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Abstract: We study Hilb ert functions of graded ideals using lex ideals.

1. Intro duction

A well-studied and important numerical invariant of a homogeneousddeal over a stan-
dard graded polynomial ring S is its Hilbert function. It givesthe sizesof the graded
componerts of the ideal.

There are many paperson Hilb ert functions or using them. In many of the recert
papers and books, Hilbert functions are described using Macaualay's represenation
with binomials. Thus, the argumerts consistof very clever computations with binomi-
als. We have intentionally avoided computations with binomials. Macaulay's original
ideain 1927[Ma] is that there exist highly structured monomial ideals - lex ideals - that
attain all possibleHilbert functions. In our proofsand in the open problems, we discuss
the role of lex ideals. It seemsto us that Problems 3.1.6 and 3.1.8 are very basic and
natural if oneis focusedon the lex ideals instead of computations with binomials.

by deg(xj) = 1for all i. Let P = (x§*; ;x%&), with 1 & e, 1 (here
x! = 0) and set W = S=P. The Clemerts-Lindstrom Theorem [CL] characterizes
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the possible Hilb ert functions of graded ideals in the quotient ring W; Macaulay's
Theorem [Ma] covers the particular casewhen W = S. In Section 2, we presen an
algebraic proof of the Clemerts-Lindstrom Theorem combining ideas of Bigatti [Bi],
Clemerts and Lindstrom [CL], and Green [Gr]. The proof is basedon the argumert
in [MP]. One of our main results is the Comparison Theorem 2.14 which was inspired
by Green's Theorem. Note that the Comparison Theorem 2.14 holds in the ring W.
As an immediate corollary we obtain the GeneralizedGreen's Theorem 2.15. Green's
Theorem 2.16 is over the ring S, and is just a particular caseof Theorem 2.15. The-
orem 2.16 was rst proved by Green [Gr2] for linear forms, then it was extended to
non-linear forms by Gasharov, Herzog, and Popescu[Ga, HP].

In Section 3, we raise problems and conjectureswhich are natural extensionsof:

Macaulay's Theorem and Clemerts-Lindstrom's Theorem

Evans' Conjecture on lex-plus-powers ideals

conjecturesby Gasharov, Herzog, Hibi, and Pee\a.

We alsovery brie y discussEiserbud-Green-Harris Conjecture. All the problemsfocus
on the role of lex ideals.

By Macaulay's Theorem [Ma] lex sequence®f monomials have the minimal pos-
sible growth of the Hilb ert function. There exist many other monomial sequencesvith
this property. The study of such sequencess started by Mermin [Me]; they are called
lexlike sequences.In Section 4, we intro duce lexlike ideals and prove an extension of
Macaulay's Theoremfor lexlike ideals. By Macaulay's Theorem, every Hilb ert function
is attained by a (unique up to reordering of the variables) lex ideal. One of our main
results, Theorem 4.11, shows that it is also attained by (usually many) lexlike ideals;
this is illustrated in Example 4.12. Furthermore, we extend to lexlike ideals the re-
sult of Bigatti, Hulett, Pardue, that lex ideals have the greatestgraded Betti numbers
among all idealswith a xed Hilbert function. We showv in Theorem 4.14 that lexlike
ideals have the greatest graded Betti numbers among all ideals with a xed Hilbert
function.

In the last section 5, we discussmultigraded Hilb ert functions and intro duce mul-
tilex ideals.

Acknowledgmen ts. The secondauthor is partially supported by NSF.



2. The Clemen ts-Lindstre om and Green's Theorems

Throughout this section we use the following notation. Let S = K[xi;:::;Xn] be a
polynomial ring over a eld k gradedby deg(xj) = 1 for all i. Let P = (x5*; ;x&),
with e; & e, 1 (here xil = 0) and setW = S=P. We denote by W4 the

the k-vector spacespannedby the variables. We order the variablesx; > ::: > X,
and we denoteby x the homogeneoudexicographic order on the monomials. For a
monomial m, set max(m) = maxfijx; divides mg.

We say that Ag4 is a Wg-monomial space if it can be spannedby monomials of
degreed. We denote by fAy4g the set of monomials (non-zero monomials in Wy)
contained in Agy. The cardinality of this setis jAgj = dimg Aq. By mA4 we meanthe

k-vector subspace m (Ag) . of Wysq :
+1

The lex-sgment ¢, of length p in degreed is de ned as the k-vector space
spannedby the lexicographically rst (greatest) p monomialsin Wy. We say that ¢
is a lex-s@mentin Wy if there existsa p such that 4 = 4. For a monomial space
Ag4, wesay that  gja,;j is its Wy-lexi c ation.

Compressedideals were introduced by Clemerts and Lindstrom [CL]. They play
an important role in the proof of the theorem.

Denition  2.1. An Wg-monomial spaceCy is called i-compresse if we have the
disjoint union
a 4
fCqg = xi 'fLjg
0j d

and ead L; is a lex-segmen in W=, . We say that a k-vector spaceCqy is Wy-

compressé (or compressed)if it is a Wyg-monomial spaceand is i-compressedfor all
1 i n. Amonomialideal M in W is called compressé if My is compressedor all
d 0.

Lemma 2.2. If C4is i-compressedn Wy, then mCy is i-compressedn Wy, .

Another classof ideals useful in the proof are Borel ideals, de ned as follows.
De nition  2.3. A monomial m®2 W is said to be in the big shadowof a monomial
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. Xj m - . .

m2 W if m0= )'(— for somex; dividing m and somei  j. We say that a monomial
i

spaceBy in Wy is Borel if it contains all monomialsin the big shadows of its monomial

generators.

Lemma 2.4.
(1) If amonomial spaceCy is compressedand n 3, then Cy is Borel.
(2) If n 2, then every monomial spaceis compressed.

Proof: We will prove (1). Let m 2 fCqg and m® be a monomial in its big shadow.

Xi m - . : .
Hencem® = =—— for somex; dividing m and somei j. There exists an index

Xj
1 g nsudthat q6 i;j. Note that that m and m® have the sameg-exponerts.
Since Cq is q-compressedand m® ¢, m, it follows that m®2 f Cyg. Therefore, Cq4 is
Borel. O

For a Wg4-monomial spaceAq set
rij (Ag) = fm2fAggj max(m) i and x{ doesnot divide mg :

The following lemma is a generalization of a result by Bigatti [Bi].

Lemma 2.5. If a monomial spaceBy is Wy-Borel, then

X
medg = ri;ei 1(Bd)Z
i=1

Proof: We will shaw that f mBg4g is equal to the set

a f f m a ( . max(m) = i and
Xjfm2fBggjmax(m) ign Xi m2fBgg L
! ! & 1 divides m

i=1 i=1 X

Denote by P the setabove. Let w2 By. Forj  max(w) we have that x;w 2 P. Let

j < max(w). Thenv = x;

2 Bg. SO, XjW = Xmax(w)V 2 P. O

Xmax(w)
We recall the de nition of lex ideal:

De nition  2.6. Let L be a monomial ideal in W minimally generatedby monomials
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m is a monomial in W o) moL:
m x li and deg(m) = deg(;); for somel i r - '

Lemma 2.7. If Ly is an Wy-lex-segmen, then mLgy is an Wy.41 -lex-segmen
Example 2.8. The ideal (X1X2;X1X3;X2X3) is lex in K[X1; X2; X3]=(x%; x3; x3).
Lemma 2.9. If Ly is a lex-segmen, then it is Borel and Wy-compressed.

The main work for proving a generalized Green's theorem is in the following
lemma:

Lemma 2.10. Let Cy4 be an n-compressedBorel Wy-monomial space,and let L4 be
alex-segmen in Wy with jLg4j jCqj. Foreadil i nandeadil | € wehave

rij (La)  rij (Ca):

Proof: Note that both L4 and Cy4 are Wy-Borel and n-compressed.

First, we considerthe casei = n. Clearly, rne, (Lg) = jLaj JCa] = Ine, (Ca)
(if ey = 1 , then we considerr,.q+1 here). Weinduct on j decreasingly Supposethat
rij +1 (La)  rij +1 (Cq) holds by induction.

If fCqg contains no monomial divisible by xI, then

rij (La)  rij+a(La) i +2(Ca) = rij (Ca) :

Supposethat f Cyg contains a monomial divisible by x},. Denote by e = x?l cooxb
with by,  j, the lex-smallestmonomial in Cq that is divisible by x,,. Let0 q j 1.
e

Xﬁn q

monomial that is lex-greater than e and x,, divides it at power g. Let the monomial
a= x{:x3" 'x3 2 Wy be lex-greater than e. Since Cq is n-compressedand a is
lex-greater (or equal) than cq, it follows that a2 Cy.

For a monomial u, we denote by x, 2 u the property that x}, doesnot divide u.

By what we proved above, it follows that

Since Cq is Wqy-Borel, it follows that cq = xﬁ” 1“ 2 C4. This is the lex-smallest

(2:12) fu2 fCygjXn Z2U; U |ex €0j=jfu2 fWygjXn Z2U; U |x €0 :
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Therefore,

Mg (La) = jfu2 fLagjxn 2u; U jex €Qj+ ffUu2 fLagjXn 2U; U 1ex €]
fu2 fWygjXn Z2U; U ex €0jt jfu2 fLygjXn 2U; U x €0]
Jfu2 fWegjxn 2U; U ex €0j+ jfu2flggj U lex €0
fu2 fWegjxn 2U; U jex €0j+ jfu2 fCygj U ex €]
= fu2fWegjxn ZU; U jex €9j+ jfu2fCygjXn ZU; U lex €0
fu2fCygjXxn Z2uU; U jx €Qj+ jfu2 fCygjXn ZU; U |ex €0]
rij (Ca) ;

for the third inequality we usedthe fact that L 4 is alex-segmemin Wy with jLgj  jCqj;
for the equality after that we usedthe de nition of e; for the next equality we used
(2.11). Thus, we have the desiredinequality in the casei = n.

In particular, we proved that

(2:12) M:1(La) rn1(Cq):

Finally, we prove the lemma for all i < n. Both fCy=x,g and fL4=x,g are lex-
segmers in Wy=X, since Cq4 is n-compressed. By (2.12) the inequality rpn.1(Lg)
r:1(Cq) holds, and it implies the inclusion f C4=xng fL4=X,g. The desiredinequal-
ities follow since

m=z. We have the disjoint union

a )
deg: ZdeUjg
0j d

where ead U; is a monomial spacein W=z. Let F; be the lexi cation of the spaceU;
in W=z. Considerthe Wy-monomial spaceTy de ned by

a )
deg: Zd JfFng
0j d

Clearly, jTqj = jBgj. We call Ty the n-compressionof By.
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Lemma 2.13. Let By be a Borel monomial spacein Wy. Its n-compressionTy is
Borel.

Proof: Considerthe disjoint unions

a .
fBgg = 2% 1fu g

0 d

a )
deg: Zd JfFng

0 d

Since Bq is Borel, it follows that nU, Uj+1. SincejF;j = jU;j, we can apply
Theorem 2.18(1) by induction on the number of the variables, and it follows that
jinFjj jnU;j  jUjs1j = jFj+1). As both nF; and Fj ., arelex-segmets, we conclude
that nF;  Fj.1. If x4 Im is a monomial in Ty and m 2 Fj, then foreahh 1 i< n
we have that xim 2 nF;  Fj., soxd J Ixim 2 T4. If X, divides m, then for each
1 g pwehavethat % 2 F; sinceF; islex. Thus, Ty cortains all the monomials

in the big shadows of its monomials. We have proved that T4 is Borel. O
Comparison Theorem 2.14. Let By be a Borel monomial spacein Wy. Let Ly be
a lex-segmenm in Wy with jL4j jBgj. The following inequalities hold:

rij (La) i (Ba):
foreahl i nandeahhl | €.

Proof: We prove the inequalities by decreasinginduction on the number of variablesn.
Let T4 bethe n-compressiornof By. SinceTy is Borel and n-compressedly Lemma?2.13,
we can apply Lemma 2.10 and we get

rij (La)  rig (Ta)

foreahhl i nandeahhl | e. It remainsto comparer;; (Ty) andrij (Bq). For
i = n, we have equalities rp; (Tq) = rpj (Bg). Leti < n. Then ry; (Tq) = rij (Tqg=Xn)
and rij (Bq) = rij (Bg=Xn), where Tq=x, = L4 is a lex-segmen and By=x, = Uy is
Borel. So, by induction the desiredinequalities hold. O
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Generalized Green's Theorem 2.15. Let By be a Borel monomial spacein Wy.
Let Lyq be alex-segmem in Wy with jLy4j jBgj. The following inequalities hold:

dim Wg=(Lg n{@ Dxly  dim Wg=(Bg n(@ Dxl)

foreaheahl | e,;j d

Proof: Note that the desiredinequality is equivalert to

rnj (La)  Tnj (Ba):
It holds by Theorem 2.14. O

The following result is a straightforward corollary of Theorem 2.15 since x, is a
genericform for every Borel ideal in S.

Green's Theorem 2.16. Let By be a Borel monomial spacein Sy. Let Ly be a
lex-segmen in Sy with jL4qj jBgj. Let g be a generichomogeneoudorm of degree
j 1. The following inequality holds:

dim Sg=(Lg m@ Dg)  dim Sg=(Bg m' g)

Remark 2.17. Theorem2.16in the casewhenj = 1 wasproved by Green[Gr2]. The-
orem 2.16in the casewhenj > 1 was proved by Gasharos, Herzog, and Popescu[Ga,
HP]. Theorem 2.15in the casewhenj = 1 wasprovedby Gasharos [Ga2, Theorem 2.1].

We are ready to prove Macaulay's Theorem [Ma] which characterizesthe possible
Hilbert functions of graded ideals in S. There are sewral dierent proofs of this
theorem, cf. Green[Gr].

Macaula y's Theorem 2.18. The following two properties are equivalent, and they

hold:

(1) Let Ay be a Sy-monomial spaceand Ly be its lexi cation in Syg. Then jmLyj
JmAgj.

(2) For ewvery graded ideal J in S there exists a lex ideal L with the same Hilb ert
function.

Proof: First, we will prove that (1) holds. Since A4 and L4 are monomial spaces,(1)
doesnot depend on the eld k. Thus, we canreplacethe eld if necessaryand assume
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that k has characteristic zero. This makes it possibleto use Grebner basis theory
to reduceto the Borel case,cf. [Ei, Chapter 15]. We obtain a Borel Sq-monomial
spaceBy sud that jBgj = jAgj and jmBg4j  jmAygj. For a Sg-monomial spaceDy

setti(Dqg) = ris1.1(Dg) = fm 2 fDggj max(m) ig : We apply Lemma 2.5 to
concludethat

X X
fmBgg = ti(Bgq) and fmLgyg = ti(Lqg):
i=1 i=1

Finally, we apply Theorem 2.14 and get the inequality fmLgyg fmBgg . We
proved (1).

Now, we prove that (1) and (2) are equivalert. Clearly, (2) implies (1). We
assumethat (1) holds and will prove (2). We can assumethat J is a monomial ideal
by Grebner basistheory. For eachd O, let L4 be the lexi cation of J4. By (1), it
followsthat L = 4 gLg4 is an ideal. By construction, it is a lex-ideal and has the
sameHilbert function asJ in all degrees. O

We cortinue with the proof of Clemerts-Lindstrom Theorem.

Lemma 2.19. Let Ay bea Wy-monomial space. There exists a compressednonomial
spaceCqy in Wy sudh that jCyj = jAqj and jmCqj  jmAyj.

Proof: Supposethat A4 is not i-compressed.Setz = x;.
We have the disjoint union

a .
fAdg: Zd Jijg
0j d

where ead U; is a monomial spacein W=z. Let F; be the lexi cation of the spaceU;
in W=z. Considerthe Wg-monomial spaceTy de ned by

a )
fTyg = 24 TiFg:
0 d

Clearly, jTqj = jAqj. We will prove that
jmTgj  JmAgj:
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We have the disjoint unions

a .

fmAgyg = 24 1L f U + ny; g
0 d
a .

fmTag = 24 1L fF + nFj a1g;
0 d

wheren = m=z. We will show that
ij + nFj 1j = max ijj;jnFj 1j max jUjj;jnt 1j jUj + nt 1jZ

The rst equality above holds becauseboth F; and nF; ; are (W=z); -lex-segmets,
so F; + nF; i is the longer of these two lex-segmens. The last inequality is ob-
vious. The middle inequality holds since by construction F; 1 is the lexi cation of
U, 1, sojFj 1j = jU; 1j and by induction on the number of variables we can apply
Theorem 2.20(1) to the ring W=z

Thus, jF; + nFj 1j jU; + nU; 1j. Multiplication by z¢ 1*1 is injective if d
j+1 & 1andis zerootherwise,therefore we concludethat

z¢ i+t (Fj + nFj 1) zd 1+ (Uj + nt 1)

This implies the desiredinequality jmTgj  jmAgj.

Note that fTgyg is greater lexicographically than fAgyg (here \lexicographically
greater" meansthat we order the monomialsin f Tyg and f Aqg lexicographically, and
then comparethe two ordered setslexicographically). If T4 is not compressedwe can
apply the argument above. After nitely many stepsin this way, the processmust
terminate becauseat ead step we construct a lex-greater monomial space. Thus, after
nitely many steps,we reach a compressednonomial space. O

The Clemernts and Lindstrom Theorem [CL] is:

Clements and Lindstre om's Theorem 2.20. The following two properties are
equivalernt, and they hold:
(1) Let Ay be a Wy-monomial spaceand Ly beits lexi cation in Wy. Then jmLyj

j mAg J
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(2) For ewery gradedideal J in W there exists a lex ideal L with the same Hilb ert
function.

Proof: First, we will prove that (1) holds. The theorem clearly holdsif n = 1. An
easy calculation shaws that the theorem holds, provided n = 2 and we do not have
e d+ 1< e. By the assumption on the ordering of the exponerts, it follows that
the theorem holds for n = 2.

Supposethat n 3. First, we apply Lemma 2.19 to reduceto the compressed
case. We obtain a compressedWg-monomial spaceCy suc that jC4j = jAgj and
jmCqj jmAgj. Both Ly and Cq4 are (S=P)q4-compressed. We apply Lemma 2.5 to
concludethat

X

fmCdg li-e, 1(Cd)

ri;ei 1(|—d):
i=1

fmLgyg

Finally, we apply Lemma 2.10 and obtain the inequality fmLgg fmCqyqg . We
proved (1).

Now, we prove that (1) and (2) are equivalert. ClLearly, (2) implies (1). We
assumethat (1) holds and will prove (2). We can assumethat J is a monomial ideal
by Grebner basistheory. For eachd O, let L4 be the lexi cation of J4. By (1), it
followsthat L = 4 gLgq is an ideal. By construction, it is a lex-ideal and has the
sameHilbert function asJ in all degrees. O

Lexicographic ideals are highly structured and it is easyto derive the inequalities
characterizing their possibleHilb ert functions.

3. Open Problems
Throughout this section, M is monomial ideal in S.

3.1. Hilb ert functions in quotien t rings.
We focuson the problemto identify rings, other than S and S=P, whereMacaulay's and
Clemerts-Lindstrom's theoremshold. First, we intro duce the necessaryde nitions.
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Denition  3.1.1. A homogeneousdeal of SSM is lexi able if there exists a lex ideal
with the sameHilbert function. We say that M and S=M are Macaulay-Lex if every
homogeneouddeal of S=M s lexi able.

The following problem is a natural extension of Macaulay's and Clemerts-Lind-
strom’'s Theorems:

Problem 3.1.2. Identify monomial ideals which are Macaulay-Lex.

Macaulay's Theorem [Ma] sas that 0 is Macaulay-Lex. Clemens-Lindstroom's
Theorem [CL] says that (x7*; ;xg&) is Macaulay-Lex when e; e, 1.1n
[MP], we prove the following theoremsin this direction:

Theorem 3.1.3. Let M beMacaulay-Lex andL belex. Then M + L is Macaulay-Lex.

Theorem 3.1.4. Let SAM be Macaulay-Lex. Then (S=aM )[y] is Macaulay-Lex.

Macaulay-Lex ideals appear to be rare, howewer. For example, Shakin [Sh] has
recertly showvn that a Borel ideal M isPMacauIay—Lex if and only if it is piecewise
lex, that is, if M may be written M = L; with L; generatedby a lex segmen of
K[xi; Xl

It is easyto construct exampleslike [MP, Example 2.13], where a given Hilb ert
function is not attained by any lexicographic ideal in the degreesof the minimal gen-
erators of M . This suggeststhat our de nitions should be relaxed somewhat. In [MP]
we intro duce the following de nition:

Denition  3.1.5. We say that M and S=M are pro-lex atove q if every homogeneous
ideal of SEM generatedin degrees (qis lexiable. Let d be the maximal degreeof
a minimal generator of M. We say that M and S=M are pro-lex if they are pro-lex
above d.

We have the following variation of Problem 3.2:
Problem 3.1.6. Identify monomial ideals which are pro-lex.
As a rst stepin this direction, we show in [MP]:

Theorem 3.1.7. Let K be a compressedmonomial ideal, and let d be the maximal
degreeof a minimal monomial generator of K. If n = 2, assumethat K is lex. Let
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P=(x3; ;x&), wheree; e 1 (herex! = 0). Theideal K + P is pro-lex
above d.

It is natural to try to extend to non-monomial ideals:

Problem 3.1.8. Find other graded rings where the notion of lex ideal makessense
and which are pro-lex.

Of particular interest are the coordinate rings of projective toric varieties. Toric
varieties are an important class of varieties which occur at the intersection of Alge-
braic Geometry, Commutativ e Algebra, and Combinatorics. They might provide many
examplesof interesting rings in which all Hilb ert functions are attained by lex ideals.

Problem 3.1.9. Find projective toric rings which are pro-lex (or Macaulay-Lex).

The coordinate rings of toric varieties admit a natural multigraded structure which
re nes the usual grading and which yields a multigraded Hilbert function; this is
studied in Section5.

3.2. The Eisenbud-Green-Harris  Conjecture.
The most exciting currently open conjecture on Hilb ert functions is given by Eiserbud,
Green, and Harris in [EGH1, EGH2]. The conjecture is wide open.

Conjecture 3.2.1. Let N be a homagen@us ideal containing a homageneus regular
sguene in degrees e; e . There is a monomial ideal T suchthat N and
T+ (xil; ;X£") havethe same Hilbert function.

The original conjecture di ers from 3.2.1in the following two minor aspects:
In the original conjecturer = n.
The original conjecture givesa numerical characterization of the possibleHilb ert
functions of N. It is well known that this numerical characterization is equiva-
lent to the existenceof a lex ideal L sudc that L + (x‘fl; ;Xf) has the same
Hilbert function as N. By Clemerts-Lindstrom's Theorem, this is equivalent to
Conjecture 3.2.1.

3.3. Betti numbers.
The study of Hilb ert functions is often closelyrelated to the study of free resolutions.
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We focus on problems based on the idea that the lex ideal has the greatest Betti
numbers among all idealswith a xed Hilbert function.

Conjecture 3.3.1. Letk beaninnite eld (possibly, one should also assumethat k
has characteristic 0). Suppsethat S=M is pro-lex alove d, J is a homgyen®us ideal
in S=M, geneanted in degrees d, and L is the lex ideal with the sameHilbert function
asJ. Then:

(1) The Betti numbers of J over R are lessthan or equal to thoseof L.

(2) The Betti numbers of J + M over S are lessthan or equal to thoseof L + M.

Note that the rst part of the conjecture is about in nite resolutions (unless M
is generatedby linear forms), whereasthe secondpart is about nite ones.

In the caseM = 0, Conjecture 3.3.1 holds by a result of Bigatti [Bi], Hulett [Hu],
and Pardue [Pa]. Also, Conjecture 3.3.1(1) holds by a result of Aramova, Herzog, and
Hibi [AHH] over an exterior algebra. Furthermore, Conjecture 3.3.1(2) was inspired
by work of Graham Evans and his conjecture, cf. [FR]:

Conjecture 3.3.2. (Evans) Suppmse that a homageneus ideal | contains a regular

a lex-plus-pwersideal L with the sameHilbert function as|. Then the Betti numbers
of L are greater than or equal to thoseof | .

Conjecture 3.3.2was inspired by the Eiserbud-Green-Harris Conjecture 3.2.1.

When the regular sequencen Conjecture 3.3.2 consistsof powers of the variables,
Conjecture 3.3.2 coincides with Conjecture 3.3.1(2). Also, in the casewhen M is
generatedby powers of the variables, Conjecture 3.3.1(1) coincideswith a conjecture
of Gasharov, Hibi, and Peewa [GHP], and in the casewhen M is generatedby squares
of the variables Conjecture 3.3.1(2) coincideswith a conjecture of Herzogand Hibi.

Remark 3.3.3. It is natural to wonder whether Conjecture 3.3.1should have part (3)
that statesthat the Betti numbersof J over S are lessor equal to those of L. There
is a counterexample in [GHP]: take J = (x?;y?) in K[x; y]=(x3;y®) and L = (x?;xy),
then the graded Betti numbersof L over S are not greater or equal to those of J over
S. It should be noticed that J and L do not have the sameHilb ert function asideals
in S.
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4. Lex-lik e ideals

In this sectionwe work over the polynomial ring S = k[X1; ;Xn]. Macaulay's Theo-
rem [Ma] hasthe following two equivalent formulations (givenin Theorem 2.18).

Theorem 4.1. Let Ay bea monomial spacein degreed and L 4 be the spacespanned
by a lex segmen in degreed sud that jAqj = jLgj. ThenjmLyj jmAgj.

Theorem 4.2. For ewvery gradedideal J in S there exists a lex ideal L with the same
Hilb ert function.

The goal of this sectionis to show that a generalization of Macaulay's Theorem
holds for ideals generatedby initial segmeits of lexlike sequences.Lexlike sequences
were discovered by Mermin in [Me]; we recall the de nition.

De nition  4.3. A monomial sequene (of a xed degreed) is a sequenceX 4 of all the
monomials of S = k[x;; ;Xn] of degreed. We denote by X 4(i) the monomial space
generatedby the rst i monomialsin X 4. We say that X4 is lexlike if, for every i, and
for every vector spaceV generatedby i monomials of degreed, we have

jmXq(i)j < jmVj:
The lex sgguene in degreed consistsof all the degreed monomials ordered lexi-

cographically; it is denoted by Lexy or simply Lex.

Lemma 4.4.
(1) Lexq is a lexlike sequence.
(2) X4 is a lexlike sequenceof degreed if and only if, for every i we have

imXq(i)j = jm Lexqa(i)j:

Proof: (1) is Macaulay's Theorem 2.18. (2) follows from (1). O

Thus, lexlike sequenceshave minimal Hilb ert function growth, as lex sequences
have.

By De nition 4.3it followsimmediately that the rst formulation 4.10of Macaulay's
Theorem holds for lexlike sequences:
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Theorem 4.5. Let Ay be a monomial spacein degreed and | 4 be the spacespanned
by the initial segmen of a lexlike sequencein degreed such that jAg4j = jlgj. Then
jmlaj  jmAgj.

Howewer, it is not immediately clearthat the secondformulation 4.2 of Macaulay's
Theorem holds for lexlike sequencesThe problem is that one hasto construct lexlike
ideals and show that they are well de ned. Hereis an outline of what we do in order
to extend Theorem 4.2: In ead degreed we have the lex sequencelLexy. If Ly is
spannedby an initial segmen of Lexq, then mL4 is spannedby an initial segmen of
Lexg+1 - This property is very easyto prove. It is very important, becauseit makesit
possibleto de ne lexicographicideals. In [Me, Corollary 3.18]Mermin proved that the
sameproperty holds for lexlike sequences.This makesit possibleto intro duce lexlike
idealsin De nition 4.9. We prove in Theorem 4.10 that Macaulay's Theorem 4.2 for
lex ideals holds for lexlike ideals as well.

First, we recall a de nition in [Me]: Let X 4 be a monomial sequenceof degreed,
and let X4 1 be a sequenceof all the monomials of S of degreed 1. We sa that
Xgq is alove Xy ¢ if, for all i, there is aj sud that mXy 1(i) = X4(j).- By [Me,
Theorem 3.20],if X4 is @ monomial sequenceabove a lexlike sequenceXy 1, then Xy
is lexlike.

Lemma 4.6. Let Y be alexlike sequencan degreed. In every degreep, there exists
a lexlike sequenceX , sudh that X4 = Y and X471 is above X, for all p. In particular,
if a spaceV, is spannedby an initial segmen of X ,, then mV,, is spannedby an initial
segmen of X 41 .

Proof. Repeatedly apply Theorem 3.21in [Me] to get X, for p < d. Repeatedly apply
Theorem 3.20in [Me] to get X, for p> d. O

Denition  4.7. Let X be a collection of lexlike sequences< 4 in ead degreed, sud
that X 4+1 is above X4 for each d. We call X a lexlike tower.

If we multiply a monomial sequenceX by a monomial m by termwise multiplica-
tion, then we denote the new monomial sequenceby mX . If Y is another monomial
sequence we denote concatenation with a semicolon,so X ;Y. Towers of monomial
sequencesre highly structured:

Theorem 4.8. Let X be a lexlike tower. There exists a variable x;, a lexlike tower
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Y of monomialsin S, and a lexlike tower Z of monomialsin S=x; , such that
X=xY;,2Z:

Proof: The variable x; is the rst term of X;. Each X4 beginswith all the degreed
monomials divisible by x;. Writing X4 = X;Yy 1;Zq4 for ead d, we have that Y is a
lexlike tower and Z is a lexlike tower in n 1 variables. O

Remark 4.9. The lexicographic tower is compatible with the lexicographic order in
ead degree. A lexlike tower X inducesa total ordering <x on the monomials of S
which re nes the partial order by degree. It is natural to ask what term orders occur
this way. We show that the lexicographic order is the only one (up to reordering the
variables): Supposethat <y is a term order. Clearly X, is Lex for the corresponding
order of the variables. Writing X, = X1Y1;Z1, we apply XiXi <x Xi1X; whenewer
Xj <x X; to seethat Y is Lex and induction on n to seethat Z; is Lex. Thus X, is
Lex. Now if Xq = X1Yq 1;Z4 is Lex, induction on d and n shows that Y4 and Z4+1 ,
and henceX 4+1 , are Lex aswell.

In the spirit of the de nition of lex ideals, we intro duce lexlike ideals as follows:

De nition  4.10. Let X bealexliketower. We say that a d-vector spaceis an X -space
if it is spannedby an initial segmen of X4. We say that a homogeneousdeal | is
X -lexlike if 14 is an X -spacefor all d. We say that an ideal | is lexlike if there exists
a lexlike tower X sothat | is X -lexlike.

A lex ideal is lexlike by Lemma 4.4(1).

Macaula y's Theorem for Lexlik e Ideals 4.11. Let X be a lexlike tower. Let J
be a homogeneousideal, and forLeach d let I4 be the X-spacespannedby the rst
jJgj monomials of X4. Then | = |4 is an X -lexlike ideal and has the sameHilb ert
function asJ.

Proof: It suces to shaw that | is anideal, that is, that mly 14+1 for ead degree
d. We have jmlg4j jmJqj jdg+1j = jla+1j, and mly and l4+1 are both spannedby
initial segmets of X 441 . SinceX 441 is above Xy, it followsthat mly  lg41 . O

Thus, every Hilb ert function is attained not only by a lex ideal (which is unique up
to reordering of the variables) but alsoby (usually many) Iexlike ideals. Thesedistinct
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lexlike ideals are obtained by varying the lexlike tower X. The following example
illustrates this.

Example 4.12. The lexlike ideals (ab;ac;a®; a?d; ad®; b’c) and (ab;ac;ad?; ad;a*; b*)
have the sameHilb ert function asthe lex ideal (a?; ab;ac?; acd;ad®; b*).

Prop osition 4.13.

(1) If I isalexlikeideal and L is a lex ideal with the sameHilb ert function, then they
have the samenumber of minimal monomial generatorsin ead degree.

(2) Among all idealswith the sameHilb ert function, the lexlike ideals have the max-
imal number of minimal monomial generators(in ead degree).

Proof: (1) followsfrom De nition 4.1. Now, we prove (2). Macaulay's Theoremimplies
that among all ideals with the sameHilb ert function, the lex ideal has the maximal
number of minimal monomial generators(in ead degree). Apply(1). O

The above theorem can be extendedto all graded Betti numbers as follows:

Theorem 4.14.
(1) Let | be alexlike ideal and L be a lex ideal with the sameHilbert function. The
graded Betti numbersof | are equalto thoseof L.

(2) Among all idealswith the sameHilb ert function, the lexlike idealshave the greatest
graded Betti numbers.

This is an extension of the following well-known result by [Bi,Hu,Pa]:

Theorem 4.15. [Bi,Hu,Pa] Among all idealswith the sameHilb ert function, the lex
ideal has the greatest graded Betti numbers.

Proof of Theorem 4.14: (2) follows from (1) and Theorem 4.15. We will prove (1).

Let p be the smallest degreein which L hasa minimal monomial generator. For
d p, denote by 1(d) the ideal generated by all monomials in | of degree d.
Similarly, denote by L (d) the ideal generatedby all monomialsin L of degree d. By
Lemma4.4(2), for eadhd ptheidealsl(d) and L(d) have the sameHilb ert function.
Furthermore, by Theorem 4.15it follows that the graded Betti numbersof S=L(d) are
greater or equal to those of S=I(d).

The following formula (cf. [Ei]) relatesthe graded Betti numbers ;; (S=T) of a
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homogeneousddeal T and its Hilb ert function:
P, P

3 . o e (D) (S=ET
: M.t = _i=0 =0 i .
. dim (S=T); t @ o :
Therefore, for each d  p we have that
XX , :
(4:16) (1 gy (s=d) (=) v =0
j=0 i=0

By induction on d we will shaw that the gradedBetti numbersof S=L(d) are equal
to those of S=I(d).

First, considerthe casewhen d = p. By Eliahou-Kervaire's resolution [EK], it
follows that L(p) has a linear minimal free resolution, that is, j (S=L(p)) = O for
] 6 i+ p 1. Sincethe graded Betti numbers of S=L(p) are greater or equal to those
of S=I(p), it follows that ;; (S=I(p)) = Oforj 6 i+ p 1. By (4.16) it follows that

ij (S=1(P) = i (S=L(p) forall i;j :
Supposethat the claim is proved for d. ConsiderL(d+ 1) and I1(d + 1). For
j < i+ d, we have that

ij (S=L(d+ 1)) = 5 (S=L(d)) = i (S=I(d)) ;

where the rst equality follows from the Eliahou-Kervaire's resolution [EK] and the
secondequality holds by induction hypothesis. As I (d+ 1)q = I(d)q for g d and
since ; (S=I(d)) = Oforj i+ d,it followsthat ;; (S=I(d+ 1)) = ;; (S=I(d)) for
j < i+ d. Therefore,

ij (S=L(d+ 1)) =  (S=I(d+ 1)) forj <i+d
ij (S=L(d+ 1)) = Ofor j > i + d; by Eliahou-Kervaire's resolution [EK].

Sincethe gradedBetti numbersof S=L(d+ 1) are greater or equalto those of S=I(d+ 1),
we concludethat

5 (S=I(d+ 1)) = jj (S=L(d+ 1) forj < i+d
ij (S=I(d+ 1)) = j (S=L(d+ 1)) = Oforj > i+ d:
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By (4.16) it follows that
ij (S=I(d+ 1)) = i (S=L(d+ 1)) foralli;j;
as desired. O

Remark 4.17. Let | be a lexlike ideal and L a lex ideal with the same Hilbert

function. Sincetheir graded Betti numbers are equal, one might wonder whether the

minimal freeresolution F, of | is provided by the Eliahou-Kervaire's construction [EK].

The leading terms in the di erential of F, are the sameasin the Eliahou-Kervaire's
construction. Howewer, the other terms could be quite dierent: there are examples
in which the dierential of F, has more non-zeroterms than the di erential in the
Eliahou-Kervaire's construction.

5. Multigraded Hilb ert functions

In this subsectionwe considerthe polynomial ring S with a di erent grading, called
multigrading. Sud gradings are used for toric ideals. In this case,we have a multi-
graded Hilb ert function.

that an ideal J is A-multigradd if it is homogeneouswith respect to this N ¢-grading.
For simplicity, we often say multigraded instead of A-multigraded.
The prime ideal | o, that is the kernel of the homomorphism

(5:1) S=lp = Kk[t3;:::;t* ] = NA;

where the former isomorphismis an isomorphism of k-algebrasand is givenby xV 7!
tAV | and the latter isomorphismis an isomorphism of monoidsand is givenby t2 7! a.
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The ideal | o is A-multigraded. By (5.1), it follows that we have the multigraded
Hilb ert function

n

(5:2) dime((S=la) ) = L F 2NA,

0 otherwise.

There exists a minimal free resolution of S=I5 over S which is N ¢-graded.

For 2 N¢, the setof all monomialsin S of degree is calledthe ber of . We
intro duce multilex ideals generalizingthe notion of lex ideal:

De nition  5.3. Order the monomialsin ead b er lexicographically. An A-multilex
segment (or multilex segmem) in multidegree is a vector spacespannedby an initial
segmen of the monomialsin the b er of . We say that a monomial ideal L is A-
multilex (or multilex) if for every 2 N€, the vector spaceL is a multilex segmen.

Theorem 5.4. There exists an A-multilex ideal L with the sameHilb ert function
asthe toric ideal | . The Betti numbersof L are greater or equalto those of | 4.

Proof: Order the monomialsin ead b er lexicographically. For 2 N¢, denote by
m the last monomial in the b erof . Let L be the vector spacespannedby all
monomialsin the b erof exceptm . SetL, = L , wherewe considerL, asa
vector space.By (5.2), it followsthat L, and |, have the sameHilbert function.

Denoteby the lex order on monomials. We will show that L 5 is the initial ideal
of 1o with respectto ; in particular, L is anideal. Let m be a monomial in L .
Thenm m 21, andm m . Hencem isin the initial ideal of | . Therefore, L a
is contained in the initial ideal. Sincethe multigraded Hilb ert functions of Lo and | o
are the same, it follows that L, is the initial ideal.

Clearly, Lo is multilex by construction. Sinceit is an initial ideal, it follows that
the Betti numbers of L5 are greater or equal to those of | . O

Example 5.5. It should be noted that L, dependsnot only on A, but also on the
choice of lexicographic order (that is, on the order of variables). For example, for the
vanishingideal |, = (ad bc;*> ac;c® bd of the twisted cubic curve, one can get
LA to be (ac;ad;bd) if a> b> ¢> d and (k?; bc;bd;c®) if b> ¢> a> d. Thesetwo
multilex ideals have di erent Betti numbers.
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