u, as a C-subspace of C*. Since the matrix B has entries in R,
the characteristic polynomial of B has coefficients in R. Hence the complex
conjugate [t of p is also an eigenvalue of B. Let V; be the eigenspace of B

associated to the eigenvalue T, as a C-subspace of C*. Then the sum
Vi + Vo
inside C* is a direct sum. We have alraedy proved dimcKer A > 2, that is,

dim((j Vu > 2.

The entry-wise complex conjugate operation takes the C-subspace V, of C* into

the C-subspace Vg of C* and vice versa. In particular,
dime Vi > 2.

From these,
C* =V, ® Vg

and moreover dimc V, = dimc Vz = 2. Recall U C KerA = V,, and also
dimc U > 2. Thus we have proved

dim((j U = 2.

By the definition of U, it follows rank A = 2.

[IIT] (30pts) Let k be a field. Let aq, ag, --+ , a, € k. Then
1 1 1 e 1
a1 as as s Ay,
rank ar? az? az® T an®
a’f_l ag_l ag_l ar—t
equals the number of distinct values of aq, as, -+, an,.



Indeed, let us assume that

{@r am 0 ay

are distinct elements in %, and that any other a, is identical to one of aj,, aj,,

-, aj,. Let us take the following r x 7 minor of the original matrix:

1 1 1 1
a]12 aj22 a]32 ajrz
aj, Qj, Qjs aj,

r—1 r—1 r—1 r—1
@, @j, @js aj,.

Such a minor is formed by choosing the first r consecutive rows, and columns

J1s J2, -+, jr from the original matrix. We know that this minor equals

( aj, — Qjy )
( Aj; — Gjy ) < Ajs — Ay, )
( aj, — Qjy ) < aj, — Qaj, ) < Aj, — Qjs )

(Cln—1 — Gy, ) <6Ln—1 — Qj, ) (Cln—1 - Cln—2>
( aj'r‘ - ajl ) < aj'r - aj2 ) e ( aj'r‘ - ajr—2 ) < aj'r‘ - ajr—l ) *

Since aj,, aj,, --- , aj are all distinct in k, each of the factors in this last
expression is non-zero in k. By the integral domain property of a field, this last
expression is non-zero in k. Now, clearly there is no ((r + 1) X (7“ + 1)) minor
of the original matrix that yields a non-zero value. Indeed, if you choose (r + 1)

columns of the original matrix, then you always find two columns that are identical.



[IV] (50pts) Let Let A be a square, n X n, matrix, whose entries are in C.

(1) Let A = Ao be an arbitrary eigenvalue of A. The definition of the eigenspace
Va, of A associated with the eigenvalue A = Ao, as a subspace of the C-vector

space C", is as follows:

a1 03] 03]

Qo N (e%)] 05)
V)\O = . e C A . = Ao

(679 (679 (679

* [Alternative Answer ] : Vy, = Ker <)\0I - A).

(2)  We will prove the following statement:

“ Assume that the characteristic equation x4 ()\) = 0 has no multiple roots

in C, namely, xa ()\) is written as

va) = (A=) (A=) (a =),
where Ay, Ao, ---, A, € C areall distinct . Then
Cr = V), @Vy, ® -+ @ Vy,.

Also,

2

Proof. First we prove that the sum V), + V), + --- + V), is a direct sum.

Thus, for each j = 2,3, ---, n, we prove
(VAl + WV, + -+ + V>\j—1) N V>\j = {0}

9



We will prove this by induction. Thus, we assume that

V>\1 N V>\2 = {0},
(VM + V)\z) NV, = {0},

(VM F oV, VAS) NV, = {0},

(VA1 + Vi, + e VAH> NV, = {0},

are already proved. (Strictly speaking, in addition to this, we need to prove that
s, NV, = {0 } However, the argument below covers the proof for this

fact. )

Let xz; be an arbitrary element in the intersection
(VAl + V, + -+ + VAj_1> N VAj'

It suffices to prove x; = 0. Since z; € Vi, + Va, + --- + Vi,_,, there

exist

1 € Vy,, T2 € Vy,, ceey zj 1 € Vi,
such that
(*) T = X1 + X2 + - + Tj_1.

By the definition of the eigenspaces, we have
A.’L‘l = /\1 Ty, ACCQ = )\2:172, e, A.’Ej_l = )\j—l Tj_1.
Also, since x; € V);, we have

A.’Ej = )\j.’le.

10



Now, multiply A to the both sides of the identity (x) from the left:
Az; = Az + Azy + - + Axj_y.
By the above data, we may rewrite this identity as
ATy = Mz + ATy + -+ AT
Compare this with the identity
ANZi = ANxi + A\jx2 + -+ Az,

which is obtained by multiplying A; to the both sides of (x). The left-hand sides
of the last two identities are identical. Hence we may equate the right-hand sides of

the last two identities:
)\12‘1 —+ )\2.’32 + .- 4+ )\j_lmj_l = )\jxl + )\ij 4+ - + )\jmj—l'

This can be rewritten as

(= n)m + (Re=n)m + o+ (N2 =N ) 7

= <)\J — /\j_1> 1.
By assumption, A, A2, ---, A; € C areall distinct . In particular,
Aj = A1 # 0.

Hence we may multiply the reciprocal of A; — A;_; to the both sides of the above
last identity, and obtain an expression of x;_; as a C-linear combination of z, z»,

-, x;_o. In particular,
zj1 € Vi, + Vo, + -+ V),
It is also true that x; 1 € V),_,. Hence
zi, € (VAI Vo VAH) NV,

By the induction hypothesis, it follows that z;_; = 0.

11



The same argument works to prove

T o2 = 0, T3 = 0. e, xr, = 0.
By (%), we conclude z; = 0. Hence our proof for the fact that the sum of
Wiy, Va,, -+, Vi, isadirect sum:
Vie + Vo, + -+ Vo, = Vo, @V, @ -0 @ Vi,

is complete.

Now, we have the direct sum V), @& V), @ --- @ V), asa C-subspace of

C™. Since for each j

dim(c V)\j 2 1,
we have
dimc (VA1 &V, & - & VAn)

> dimc Vi, +dimcVy, + -+ 4+ dimc V),

v

n
== dim(c Ccn.
Hence V), @ V), @ --- @ V), mustequal C*, and

dim(c V>\1 = dim((j V)\z = = dim((j V)m = 1.

Now our proof is complete.

[V] (60pts) Coming up.

12



