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1 The axioms

1. Extensionality (definition of =): VaVy (zr =y iff Vz z € z iff z € y).

Pairing (pairs exist): VaVy3zVw (w € z iff (w =z or w = y)).

Union (unions exist): Vx3zVw (w € z iff Jy (w € y and y € z)).

Power set (power sets exist): Va3zVw(w € z iff w C x).

Regularity (Va (z, €) has a minimal element): Vz3y (y € x and y Nz = 0).
Infinity (there is an infinite set): Jx(z # () and Vy ( if y € x then y U {y} € x)).

7. Choice (choice functions exist): Vo # (0 (if 0 ¢ z then 3f (f a function, dom f = z and
Vyex f(y) €y).

8. Comprehension Schema (restricted formulas define sets): Let ¢ be a formula. Vz3z (y € z iff
(y € = and ©(y)).

9. Replacement Schema (ranges of functions exist): Let ¢ be a formula. Vz(if Yy € x (¢(y, 2)
and ¢(y,w) = z = w) then Ju Vv (v € w iff Iy € z p(y,v))).!
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1405 1 through 8 are due to Zermelo; #9 is due to Fraenkel.



2 AD sets and A systems

Definition 1. (a) A C [k]" is an almost disjoint family on k iff VA,B € A |ANB| < k. (b)
a = inf{|A| : A is mazimal almost disjoint on w}.

By AC, there is always a maximal almost disjoint family on x. Maximal almost disjoint families
on w are called MAD families.

Theorem 1. Let k be reqular. If A C [K]" is almost disjoint and |A| = K then there is B ¢ A so
that |[AN B| < k for all A € A.

Proof. Let A = {Aq : o < k}. Each [Aq \ (Ug<o 48)| = &, so pick aq € An \ (Ug<n Ap)- Let
B={ay:a<k}. Belk|"and [ANB| <k for all A € A. O

Corollary 1. If k is reqular there is an almost disjoint family on k of size k™.
Corollary 2. (CH) a = w;.
Theorem 2. (MA) a =2%.

(to be proved later)
Theorem 3. Cons(a =w; < 2¥)

(to be proved much later if we’re lucky)

Theorem 4. There is an almost disjoint family on w of size 2%.

Proof. Let {s, : n < w} enumerate all finite subsets of w. If S € [w]|* and s € [wW]|<* we define
s < S iff s is an initial segment of S. Define Ag = {n : s, < S}. Then {Ag: S € [w]|*} is an almost
disjoint family. O

Definition 2. A family A is a A system iff IR (called the root) so that if A, B € A then ANB = R.

Theorem 5. Let A be an uncountable collection of finite sets. Then A has an uncountable subfamily
which is a A system.

This is the form we will generally use. Here is a stronger version:

Theorem 6. Let 0 > k, 6 regular, so that if X < 6 then A<" < 0. Suppose |A| = 6 and VA €
A |A| < k. Then there is a A system B € [A]°.

Proof. ||JA| = 6 so we may assume that A is a family of subsets of 0, by regularity unbounded in
6.

By regularity of 8 we may assume there is § < k so that every A € A has order type 6. Let
A={A(§) : £ < 0} list A in increasing order.

Again by regularity, we may define & = inf{n : {A(n) : n < 0} is unbounded in 6}. Let
A < 0 be a bound on {A(n) : A € A;n < £} Since A% < 6 there is R, order type R = £ and
Ar={A € A: R(n) = A(n) for all n < £} has cardinality 6, hence {A(§) : A € Ag} is unbounded
in 6.

If C € [A]<Y then |JC is bounded below . Construct {A, : a < 8} C Ag so that if o < 3 then
sup Ay < Ag(€), hence A, N Ag = R.

O



3 CH

Definition 3. Let f,g € w”. f<* g iff {n: f(n) > g(n)} is finite.

Definition 4. (a) Let F C w*. g dominates F iff Vf € F f <* g. (b) F is dominating iff
Vg € w 3f € F g <* f. (¢) F is bounded iff some g dominates it. (d) 0 = inf{|F| : F is
dominating}. (e) b =inf{|F|: F is unbounded}.

Theorem 7. Every countable subset of w* is bounded. (Le., 0,b > w.)

Proof. Let F = {f, : n < w} (repetitions allowed). Let g(n) = 1 + Xp<p, fx(n). Then g >* f,, for
all n. =

Corollary 3. (CH)? =0 =w;.

Theorem 8. (MA)0d=10b=2.

(proof later)

Theorem 9. (a) Cons(b =w; <2¥ =10) (b) Cons(d =w; < 2%).

(proof much later if we’re lucky)
Definition 5. A scale is a dominating family well-ordered by <*.

Theorem 10. (CH) There is a scale.

Proof. Let {fo : a < wi} list all elements of w*. By the technique of theorem 9, construct
{ga : @ < w1} so each g, dominates {fg: [ < a}U{gs: 0 < a}. O

Theorem 11. (MA) There is a scale, and every scale has order type 2.

(to be proved later)

Theorem 12. Cons(A scale)

(proof much later if we’re lucky)

Definition 6. (a) Let a,b C w. a C* b iff a\ b is finite. (b) Let A C [w]*,b C w. b is a
pseudo-intersection of A iff b is infinite and b C* a for all a € A.

Definition 7. (a) {aq : o < 0} C [w]¥ is a tower iff < 8 = ag C* aq and {as : o < 6} has no
pseudo-intersection. (b) t =1inf{|T|: T a tower}.

By AC, there is always a tower.

Theorem 13. Let A be a countable filterbase of infinite sets under C*. Then A has a pseudo-
intersection.

Proof. Since A is countable, it has a cofinal descending subfamily {a, : n < w}. By induction,
construct b = {k, : n < w} so each k,, € ({am : m < n}. O

Corollary 4. t > w.



Theorem 14. (CH) t = w;.

Proof. List the infinite subsets of w as {c¢, : @ < wi}. Construct the tower {ay : @ < w1} by
induction so each a is a pseudo-intersection of {cg: f < a} U {ag: f < a}. O

Theorem 15. (MA) t = 2%.

(to be proved later)

Theorem 16. Cons(t < 2¥)

(to be proved much later if we’re lucky)



4 Martin’s axiom

Theorems 1, 9 and 16 were proved by induction. There is a technique equivalent induction on w,
due to Rasiowa and Sikorski, which appears in the course of proving the Rasiowsa-Sikorski theorem
in Boolean algebra, so I will mis-call it the Rasiowa-Sikorski lemma:

Lemma 1. IfP be a partial order, and D is a countable collection of dense subsets of P, then there
is G a filter on P so that VD € D 3g € GIp € D g < p. (We say that G is D-generic.)

To understand the statement of this lemma, we need some definitions.

Definition 8. Let P is a partial order.
(a) D C P is dense iff Vp € P3g € D q < p.
(b) G C P is a filter iff Va € [G]=* 3p € G p < q for all q € a.

It is this lemma that generalizes into Martin’s axiom:

Definition 9. MA is the following statement: If P is a ccc partial order, and D is a collection of
dense subsets of P with |D| < 2%, then there is G a filter on P so that VD € D 3g € GIp € D g < p.

We will define ccc later. For now, just note that in the presence of CH, MA is a weaker form of
the Rasiowa-Sikorski lemma, so CH = MA.

We prove the lemma, the then prove theorems 1, 9, and 16 using it.

Proof. (a) the Rasiowa-Sikorski lemma: given P, D as in the hypothesis, list D = {D,, : n < w}.
By induction construct {g, : n < w} where g, € D,, and each g, > gn+1.

Having proved the Rasiowa-Sikorski lemma in (a), we prove (b) a > w, (c) b > w, (d) t > w.

(b) theorem 1 (for kK = w): given A a countable almost disjoint family on w, let P = {p =
(bp, Bp): b, is a finite subset of w, B, is a finite subset of A}. Define p < ¢ iff b, D b, and
VA € By (b \ bg) NA =0, ie., we extend the first coordinate, and what we add avoids everything
in the second.

For Ac Alet Dy ={p: A€ B,}. Dy is dense: fix p € P. Let by = b,.B8, = B, U{A}. Then
g<pandq€ Dy.

For n <w let D, = {p: |bp| > n}. D, is dense: fix pe P. Let k e w\ (n+1UJB,) — we
know k exists because A is infinite, hence w \ U|J B, is infinite.

Let D ={Dy: A€ Ay U{D, : n < w}. D is countable. Let G be a D-generic filter. Let
B = UpeG bp.

B is infinite: Fix n. Let p € GN D,,. Then B D b, and b, \ n # (. Hence B\ n # { for all n.

BNnA="0forall Ac A: Fix Ac A. Let pe GN Dy, ie, Ac By Let k€ B. 3g€ G k € b,.
Since G is a filter, 3r € G r < p,q. So k € r and (b, \ bp) N A = (. Hence if k € A then k € by,
which is finite.

(c) theorem 9: given F € [w*]=%, let P = {p = (0,.H,) : 0, is a finite function from w to w,
H, is a finite subset of F'}. Define p < ¢ iff 0, D 0y, H, D Hy, and Vf € H, if n € dom 0, \ g4
then o,(n) > f(n), i.e. we extend the first coordinate and eventually dominate everything in the
second.

For f € Flet Dy = {p: f € Hy,}. Dy is dense: fix p € P. Let 04 = 0p, H; = H, U {f}. Then
g<pandgqc Dy.



For n <w let D, = {p: n € dom o,}. Each D,, is dense: fix p € P. Let H, = Hp,. For k <n
with & ¢ dom oy, define o(k) = 1 + Xsep, f(k); if & € dom oy, 04(k) = op(k). Then ¢ < p and
q € D,.

Let D={Dy: f € F}U{D, :n <w}. D is countable. Let G' be D-generic. Let g = J,cq op-

gew’: fixkecw. Ipec GNDyg. So k€ dom o, C dom g.

g>*fforall feF:fix fe F. Let pe GNDy. Let k <w. 3¢ € GN Dy, so 04(k) = g(k). Let
r < ¢,p,r € G. Then g(k) = sigma,(k) and if k ¢ dom o, then g(k) > f(k). So if g(k) < f(k),
k € dom o, which is finite.

(d) theorem 16: Let A be a countable filterbase in [w]“. Let P = {p = (a,,Cp) : ap € [w]<¥,C,
is a finite subset of A}. Define p < ¢ iff a;, D a4,Cp D Cy and for all A € C; ap \ ay C A, ie., we
extend the first coordinate and eventually stay inside everything in the second.

Define Dy = {p: A € Cp}. Dy is dense: fix p € P. Let ay = a),Cy = Cp U{A}. ¢ < p and
q € Dajy.

Define D,, = {p : supa, > n}. D, is dense: fix p € P. Let k € [JC, \ n+ 1. (We can do this
because A is a non-principal filterbase.) Let aq = a, U{k},Cq =Cp. ¢ <p and q € D,

Let D ={Dyg: Aec Ay U{D, : n < w}. D is countable. Let G be a D-generic filter. Let
B = UpEG Ap.

B is infinite: fix n. Let p € GN D,,. Then B D ap, and a, \ n # (. Hence ¥n B\ n # 0.

Bc*Aforall Ac A: Fix A. Let pe GNDy. Let k€ B. 3¢ € G k € a,. Since G is a filter,
dr € G r <p,q. Hence k € a, and if k ¢ a,, then k € A. So B\ A C ap, which is finite.

[

What (b), (c) and (d) have in common are: conditions in [P are ordered pairs; the first coordinate
is a finite approximation of the final object; the second coordinate provides some kind of control,
i.e., we promise that from now on we will, respectively, (a) stay away from; (b) stay above; (c)
stay inside, elements in the second coordinate. Such second coordinates used to be called side
conditions, now they are called promises.

Recall:

Definition 10. MA is the following statement: If P is a ccc partial order, and D is a collection of
dense subsets of P with |D| < 2%, then there is G a filter on P so that VD € D 3g € GIp € D g < p.

To understand the statement of MA we need

Definition 11. Let P be a partial order.
(a) p,q € P are compatible iff there is r € P with r < p,r < q.
(b) E C P is an antichain iff no two elements E of are compatible.

(c) P is ccc iff it has no uncountable antichains.

Theorem 17. (MA) (a) a =2%.
(b) b =2%.
(c) t=2“.

Proof. The proofs are straightforward generalizations of the Rasiowa-Sikorski technique and the
CH situation. First we prove that a family of size < 2% cannot be, respectively, MAD, unbounded,



or without a pseudointersection. Hence a,b,¢ > 2“. Once we’ve done that, note that a,b,t < 2.
Done.

We use the partial orders we used in the countable situation. It’s clear that the sets we want
to be dense are dense — that did not depend on the cardinalities of the underlying families A or
F'. But it is not obvious that the respective partial orders are ccc. In each case, the reason will be
that conditions which share the same first coordinate are compatible. Here are the details.

(a) Let A be an almost disjoint family on w,|A| < ¢, and P = {p = (bp, Bp): by is a finite subset
of w, B, is a finite subset of A}; p < q iff b, D by and VA € By (b, \ by) N A = 0. As in the Rasiowa-
Sikorski lemma proofs, each D4, D,, is dense, so if G is a D-generic filter then B = UpeG ap has
finite intersection with every A € A. To show that G exists, we only have to show that P is ccc.

For a € [w]<¥, define P, = {p : a = ap}. If p,¢ € P, then p,q are compatible (because
(a,Bp UBy) < p,q). There are only countably many F,’s, so an uncountable subset E of P must
have two (in fact uncountably many) elements in the same P,, so E could not be an antichain.

(b) b=2“: Let F C w*,|F| < ¢,P = {p = (0p.Hp) : 0p is a finite function from w to w, H) is a
finite subset of F'},p < q iff 0, D 04, H, D Hy, and Vn € dom o,\ dom o, Vf € H, op(n) > f(n).
As in the Rasiowa-Sikorski lemma proofs, each Dy, D,, is dense, so if G is a D-generic filter, then
g= UpeG op dominates F'. To show that G exists, we only have to show that [P is ccc.

For o a finite function from w to w define P, = {p : 0, = o}. If p,q are in P, then p,q
are compatible (because (o0, H, U H;) < p,q). There are only countably many such P,’s, so an
uncountable subset E of P must have two (in fact uncountably many) elements in the same P,, so
E could not be an antichain.

(c) Suppose A is a filter basein [w]*,|A| < ¢, and P = {p = (a,,Cp) : ap € [w]<¥,C, is a finite
subset of A}, and p < ¢ iff ap D a4,Cp D Cy and for all A € Cj a, \ ag C A. As in the Rasiowa-
Sikorski lemma proofs, each Dy, D,, is dense, so if G is a D-generic filter then B = J
pseudo-intersection of A. To show that G exists, we only have to show that P is ccc.
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For a € [w]<¥, define P, = {p : a = a,}. If p,¢ € P, then p,q are compatible (because

(a,B, UBy) < p,q). There are only countably many P,’s, so an uncountable subset E of P must

have two (in fact uncountably many) elements in the same P,, so E could not be an antichain.

Note that the proofs of cce do not depend on the size of the underlying sets A or F. We restrict
their size to restrict the number of dense sets we need to meet. O

In the preceding proof, we showed that the partial order P was the countable union of families,
each of which was linked (i.e., any two elements are compatible). A partial order which is the
countable union of linked families is called o-linked A sigma-linked family is necessarily ccc. So
too, a partial order which is o-centered, i.e., the countable union of centered (= filter base) families,
is ccc. The orders in theorem 21 are easily seen to be o-centered.

Theorem 18. (MA) Let A be almost disjoint, |A| < ¢, B C# A. Then there is BC w BNA=*0
forall A€ B and BNA#*( for all A e A\ B.

Proof. The partial order is as in (a) above, except we require that B, C B. Our dense sets are now:
for A€ BDa={p:AcB,}, and for Ac A\ B DA" = {p: |a, N A| > n}.

Why is each DA™ dense? Fix p. A\|J B, is infinite. Let ¢ C A\|JB,, |c| > n. Let ¢ = (a,Uc, By).
Then ¢ < p and ¢ € DA™,

Why is P ccc? As before,because P is o-centered. O



This is an example of a common phenomenon in forcing: if you can’t stop something from
happening, it happens. E.g., by restricting each B, C B, we can’t stop the final set from having
infinite intersection with each A € A\ B.

Corollary 5. (MA) Let w < k < c¢. Then 2" =c.

Proof. Fix A almost disjoint, |A| = k. Define f : P(w) — P(A) by f(B)={A€ A: AnB =" 0}.
By theorem 22, f is onto. So 2 < 2% = |(P(B)| < [(P(w)| = 2¥. O

Corollary 6. (MA) c is regular.

Proof. Let {aq : o < ¢} be a tower. Let k = cf ¢, f : kK — ¢ be the cofinal increasing map witnessing
this. Then {ay) : @ <k} is a tower. By theorem 21(c), x = . O

In the first decade or two after MA was articulated, there was a lot of work on weaker variants,
e.g., MA,_centered Where we only guarantee a generic set for partial orders which are o-centered.
Then the attention shifted to stronger variants. The main ones are PFA and MM. In some sense it
is premature to mention these — I will be very happy if at the end of the course you have even a
rough idea of what PFA means. But the main idea isn’t difficult: we find principles more general
than ccc, and guarantee generic sets for these partial orders.

Definition 12. (a) A partial order is proper iff Vk > w it preserves stationary subsets of [k]¥. (Here
“preserves” means “when you force with it”; and stationary means just what it usually means: meets
every closed unbounded set. The partial order is now [k]¥ instead of w1 )

(b) PFA (proper forcing axiom) is the following statement: If P is a proper partial order and D
is a family of dense subsets of size wy then there is a D-generic filter in P
(¢) MM (Martin’s Maximum) is the following statement: If P is a partial order preserving

stationary subsets of wiand D is a family of dense subsets of size wy then there is a D-generic filter
mn P.

Both PFA and MM require large cardinals to prove their full consistency (but many results
using them can be proved without the large cardinal assumption, e.g., no S spaces). The logical
implications are: MM = PFA = MA. While MA is consistent with ¢ being any uncountable
regular cardinal, PFA = 2% = ws. This is due to Velickovic, and uses the combinatorics developed
by Todorcevic of ladder systems and the trace function.

Theorem 19. (MA) If Z is a collection of measure zero subsets of R, and |Z| < ¢ then u(|J Z) = 0.

Proof. Tt suffices to show that, for all £ > 0 there is v open with Z = J Z C v and p(u) < e.

Let B be a countable base for the topology on R (e.g., intervals with rational endpoints), and
let U = { finite unions of elements of B. Fix ¢ > 0. Let P. = {u : u an open subset of R}, under
the order u < v iff u D v. For each Z € Z let Dy = {u: Z C u}.

IP. has ccc, since U is countable.

Let Z € Z. We prove that Dy is dense: Let u € P.. Define 6 = ¢ — p(u). There is v open with
Z Cwu,u(v) < 6. Hence pu(uUv) < e. Hence uUv <wand uUv € Dy.

By MA, there is G a filterbase on P with GN Dy # 0 for all Z € Z. Let v =JG.
UZCu: Fix Ze€ Z. Thereisve GNDyz. Z Cv Cu.

p(u) < e: If not, there is a finite set vy, ...v, € G with p(vgU...Uwv,) > €. But G is a filterbase,
so v eP. Vi<nwv <, ie, v D for all i <n. Hence p(vg U ... Uwy,) < u(v) < e. ]



Recall that a Suslin tree is a tree with height wi, no uncountable branches, and no uncountable
antichains (in a tree, an antichain is a pairwise incomparable set).

Lemma 2. If there is a Suslin tree, there is one in which every element has successors of arbitrary
height.

Proof. Let S be a Suslin tree, where ht ¢ is defined as the order type of {s: s < t}. Let E = {s: Jas
if ¢ > s then ht ¢ < a,}.

Suppose {as : s € E} is countable. Then E is countable, and S\ E is the desired tree.

Suppose {a; : s € E} is uncountable. Then we can construct a sequence {sg : f < w1} C E
where each ht sg > sup{as, : v < 8}. Hence, if v < 3 then s, and sg are incomparable. But then
{sp: B < wi} is an antichain. O

Theorem 20. (MA + — CH) There are no Suslin trees.

Proof. Suppose S is a Suslin tree. We may assume that every element has successors of arbitrary
height. Then it is a ccc partial order under the reverse ordering (i.e., s < ¢ iff s is above t in the
tree order). Let D, = {s: ht s > a}. Each D, is dense, by hypothesis on S. So there is a filter
G meeting each of them. But then G is an uncountable chain, hence generates an uncountable
branch, a contradiction. O

Theorem 21. (MA + — CH) (a) If X is ccc and U is a family of uncountably many open subsets
of X, then U contains an uncountable filterbase.

(b) If X and Y are ccc spaces, then so is X XY
Recall: a topological space is ccc iff it has no uncountable family of pairwise disjoint open sets.

Proof. (a) Let U be a family of uncountably many open subsets of the ccc space X. We may assume
U={ug:a<w}. Let P={U :U a finite subset of U,{v e U : vN(U # 0} is uncountable}.

P # (): Otherwise every element of / would meet only countably many elements of U, and we
could easily construct an uncountable pairwise disjoint subfamily of i, contradicting ccc.

If U € Pthen {v el : UU{v} € U}: otherwise we could construct a pairwise disjoint subfamily
of {NUNv:vNU # 0}, contradicting ccc.

Let Do ={U € P: 38 > a ug € U}. By the paragraph above, D, is dense for all a.
Let G be a {D, : a < wy }-generic filter in P. Then |JG is a filterbase, | JG C U.

(b) Recall that if w is an open subset of X x Y then there is u open in X, v open in Y with
u X v Cw. Let X,Y be ccc. Suppose we have W a pairwise disjoint open family on X x Y, with
W uncountable. For w € W, let u,, X vy, C w, where u,,, v, are open in X, Y respectively.

By (a) we may assume that {u, : w € W} forms a filterbase. Since w # w’' = wNw' = 0,{v, :
w € W} must be pairwise disjoint. Which contradicts Y being ccc.

O]

Remark: Most of these results are due to Solovay or Martin or both; some work of Tennebaum.
Remark: Galvin proved that CH = 3X ccc with X? not ccc.



5 A quick introduction to forcing

Suppose we have a set of reals A C 2¢ and we want to add a new real x ¢ A. Here is a simple
partial order to do it: P = {J,,, kw; < = D. (P is called the Cohen partial order.) For a € A
let Dy = {p: 3n p(n) # a(n)}. D, is dense. For n < w, let D,, = {p : n € dom p}. Soif G is a
{D,:a€ A} U{D,, : n < w}-generic filter, then [ JG € 2¥ \ A.

In fact we can do more. Pick any x and we can add k reals not in A: Q = k x P. (Q is the
forcing adding « many Cohen reals). For a € A, o < k define Do o = {p : In p(a,n) # a(n)}. Each
Dg q is dense. For n < w,a < K define Dy, o = {p:n € dom p}. Letting G be a {D, o :a € A, a <
K} U{Dna 1 n <w,a < k}-generic filter, and by = |J G|{ayxw, €ach by # a for all a € A.

If A =2“NM for some model of set theory, we’ve just added one, or even possibly x, many reals
to M, and we can form a new model in a fashion analogous to adding v/2 to the set of rationals.

But some questions arise.

1. How do we know G exists? If M is countable, we can and will invoke Rasiowa-Sikorski.
Aside: If M is countable transitive — and the theory will require it to be transitive — then our
is really an ordinal that M thinks is a cardinal, which is not a problem as far as consistency proofs
go, but you should be aware of it.

2. If we are adding, say, w}/ many reals, how do we know that in the new model w; doesn’t

suddenly become countable? This is a serious question, and the issue of collapsing cardinals is an
important one.

3. What other properties does the model have? For example, if M |= CH then there is a MAD
A € M so that no matter how many Cohen reals you add, A remains MAD in the new model. For
another example, if you add a single Cohen real to any model of set theory, you automatically add
S and L spaces and ccc spaces whose squares are not ccc. How can you understand the new models
well enough to prove theorems like these?

The technicalities of forcing are designed to help us with issues such as #2 and #3. There are
two approaches: forcing over countable models, and Boolean-valued models. The latter approach
is easier to prove theorems about and justifies issue #1 without recourse to countable transitive
models; the former approach is, for most people, more intuitive. We will prove things carefully using
Boolean valued models, and then feel free to refer to adding generic sets to countable transitive
models.
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6 Partial orders and complete Boolean algebras

Recall that a Boolean algebra has a meet + (think of U), a join - (think of N) and a relative
complement — (think of \), a 0 (think of ) and a 1 (think of X when our algebra is P(X))
satisfying the axioms that U, N, \, ) and X satisfy. E.g., one of De Morgan’s laws reads: a— (b-¢) =
(a —b) + (a — ¢). Note that — is relative: —a is an abbreviation for 1 — a.

Every Boolean algebra has an induced partial order < (think of C): b < ciff b—c=0.

A complete Boolean algebra is a Boolean algebra closed under arbitrary (not just finite) sums.
For example, P(X) is a complete Boolean algebra (here X corresponds to 1) because if A C P(X)
then JA = ¥4e4A C P(X). For another example, the Boolean algebra FinCof(w) = {a Cw : a
finite or w — a finite} is not complete, since, e.g., X<, {2n} = {2n:n < w} ¢ FinCof(w).

First we define: A C P is pre-dense iff Vp € Pdg € A p,q are compatible. Some examples: a
dense set is pre-dense; a maximal antichain is pre-dense.

We write p_Lq if p, g are incompatible.

If P has a minimum element 0, then no two elements of P are incompatible and every maximal
filter in P has 0 as an element, so P is not very interesting in the context of forcing. A particular
class of partial orders with no minimum elements is the class of separative partial orders.

Definition 13. Let P be a partial order. We say P is separative iff VpVr # p3q either ¢ < p and
qlr; orq<r andqlp

Note: if P is separative, then Vpdq,r ¢,7 < p and ¢qLr.

For any separative P and p € P, the following is a useful dense set: D, = {¢ : ¢ < p or ¢Lp.
Note that a filter meeting every D, is necessarily maximal (since in B it is a filterbase in which,
Vp € P, either p € G or —p € G).

Theorem 22. Let P be a separative. Then there is a complete Boolean algebra B so that (a) P is
dense in B\ 0 and (b) if A is pre-dense in P, then, in B, ¥A = 1.

Proof. Fix P a partial order without a minimum element. Let A C P,p € P. We define p L A iff
Vge A plg.

For A C P define XA ={p:Vqg<p-(qLA)},1=P=3%XP,0=0=X0. Note that XA =XB %
A = B. For example, if A, B are pre-dense, then XA =Y B = 1.

Let B={YA:AcCP}.

We define the Boolean operations: YA+ ¥B = 3(AUB). —XA = {p:plA} =%X{p:pLlA}.
Necessarily, ¥A-¥B=1—- (-XA+ —-XB).

You can check this is a Boolean algebra. Clearly it is complete.
We embed P in B as follows: e(p) = £{p} = {¢: ¢ < p}.

If (a) holds, then so does (b). To show (a) it suffices to show: Vp # ¢ € P either p — ¢ # 0 or

q —p # 0. By separativity, if p # ¢ then either Ir < p,rLqg (so 0 #r < p—q) or (ii) Ir < ¢q,rLp
(s0o0# 7T <q—p).

O

We call B the completion of P. We will write p instead of X{p}.
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An example: Let P be the upside-down binary tree of height w = |J, <w(k2). Let b be a
branch. IIb = 0. Let A be a maximal antichain. ¥A = 1. Let 0 : 3 — 2, each o(i) = 1. Let
720,7:5—273)=7(4)=0. Theno—7={p:pDoand p(3) =1or p(4) =1}.

Fact 1. Let B be the completion of P.
(a) D is dense in B iff XD = 1.
(b) Let D be dense in P. Then D is dense in B.

Definition 14. Let M be a transitive model of set theory, P a partial order, P € M. We say the
filter G is P-generic over M iff GN D # () for all dense subsets D of P with D € M.

Logical fine-point: For D € M, D is a dense subset of P iff M = D is a dense subset of P.
Recall that in a transitive model M, if x € M then x C M.

Fact 2. Let M be a countable transitive model of set theory, P separative, P € M, and let G be
P-generic over M. Then G ¢ M.

Proof. If a filter G € M meets every D), then, by separativity, D = {p € P: 3¢ € G ¢Lp} is dense
inP. SoGND=0. If G € M, then D € M, so either G is not P-generic over M or G ¢ M. O

12



7 Names

We begin with a model M, add a generic filter G to it, and want to be able to talk about the
objects in the new model M[G], that is, we want to name them.

Of course our names cannot be too precise, since if we knew exactly what the new elements
were, they would not be new.

So an alternative way of looking at things is to start with a model M and look at all the names
for elements in some potential M[G]|. These names do not rely on knowing exactly what G is.
This construction of ambiguous names is called a Boolean-valued model. Then we can mod out by
any G and get a 2-valued (i.e., standard) model. When we construct the Boolean-valued model,
since we don’t care whether or not a generic filter G actually exists, we can assume that M is the
universe V' — why not?

Definition 15. Let P be a partial order. A P-name T is a set of ordered pairs with the property
that every pair in & has the form (p,y) where y is either a name or y = 0. (When the context is
clear, we just call these names.)

Remark: This is implicitly an inductive definition. Let’s work out some details.

0=0.

For n € wn={(p,k):k<n,peP}.

And w = {(p,n) :n <w,p € P}.

In general, if € V 2 ={(p,y) : y € x,p € P}.

Convention: if x € V we write & instead of .

Given a name &, the object & names in the model V[G]is called & /G, defined by: /G = {y/G :
(p,y) € & and p € G}. Le., we take exactly the elements that G tells us to.

By induction, /G =z for all z € V.

So much for naming elements in the ground model. What about & when z ¢ V7

We need a name for our generic filter: G= {(p,p) : p € P}. That is, each p thinks “I am in G!”.
Let’s check that G = G/G: p € G/G iff 3¢ € G(q,p) € G iff (p,p) € G and p € G iff p/G € G iff
pEeG.

Consider the Cohen partial order P = (J,_(¥2). Recall that if G is P-generic, we define the
Cohen real fg =JG. What is its name? fG ={(p, (n,i)) : n € dom p and p(n) = i}. Let’s check
that f./G = fa: fa(n) =i iff Ip € G p(n) =i iff Ip € G (p, (n,7)) € fg iff (n,i) € f./G iff
fG/G(n) =1.

The temptation is to say that the objects in our forcing universe are all the names. But there
are problems with this.

Note that even if a name names an object in the ground model (V' or M) we might not know
which one. For example, let p+ ¢ = 1,p- ¢ = 0, i.e., p,q are incompatible and {p,q} is pre-
dense. Let 2 = {(p,2n) : n < w}U{(¢,2n+1:n < w}. If p € G,2/G = {even numbers}; if
q € G,%/G = {odd numbers}. So names are highly ambiguous even when they don’t have to be
(because they are naming something in the ground model).

Another problem with saying that the objects in our forcing universe are all the names, is not
only their ambiguity (see the preceding example), but that different names can name the same
object.

13



Here is an example: Let (G)* = {(p,q) : ¢ > p}. The subclaim is that if G is a generic filter,
then G = (G)*/G: q € (G)*/G iff Ip € G (p,§) € (G)* iff IJp € G ¢ > p iff ¢ € G. But clearly

G # (G)*.

In order to avoid at least part of the problem of more than one name for a given object, we
move to names which are, in some sense, maximal.
Definition 16. (a) Let &,y be P-names. [y € ] = 3{p: (p,y) € &}.

(b) If © is a P-name, then ¥ = {(q,97) : ¢ < [y € #]}.

(c) A P-name & is full iff & = 27,

(b) looks circular, but it is not. It is, instead, implicitly inductive. Note: This is not Kunen’s
use of the phrase “full name.”

The names we defined before definition 16 are not full. It is left to the reader to turn them into
full names.

If we are working in the completion B of P, just substitute B for P above. As noted below, it
doesn’t matter.

Note that a full P-name is not full in B, where B is the completion of P. As we will learn when
we define forcing, going to the full B name doesn’t really add anything, so we will use whichever
name is more convenient.

Fact 3. (a) For all generic filters G, /G = () /G,
(b) (2)F = ()] iff YG a generic filter /G = 3/G.

A word about the limitations of fact 3. Recall the name & = {p} x {2n:n <w}U{q} x{2n+1:
n < w}, where pLg and p+¢ = 1. Note that if £ is the name for the set of even numbers, and O is
the name for the set of odd numbers, then for every G generic, either &:/G = E/G or i/G = O/G.
But it is not true that VG generic /G = E/G, and it is not true that VG generic #/G = O/G.

Exercise: Let G = {(p,p) : p € P}. What is G/? Let fG be the name for | JG where P =
Uk<w(k2) defined above. What is ( fG)f?

From now on we will not worry unduly about which name we use, or whether we are in P or
its completion. As long as (i) = (3)/ we will use &, interchangeably and may even refer to the
name for an object, knowing full well there isn’t a single one.

We are now ready to define the various universes we will talk about:

Definition 17. Let P be a separative partial order.
(a) VE = {3/ : & a P-name}.
(b) If B is the completion of P, then V® = {if : & a B-name}.

(c) If M is a model and P € M we define M* = {if : & a P-name in M}, M® = {2/ : i a
B-name in M}.

(d) If G is P-generic over M a model, M[G] = {&/G : & € M*}.

The following fact is an immediate consequence from P dense in its completion.

Fact 4. If B is the completion of P and G is P-generic over M a model, M[G] == {i/G : # € M®}.

Example: Let p: 3 — 2,p(0) = p(1) = 1;p(2) = 0. Thenifp € G, fG-/G(O) = fG-/G(l); fG/G(Z) =
0.
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8 Forcing

The previous exercise gives us an idea of what forcing is about: certain conditions p € P know
something about the generic object. Other conditions know something else. We need to define
what we mean by “know something about.”

Definition 18. Let P be a partial order, p € P.
(a) If &,y are P-names, plk g € & iff p < [y € &]. (IF is pronounced: “forces.”)
(b) If ¢,0 are formulas, pl- @ A0 iff plk @ and p I 6.
(c) If v is a formula, pIF = iff p- X{q: qIF o} =0.
(d) If p(v) is a formula with free variable v, p I+ Jvp(v) iff I& a P-name p Ik ().

Definition 19. Let ¢ be a formula. [p] = X{p: p Ik v}. ([¢] is called the Boolean value of ¢).

Note that we earlier defined [y € ].

Exercise: Let P = |J,_(¥2). Let fG be the name for |JG, where G’ names the generic filter.
What is [[fG( ) = 0]? What is [fx(5) # 0]? Fix g € M N2¥. What is [3n fG( n) = §g(n)]? What
is [-3n f¢ (i) = g(R)]?

We write MP I- @ iff [¢] = 1. (Sometimes MF IF ¢ is written as 1 I- ¢, sometimes as IFp ¢.)

Fact 5. (a) M¥ IF o iff VG generic M[G] = .
(b) M¥ I+ o iff 3D dense in P ¥p € D pl- .

Proof. (a) 1 € G for all filters G.

(b) D is pre-dense iff ¥D = 1; every pre-dense set extends to a dense set by closing downward.
O

This simple fact is extremely powerful. Since D dense in P = D dense in the completion of P,
and D dense in the completion of PP iff D NP is dense in P, this fact, like fact 4, allows us to move
back and forth between IP and its completion.

It also gives us our main tool for deciding when a statement is forced in V. Here is an example:

Fact 6. Let M be a transitive model of set theory. Let fG' be the name for UG where G is
U,Kw( 2)-generic. Then Yg € M N2 M IF {n : fG( n) = g(n)} is infinite. (Note that, since

fy & M, necessarily {n : fG( n) # g(n)} is infinite.)

Proof. By fact 5, we just need to find the right dense set.

Given g, let D,, = {p : 3Im > n p(m) = g(m)}. Each D, is easily seen to be dense. Hence
for all n < w, M® IF Im > nfG( n) = g(n). Hence Vn < w MF IF 3m > nfs(n) = g(n). Le.,
M- {n: fG( n) = g(n)} is infinite.

O]

Note: In some sense this is a silly example: If {n : g(n) # f(n)} is co-finite, then f € M for
any model with g € M. But f ¢ M. However this proof is an example of an important technique,
which you will use in a moment.

From now on, we will simply write x instead of &, for all x € V.
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In the next few examples, we let P = Upew(Fw), let G name the P-generic filter, and let fG
name |JG.

1. Show that Vg € M Nw* MFI-{n:g(n) = fG(n)} is infinite.

2. Show that Vg € M Nw® MPIF {n:g(n) < fG(n)} is infinite.

3. Show that Vg € M Nw® if 3%n g(n) # 0 then MT IF {n : g(n) > fG(n)} is infinite.

4. Show that Vn < w MP® I- 3%k f(k) = n.

As a corollary to exercise 2 we have: in M Nw® is not cofinal in M¥ Nw*, where P = J,_,(*

w).

Theorem 23. Let P be a separative partial order.
(a) VEIF ZFC.
(b) If P € M a transitive model of ZFC and G is a P-generic filter over M, M[G] = ZFC

Proof. By fact 5 (a) we just have to prove (a); by fact 5(b) we just need to find the right dense sets.
Most of the proof is fairly tedious and best left to the reader — if you work through the details
you will have a very good understanding of how forcing works. So we just provide a few samples.

Most of the axioms are existence axioms: power sets exist; an infinite set exists; unions exist;
pairs exist; subsets defined by a formula exist; ranges of functions defined by a formula exist; choice
functions exist. To show something exists, all we need to do is find a name for it.

Union axiom Let & € VF. Define 2 = {(p,w) : Iy p IF w € § € }. It is left to the reader to
prove that V¥ IF Vi (w € 2 iff Iy w € ¢ € @).

Axiom of choice It’s easier to prove the well-ordering principle, which is equivalent since all of
the other axioms hold in VF. Solet © € VF. Let Y = {y : 3p (p,y) € &}. Since V = WO, 3«
a cardinal and f : k — Y, f 1-1, onto. Define h = {(p, (a,3))) : p I+ § € & and f(a) = §}. Then
VP b h is a partial function from s to . But every partial function from an ordinal induces a
well-ordering of the range, so VT I- & has a well-ordering.

Technical point: The function i need not be 1-1: there may be p, 9,9 with p Ik g = ¢ € &. But
this doesn’t matter. The theorem that every partial function from an ordinal induces a well-ordering
of the range does not require that the partial function is 1-1.

The two non-existence axioms are extensionality and regularity. Extensionality is left to the
reader. Regularity follows from the inductive definition of names. Define the complexity c(z) =
sup{c(y) : Ip p IF § € &}, where ¢() = 0. For any &, we need to find a term w so VF IF @ N i = 0.

Fix & and define D = {p : 3y p IF y € & so that if 2 € & then ¢(2) > ¢(y). D is dense (proof
left to the reader). If p € D there is g, with p IF 9, € & and p IF if 2 € & then ¢(2) > ¢(yp). By
the induction definition of names, p IF ¢, N & = (). Let A be a maximal antichain in D. Define
w=1{(q,2): e Aqg<pqlFzey}) VEIF|ANG|=1. Letpc ANG. plF (§,Ni = 0 and
W = 7). Since A is pre-dense, VF IFwNi = 0. O

Theorem 29 is what makes everything work: We want to prove that ZFC + ¢ is consistent. So
we force with some P with VT I- . Since V¥ IF ZFC, we're done.

A quick summary: VT is the set of full P-names, so VP C V. But not everything that VF names
is in V. For example, G names an object which is necessarily not in V. The name is in V, but
the object named is not. The object named doesn’t even exist until we know exactly what G is.
But even though we don’t know exactly what it is, we can know a lot about it, e.g., we know a lot
about a Cohen real (see the exercises above).
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Comment on notation: If we say Y = {7 : ¢(&)} then Y is a set of names, but is not itself a
name. If we say & C w we mean that [# C w] = 1; the name & is not a subset of w; it is a subset
of Px V.

Another convention is the phrase “In V¥, ¢ used instead of V¥ IF ¢.
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9 Preserving and collapsing cardinals

Suppose M is a transitive model, M = k a cardinal.? Since M is transitive, we know that in any
MP k will still be an ordinal. But could we have added a function from some smaller ordinal o
onto k7 In this case, MT IF x is not a cardinal.

Here is an example:

Definition 20. The standard forcing Col(k, A) collapsing k to X < k is defined as follows: Col(k,\) =
Uacr K. The order is: p < q iff p D q.

Fact 7. Let P = Col(k,\). Then VFIF3f : X\ — &, f onto. (Hence VT IF || = |)|.)

Proof For 8 < k define Dg = {p € P : 3 € range p}. Dg is dense for all 3 < k. For a < A define
={peP:aecdomp}. Each D* is dense. So if f = |JG, where G is P-generic, then dom
f A and rangef—m O

There are times when we want to collapse cardinals, but usually we don’t.

Definition 21. P has k-cc iff it has no antichain of size k.

We write ccc instead of wq-cc.

Note that if x < A then k-cc = A-cc.

Fact 8. Suppose k is regular and P has k-cc. Suppose f is a P-name for a function where range
fcV. ThenVy {z: [f(y) =x] #0} < k.

In particular, if range f C ON, the hypothesis holds.

Proof. Fix y. Yx € V let by = ¥{p: p IF f(y) =z} = [f(y) =z]. If z # 2z then b; - b, = 0, so
{by : by # 0} is an antichain, hence has size < k. Hence [{x : by # 0}| < K, as desired. O

Corollary 7. If k is reqular and P has k-cc, then VF I k is a cardinal.

Proof. Suppose f: A — k where A < k. For v < X let Ao ={B: [f(a) = 8] #0}. Then |4, < &,
hence | U,y Aol < £ and £\ Uycy 4o # 0. But VF IF rangefCUaO\ a» 50 VP I f not onto.

O

Definition 22. We say that P is k-closed iff all descending chains of non-zero elements {py : o <
B}, where B < Kk, have a non-zero lower bound.

We write countably closed for wi-closed.

If f names a function with range C V, we write p || f(&) iff 3y p IF f(&) =

Fact 9. If P is k-closed, and f: X — V where A < rk then VEIF3g eV f=g.

2if M is countable and M |= x > w then  is not a cardinal in V. But we don’t care — we are looking through
M’s eyes.
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Proof. Suppose A < k and f is a name for a function from A to V.
Let D={p:plk3geV f=g}.

Fix p, and let {po : @ < A} be a descending chain of non-zero elements below p so po || f(c)
— we can do this because I is r-closed. Let ¢ be a non-zero lower bound for {p, : @ < p}. Let
gla) =0 iff po IF f(a) = 3. Then p Ik f = g. So D is dense and we are done. O

As a corollary

Fact 10. If P is k-closed, then no cardinal < k is collapsed in VF.

Proof. Suppose A < p < k,V |= A, p, k are cardinals. VF I if f:X\— K, then thereis g e V f=g.
But no ground model function can take A onto p, so p is not collapsed. O
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10 - CH at last, and more

Here we show how to prove the consistency of A = k for any « with cf kK > .

First we focus on A = w, k > wy, i.e., destroying CH.

Definition 23. The Cohen partial order on k is C,, = {p: p a partial function from k to 2, dom
p finite}.

Fact 11. For all kK C,; is ccc.

Proof. Let P € [Cx]*t. By the A-system lemma we may assume {dom p : p € P} is a A-system
with root r. Since r is finite and there are only finitely many functions from r to 2, we may assume
there is ¢ : 7 — 2 so that if p € P then p < q. Hence {p\ ¢ : p € P} has pairwise disjoint domain,
so P is linked (in fact, centered). O

Thus, forcing with C,, does not collapse cardinals.

Theorem 24. Assume GCH. VC |- ¢ = k.

Proof. For each ¢ a limit ordinal, let Es = {6 + n:n < w}. Let G name the C-generic filter
over V, and f name |JG. Let g5 : w — 2,gs(n) = f(d +n). We need to show that V° IF the gs’s
are distinct, (hence ¢ > k), and that there are at most x many C,-names for subsets of w (hence
VCr i ¢ < k).

Fix § #¢. Let D = {p: 3n p(d + n) # p(&' +n)}. We show that D is dense. Fix ¢ € C,.
Since dom g is finite, there is n with 6 + n,d + n ¢ dom ¢. Define p as follows: dom p = dom
quU{d+n,8+n},p D q,p(0,) =0,p(8’+n) = 1. Then p < gand p IF gs(n) # gs/(n). So VeIk ¢ < k.

Since |Cx| = &, Cy is cce, GCH holds, and cf £ > w, there are at most x many maximal
antichains. And since there are at most x many maximal antichains in C, there are at most k
many sequences of antichains {4, : n < w}. Fix k a Cy-name for a function from w to 2. Let
A}, be a maximal antichain deciding k(n), ie. if p € Ay, then p || k(n). Let k* = {(q, (n,7)) :
IpIng<pc€ Ak7np I+ k(n) = i}. Then k' = (k*)f. So k is determined by a countable sequence of
antichains, and there are only x many of these.

O]

The reader will note that we did not need full GCH. The pieces of GCH we used were: if A < &
then [A]“ < £ (to limit the number of names) and (to name the obvious) [w]<¥ = w (to use the
A-system lemma and show C, is ccc).

We now generalize this construction.
Definition 24. Let p be a cardinal. Fn(A, B,p) ={f: dom f € [A]<P, range f C B}; <=D.
Remark: C, from definition 23 is F'n(k, 2,w).

Fact 12. Let p be a regular cardinal, |B| < p.
(a) if [p|<P < p, then Fn(A, B,p) has the p*-cc.
(b) Fn(A, B, p) is p-closed.
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Proof. (b) is immediate from the definition. (a) follows from the A-system lemma: our hypothesis
implies that if A < p™ then [\|<” < pT, which is the hypothesis needed for the A-system lemma. So
given P € [Fn(A, B, p)]P", there is P’ € [P]?" with {dom p : p € P'} a A-system with root 7. Since
Ir| < p, |BI"l| < p, so there is P* € [P'])?" and q with p|, = ¢ for all p € P*. Then {p\q: p € P*}is
pairwise compatible (because its domains are pairwise disjoint). Hence P* is pairwise compatible,
and P was not an antichain. O

Fact 13. Let p be a reqular cardinal, |B| < p. If GCH holds below p, then Fin(A, B, p) does not
collapse cardinals

Proof. p regular and GCH below p imply that p=<f = p, so by fact 12(a), no cardinals above p™ are
collapsed. By fact 12(b), no cardinals below p are collapsed. ]

Theorem 25. Assume GCH. Let cf k > \. Let P = Fn(k,2,)\). Then VF I |2} = &.

To understand what this theorem means, let P be as in the theorem. By fact 11, for all ordinals
p, V |= p a cardinal iff VF I p a cardinal. So if, for example, k = wy and A = w, then VF IF 2 = wy.
If Kk = w7 and X\ = ws, then VF IF 293 = w7, If K = N, and A = wy, then VP || ow2 — Ny

Later we will state (and hopefully prove) a theorem using iterated forcing which simultaneously
changes the size of power sets. But for now we settle for doing one at a time. The proof closely
follows the proof of theorem 31.

Proof. Let k be partitioned into {Eq : o < r} where each |Ey| = A, and let hq : A — Ej be 1-1
onto. Let G name the generic filter, and let f name |JG. Define g, = f|g, 0 ha : A — 2.

First we show that VF IF Vo # 8 o # gs (hence VP IF 2 > k). Pick a # 3. Let D = {p: dom
PN Eqy#0# dom pN Eg and 3y < A p(ha(y)) # p(hsa(7))}-

We subclaim that D is dense: Fix p € P. Since |[dom p| < X there is v with ha(7), hg(y) ¢ dom
p. Let dom ¢ = dom pU {ha(7),hs(7)}, 4 D p,q(ha(y)) = 0,q(hs(v)) = 1. Then g € D.

But if ¢ € D then ¢ IF go # g3, as desired.

Why does VF IF 2% < k7 Let ¢ be a name for a function from X into 2. For all o < X there is a
maximal antichain A, deciding g(«). By AT-cc, |[Aa] < A Let ¢’ = {(p, (o, 7)) : p € Au, p(a) = i.
Since ¢f = ¢'f, it suffices to ask: how many conditions are there of the form ¢’? By GCH, there are
x many antichains. ¢’ is essentially determined by picking A many maximal antichains. By GCH
and cf K > \, k* = k. So there are at most x names for elements of 2*. Hence V¥ IF 2* < k. O

3ie., if A < p then 2* < p
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11 Some other forcings and technical results

Before moving on to iterated forcing, we introduce the measure algebra and the Sacks algebra and
some technical matters.

Definition 25. A partial order P is w*”-bounding iff Vf : w — w Ig €V f < g*

Fact 14. . Assume CH. If P is w*-bounding, then VF IFd = wy.

Thus an w”-bounding partial order which adds > w; reals over a model of CH shows Cons(¢ > ).
We are about to meet such a partial order.
Definition 26. Let k be infinite.

(a) We define u be the probability measure on the product space 2% as follows: If o is a finite
function from k to 2, and [0] = {f € 2% : o C f}, then u([o]) = 27171, We estend p to a measure
on the Borel subsets® of 2% as usual: u(B) = inf{u(u) : u open and B C u}.

(b) If B,B" are Borel, then B = B' iff u((B\ B') U (B’ \ B)) = 0. The measure algebra
M, = {B/ =: B Borel, u(B) >0}. B/=<B'/=f3C e B/ =C" e B'/= C c (.

We defined M, in terms of / = in order to make M), separative, but it is customary to talk
about B instead of B/ = to make notation friendlier. Just be aware that we are speaking of B/ =
instead of B.

The following is an easy consequence of the definition of measure:

Fact 15. (a) u(2¥) = 1.

(b) If B is a family of sets of positive measure whose pairwise intersections have measure zero,
then u(UB) = Epepu(B).
(¢) w(22\ B) = 1 u(B).

An important corollary to fact 14 (b) is
Corollary 8. M, is ccc.

Theorem 26. Assume GCH, cf k > w. VMr |- 2¢ = ¢,

Proof. First we show that VM”.II— 2¢ > k. (This part does not use GCH.) Let f = |J{o : [0] € G}.
For ¢ a limit < s, define &5 = f|{54nm<w). We show that if § # ¢’ then VM- &5 # &5. The proof
uses the following

Fact 16. VM« |-V3 < x 3o [0] € G and B € dom o.
Hence dom f = k and each &y is defined.
It also uses the following

Fact 17. : Suppose {s, : n < w} C [k]? is a pairwise disjoint family. Then VM=~ |- 3%, ; f|5n is
not constant.

“Recall that g > f iff ¥n : g(n) > f(n).
5The Borel sets are generated from the open sets by complements and countable unions. The important fact here
is that the family of measurable sets is closed under complements and unions.
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Assuming fact 16, fix § # 0'. Let D = {B: B IF &5 # @g}. For n <w let s, = {6 +n,d' +n}.
Fix C € M. By the fact, 3B < C BI- f(§ +n) # f(6' + n). So B € D, hence D is dense.

For the proof of VM« | 2% < k. closely imitate the proof of theorem 31. O

An important corollary to fact 14 (a) is

Corollary 9. VM~ |- ¢ iff Ve € (0,1) 3B u(B) > ¢ and B I+ ¢.

Proof. = is clear. We show <« via the contrapositive.
If VMs 1) o then 3B B I -, and 36 € (0,1] u(B) = 6. If § = 1 we are done. Otherwise, let

6:1—%. If u(C) =e¢, then (BN C) >0, so CIff ¢.
O

Theorem 27. M, is w*-bounding.

Proof. Fix f:w — w. By corollary 34.it suffices to show that Ve >03B €M, 3geV Blrg=f
and u(B) > e.

Fix e. Let Ag be a maximal antichain deciding £(0). Since u(lJ Ag) = 1 thereis Fy € [Ag]<¥ with
(U Eo) > . Define ng = sup{k : 3B € Ey B I f(0) = k}. (Since Ej is finite, ng < w). Let A; be
a maximal antichain below | J Eq (i.e., if C € A then C < |J Ep) deciding f(1). Since u(lJ Eo) > &,
there is By € [A1]<“ with u({J F1) > €. Define ny = sup{k : 3B € E; B IF f(1) = k}. And so on. In
this way we get a descending sequence {|J E,, : m < w} of conditions and a sequence {n,, : m < w}
where each p(|J En) > ¢ and each |JE,, IF f(m) < n,,. Define B = Mncw Bmsg(m) = 1+ np,.
Then B+ f < g and u(B) > e. O

If k is regular, then V™» |- 2¢ = k (proof left to the reader). But My is also useful for the study
of measure and category, defined forthwith.

Recall that an ideal is a family of sets closed under finite union and subset.

An important ideal in the set-theoretic study of the reals is the ideal of M of meager sets, where
a set is meager iff it is the union of countably many nowhere dense sets.%. Another important ideal
is the ideal of N of measure zero (a.k.a. null) sets.

Whenever we have an ideal Z on a set X some natural questions come to mind:

(a) What is the smallest x so that the union of x many elements of Z is not in Z7 (This is called
the additivity Add(Z))

(b) What is the smallest x so that the union of £ many elements of Z is X7 (This is called the
covering number Cov(Z).)

(c) What is the smallest x so that some set of size k is not an element of Z? (This is called
Non(T).)

(d) What is the smallest & so that there is A C Z with |A] =k and VB € Z 3A € A B C A?
(This is called the cofinality Cof(Z).)

The following facts are well-known.

Fact 18. (a) The above cardinal invariants are the same for M whether the underlying space is
R, the Cantor space 2%, or the product space w* —which is homeomorphic to the irrationals.

SA set is nowhere dense iff its closure contains no open set iff the complement of its closure is open dense.
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(b) The above cardinal invariants are the same for N' whether the underlying space is R (under
Lebesgue measure), the Cantor space 2* (under the product measure above), or the product space
w* — which is homeomorphic to the irrationals (under Lebesgue measure).

(c¢) All of these cardinal invariants with respect to R are uncountable, so under CH they all equal
w1.

Fact 19. Let g:w —w. Then Ly ={f: f < g} € M.

Proof. In fact, L, is nowhere dense. We prove this by showing that its complement is nowhere
dense.

Suppose o is a finite function from w to w. If In € dom o with o(n) > g(n), let 7 = 0. Otherwise
let n ¢ dom o and set 7 = o U {(n,g(n)+ 1)}. In either case, [7] C [o] and [7] N Dy = 0.

O

Corollary 10. Assume CH. Then VM« IF 0 = w; hence Cov(M) = w;.
Proof. By theorem 35, {L,: g € VNw*} covers w®. O

This theorem is of interest, because if x is regular uncountable, and CH holds in the ground
model, than VM= |- Cov(N) = k. Hence Cons(Cov(M) < Cov(N)). We may prove this when we
discuss iterated forcing.

A theorem we will not prove is the dual:

Theorem 28. Let r be reqular uncountable. Then VCr |- Cov(N) = wy and Cov(M) = k.

If you are interested in these matters, the standard reference is Bartosynski’s and Judah’s book
Set theory on the structure of the real line.

A relatively short introduction to random and Cohen reals which proves theorem 37 and its dual
is Kunen’s paper Random and Cohen reals in the Handbook of Set-Theoretic Topology. We mention
from that paper, without proof, the characterization of random and Cohen reals.

Definition 27. A real x is Cohen (resp. random) over a model M iff x = |JG where G is
Cy-generic (resp. My,-generic) over M.

Theorem 29. A real x is Cohen (resp. random) over a model M iff x € E for every open dense
(resp. measure 1) set E € M.

We turn now to another way of not collapsing cardinals, known as fusion. Rather than give a
general definition of fusion, we will give an example of its use.

Definition 28. The Sacks partial order S is the set of all nonempty perfect (= closed with no
isolated points) subsets of the Cantor set 2*; <=C.

S was first used to prove a result in recursion theory. But it is also of interest for cardinal
invariants of the reals.

Note that every nonempty perfect set has size 2.

S is provably equivalent to {S : S is a splitting tree, S C T} where T is the binary tree of height
w,<=D. (A splitting tree is a separative tree in the upside down order.) The equivalence is: the
tree S corresponds to the set of Fig functions determined by its branches. As for the other direction,
a perfect set S C 2% corresponds to the tree Ts ={c:3f € S f D o}.
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Theorem 30. (a) Assume CH. S does not collapse cardinals.
(b) S is w¥-bounding.

Proof. Since |S| = 2%, under CH |S| = w1, hence S has ws-cc and preserves cardinals > ws. So for
(a)we only have to show that it preserves wy, i.e., if f : w — w; then range f is bounded below w;.

In fact we prove (a) and (b) simultaneously by proving: (¥) if f : w — V then D j={5€S:
for each n there is s, with |s,| < 2" and S I+ f(n) € s,} is dense.

Suppose we've proved (*). For (a): Fix f:w — w;. Let S e Dy via {sp : n <w}. Each s, is a
finite subset of wy, hence |J sy, is a countable subset of wy and S I range fc Usnp. For (b): Fix
frw—w Let S €Djvia{syp:n <w} Vnlet g(n) =sup sp + 1. Then S Ik f(n) < g(n).

So let’s prove (*). We use the following fact: Every uncountable closed set of reals contains a
perfect set.

Some notation: We denote the finite function o U {(|o|,4)} by oi.

Let S € S. Let Sy < S with Sy || f(O) Define sg = {k} where Sy IF f(0) = k. Now let Sp, S1 < S
with S; || f(1), and let sy = {k : Sp IF f(1) =k or S1 IF f(1) = k}. Etc. Le, giveno :m —1— 2
and S, we define Sy0, So1 < Sy, each Sy; || f(m), and define s,,, = {k : 37 : m — 2 S, I f(m) = k}.

This gives us a branching set of conditions {S; : 7 € |,,,,(™2)} so that S; < S, iff 7 D ¢, and
S, LS, iff rLlo.

We define the fusion S* as follows: Let S, = [J{S; : |o| = n}. Define S* =, _,, Sn. Since 2“ is
compact, S* is closed uncountable. By the fact there is a perfect set ST c S*. ST I+ Vn f(n) € Sp.

O]

Theorem 31. Assume CH, let k be regular uncountable and let P be a countable iteration of length
k (whatever that is) of Sacks forcing. Then VP IF 2% = k and Inv(N) = wy, where Inv is any
cardinal invariant of N defined above.

Proof. By a fusion argument, every new measure zero set sits inside an old measure zero set.

Two hints on the proof: 1. Let N name a null set in VS, and e € (0,1). There is a sequence
of names {i, : n < w} where each , is basic open (hence in V),” u(i,) < -2~ and VS IF
N C U, ttn- Below any fixed element of S we construct a splitting tree {S, : o € |J;_,(¥2)} of
conditions as before, where each S, decides 1|, = v, and let 1w, = U‘U‘:n Up. Then p(w,) =¢e-27"
and the fusion S I N C Un<w Wni Upew wn < e

2. Using #1, below any fixed element of S we construct a splitting tree {S, : o € |J,(¥2)} of
conditions as before, where this time for each S, there is v, with p(v,) < 2-(2n+1) "if & © 7 then
vy D vy, and S, IF N C v,. Let S be the fusion, and let W = MNhew U|U|:n Up. (W) =0, and
SIEFNCW. O

Gerald Sacks’ original motivation for Sacks forcing was to prove:

Theorem 32. Let M be a countable transitive model of set theory, let G be S-generic over M, and
let  =(G. Then for all y2* € M[G]\ M, Mly] = M|z]; in fact Vy € M|G]\ M, M[y| = M|x].

Hence, if x is a Sacks real over M, then there are no models between M and M [z].

"Each 4, names an element of V, we just aren’t told which one.
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When are two partial orders P, Q essentially (in the sense of forcing) the same? Clearly if they
have isomorphic Boolean completions (we say then that P 2 Q). But when does that happen? Also,
when does forcing with one partial order automatically add a generic object you get by forcing with
another partial order?

Definition 29. An embedding e : P — Q is a complete embedding iff for all p,p’ € P and all g € Q

1. pLp" iff e(p)Le(p’)
2. if p < p' then e(p) < e(p')

3. rePq-e(r)#£0 forallr' <r.

Note that condition (3) follows from (2) and “e[P] is dense in Q.”

For example, let B be the Boolean completion of P. Then the identity map is a complete
embedding from P to B. Similarly, if B is the smallest Boolean sub-algebra of the completion of P
containing P, then the identity map is a complete embedding from P to B.

We write P > Q iff there is some e : P — Q a complete embedding.

Why are complete embeddings important?

Theorem 33. IfP > Q, and G is a Q-generic filter, then e‘_[G] is a P-generic filter.
ILe., forcing with Q necessarily adds a P-generic object.

Proof. Let e : P — Q be a complete embedding. Let D be pre-dense in P. It suffices to show that
e[D] is pre-dense in Q.

By the contrapositive, suppose e[D] is not pre-dense in Q. Then there is ¢ € Q with g_Le(p) for
all p € D. Let r be as in (3): if v/ < r then q-7" # 0 for all 7/ <r. If r-s # 0 for some s € D, then
q-(r-s)#0, a contradition. So LD, and D is not pre-dense.

O]

Fact 20. P2 Q iff P>Q > P.

Proof. The composition of complete embeddings is a complete embedding, and the image of P under
the first embedding is dense in Q whose image is in turn dense in P under the second embedding.
Hence the completion of Q is squeezed above and below by the completion of P, so they are the
same. 0

Here is a not obvious application of theorem 41.

Fact 21. A countable weak product of partial orders necessarily adds a Cohen real. More precisely,
for n < w let P be any partial order. Define P = @ncPn = Upey, n<iPrn, where we say
D= (po,---pn) < q@=(qo,---qm) iff n > m and for i < m p; < ¢;. Then C, = Fn(w,2,w) embeds
completely in the Boolean completion B of P

Note that if some p; Lq;, then p1q.
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Proof. For o € C,, define e(o) = (p?(i) : i < |o|) where we define p° = —p,p! = p. Then (1) and
(2) are clearly satisfied. What about (3)?

Suppose ¢ € B. Without loss of generality, ¢ € P. Suppose ¢ = (¢; : i < n). Define 0 : n — 2 as
follows: o(i) = 1iff ¢; - p; # 0. Suppose 7 < 0. Then e(7)|,, = e(0)|y so e(7) - ¢ # 0.

O

This application is not that useful — we almost never use products. But the method of proof
can be generalized to show that any countable iteration of ccc partial orders with finite support —
whatever those are — necessarily adds a Cohen real, and we will do this later.

As long as we're on the subject of adding a single Cohen real:

Fact 22. Let P be a countable separative partial order. Then P = |J,_,(*2), i.e., any countable
separative partial order essentially adds a Cohen real.

Proof. Here is a sketch of the proof: 1. Any two countable atomless Boolean algebras are isomor-
phic. (This is similar to the proof that any two countable dense linear orders are isomorphic.) 2. If
P is a countable separative partial order, consider the smallest Boolean algebra in which P embeds
densely. This is not the completion: it is much smaller, in fact it is countable. Hence any two of
them are the same. But they all embed densely in their completions, hence their completions are
isomorphic. O

Corollary 11. Let & by a C,-name for a real not in V. If M is countable transitive and G is C,,-
generic over M, then M[z/G] (= the smallest model extending M containing ©/G) adds a Cohen
real.

Proof. Let P be the partial order in the completion of C, generated by all [i(n) = i] where
n < w,i < 2 (or, equivalently, i < w). Since & ¢ V', P is a countable separative partial order, hence
adds a Cohen real. The reader is invited to show that P > C,. (Hint: property (3) is the only
not-entirely-trivial property.) O

The situation for Sacks reals contrasts with the Cohen situation: If y € M[z] N 2%\ M, where x
is Cohen over M, then M[y| adds some Cohen real, but it need not be x. There are many models
between M and M|z]. For example, if A C* B,A,B € M NP(w) and z is Cohen over M then
Mlz|a] € Mals] € Mla).
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12 Two-stage iteration

A two-stage product is easy: P x Q has the partial order (p,q) < (p/,¢) iff p <p’ and ¢ < ¢

But iteration is different from product. In product forcing, all the partial orders live in the
ground model. But in iterated forcing, the second partial order does not live in the ground model,
even though V' may recognize a partial order with the “same” definition (e.g., “all perfect sets” or
“all positiive measure sets”...) something with the same definition might.

To make this concrete, let’s consider first adding a Cohen real and then adding a Sacks real..

This means first forcing with C,, and then with whatever the new model thinks is the set of all
perfect subsets of R, i.e., with S. Note that there are perfect sets in VC \ V, so S is not a subset
of V. In general, product forcing is not iteration.®

To force first with C,, and then S our conditions have the form (p, S ) where p IF S €S, and the
partial order is (p,S) < (p/,8") iff p<p  and plF 5 < 5.

As an exercise, let’s give some specific examples. Let G name the Cw—generic filter. We use

the characterization of S as the set of splitting subtrees of | J, <w(kw). Here are four elements of S.
(Note that ) € S for all S € S.)

1. Let a name {n : |J G(n) = 0}. S names the following binary tree: if o € S and |o| € a then
00 € S and o1 € S. Otherwise 00 € S and o1 ¢ S.

2. Let R name the following binary tree: if o € R and 2|o| € a then 00 € R and o1 € R.
Otherwise 00 € R and o1 ¢ R.

3. Let T' name the following binary tree: if o € T and |o| ¢ a then 00 € T and o1 € T
Otherwise 00 € T and 01 ¢ 7.

As an example, let p be the following condition (listed as a sequence rather than a function):
p = (0101). Then p puts the following elements in a: 0, 2. And p puts the following elements in
w\a: 1, 3. So p puts the following sequences in S: ), (0), (1), (00), (10), (000), (001), (100), (101),
(0000), (0010), (1000), (1010).

Exercise:

Let p = (0101). What does p put into R,T?

As an example, we’ll show that VC I SLT: Suppose some p IF o € SNT. If o(k) = 1 for
some k then, by definition of S, T, pIF o|x_1 splits in both trees, so p IF (k—1l€eaand k—1¢a),
a contradiction. Hence Vn € dom o o(n) =0. So SLT = {0 : Vn € dom o o(n) = 0}, which is not
a splitting tree.

Exercise:
Show that V |- S, R are not comparable.
Now for the general definition:

Definition 30. Let P be a partial order in V, and suppose VT |- (@ s a partial order. We define
P+Q={(p,q):plF¢e Q} under the order (p,§) < (¢',¢") iff p<p and plF ¢ <.

Here is an interesting example, known as Mathias forcing:”
P = [w]¥; <=C*. Let G be a P-generic filter. Note that A |- C € G iff C O* A.

81n rare cases it is, as we’ll see later.
Q . . . . .
9developed to discuss some questions in descriptive set theory
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Fact 23. 1. P is countably closed, hence adds no new reals.
2. VPG isa non-principal ultrafilter on w.

3. VPI- G is a Ramsey ultrafilter, i.e., VP' I if A={A, :n<w} e v pairwise disjoint and
U A = w then there is B € G either In A, € G orVn |BNA,| <1 (we say that B is good for A).0

Proof. For#1: This is because any countable non-principal filterbase on w has a lower bound.
For #2: G is a filter by definition.
For non-principal: Fix a € [w]<“. Given A € P, let B= A\ a. Then B< A and Bl-a ¢ G.

For ultrafilter: We use the fact that there are no new subsets of w in VP, So it suffices to show
that VF IF VC C w either C € Gorw\Ce€G. Fix CCwandlet AeP. If C'NAis finite, let
B = A\C.. Then B < A and B I+ U{\C € G. If CNAis infinite, let B =ANC. Then B < A and
BIFCe@G. So{B:BlIF(w\CeGor Bl-CeG)} is dense, hence G is an ultrafilter.

For #3: First note that, by #1, if VPR ff is a countable sequence of subsets of w, then V' IF
there is some B € V with A = B. So it suffices to consider A € V.

Let A= {A, :n <w} € [w]* pairwise disjoint, | JA = w. Let A € P. If 3n AN A, is infinite, let
B=ANA,. If Vn AN A, is finite, there is B € [A]* with |[B N A,| <1 for all n. In either case B
is good for A and BIF B € G. So {B €P: Bl (B is good for A and B € G)} is dense. O

Now define Q = {q = (a4, 4,) : a4 € [W]<¥, A, € G,supa, < inf A,};q < q¢ iff g D ag, Aq C
Al supay, < inf(ag \ af), (aq \ a}) C A}.M

Exercises: 1. VF IF Q is cce, in fact o-centered. (Hint: Fix a. In V¥, what can you say about
{q:a,=a}? Use that VP I- G a filter.)

2. If (4,¢) € P Q, then A, D* A.

Let H be the Q-generic filter over VF. Let C' = quH agq

Exercise: VPQ |- c* A for all 4 € G.
~ Note that while the elements of Q are in V, Q itself is not in V, since its definition depends on
G.

Mathias forcing is the forcing P x Q. It first adds a Ramsey ultrafilter, and then destroys it by
finding a pseudointersection.

Fact 24. Mathias forcing adds a function f :w — w which dominates V Nwv.

Proof. First, some notation: If A C w, f4 denotes the enumerating function of A, i.e., fa(n) = the
n'™ element of A.

Let C be the generic set added by Q, and define h= Je- Suppose g €V, g w — w,g. We show
{(B,q) : (B,q) I h >* g} is dense.

Pick (A,q) € P* Q. Define B as follows: Let n = |a,|. For m > n, k,, = the least i € AN A,
with i > g(m). B = ag U {km : m > n}. By definition fplu\supa, > Ilo\supa,- (B (ag, B)) < (4,49)
and (B, (aq,B)) IFh > fp >* g. O

YEquivalently: F is a Ramsey ultrafilter iff for all f : [w]™ — n for some m,n < w then there is A € F, A
homogeneous for f.
" Note that VT IF Q C V, even though VP IF Q ¢ V (the name Q is, of course, in V).
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Here is another example of two-step iterated forcing:

Theorem 34. Cons(2*' = w7 and 2“2 = wy).

Proof. Start with a model of V' of GCH.

If your instinct is to force with Fn(wi7,2,w) * Fn(w42, 2,wy) — forget it. In order to have
F (w42, 2, ws) have the ws-cc and not collapse cardinals, we would need that VF™«17:2:€1) |1 [y]1 =
wo. Which it doesn’t.

So instead we switch: let P = Fin(wsz,2,ws), and in V¥ let Q= Fn(w@, 2,w2). Since P adds no
subsets of w, VT I [w1]¥ = w1, which is what we need to show that VP IF Q has the wy-cc, hence
does not collapse cardinals. O

Let’s carefully examine the definition of Q in the proof of theorem 25. Because P is wo-closed,
% - Vf € V<er Jg e VAV<er f =g So VP IF VN Fn(wir,2,w1) = Fn(wir,2,w). Le.,
PxQ = Fn(wse,2,w2) X Fn(wi7,2,w;). This iteration is actually a product.

There are two other standard instances of this phenomenon.

First a definition: Given a set I, My is the measure algebra on 2/; C; = Fn(I,2,w). We will
not prove

Theorem 35. Let I,J be disjoint. Then M,y = My x My = My * M.

The interested reader can look this up in Kunen’s article. It is essentially the Fubini theorem,
and its proof is not nearly as trivial as the proof of

Theorem 36. Let I, J be disjoint. Then Cjuy = Cp x C; = Cp * Cy. In fact, for any J, for any
partial order P,PxC; =P« Cj.

Proof. VP IFif p is a finite function into 2, then thereis ¢ € V with g = p. So VF IF VNC; = Cy;. O

A proof similar to the proof of fact 21 gives:
Theorem 37. Let IP be a ccc iterated forcing with finite support of length v. Then C, > P.

Theorem 38. If P is ccc and VT IF Q is cce, then PxQ is ccc.

Before proving this theorem, let’s put it in context.

Theorem 21 stated that MA + —CH = the product of two ccc spaces is ccc. But this is not
always true.

What can go wrong is that V = P is ccc, but V¥ I- P is not ccc. When this happens P? is not
ccc.

For example, the partial order sending a branch through a Suslin tree is ccc but forces its own
lack of ccc. Back in the mid-1970’s, Galvin proved that under CH there is a separative ccc partial
order whose product is not ccc. Fleissner then got the same conclusion in any Vi1, and then
Roitman got the same conclusion in any VC or VM« We may prove the C,, result later.
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Proof. Let VP IF Qis ccc. Suppose A = {(pa, da) : @ < wy} is an antichain in PxQ. If {p, : a < w;}
is countable, then there is p and uncountable E so a € E = p = po. Hence p I- ¢oLgg for
a # € E, which contradicts VF IF Q is ccc

Now suppose {po : @ < wi} is uncountable. Let G be the P-generic filter, and define E =
{(par@) : @ < w1}, ie., po € G = a € E. If some p, IF E countable, then Hy, = {8 : pa
is compatible with pg} is countable. If {« : H, is countable} is uncountable, then by induction
we can construct an uncountable set W C wq so that if « < § € W then p, ¢ Hg, i.e., W is an
uncountable antichain. But P ccc, so there are at most countably many such p, with Hy countable
By throwing them away we may assume that each p, |- E is uncountable, i.e., VT IF {a:pq € G}
is uncountable.

If po - pg # O then, since A is an antichain, ps - pg IF ¢aLgg. And VP_H— if pa,pg € G then
Pa - pg # 0. ie. VP {o : a € E} is an antichain in Q. Since VF IF Q is uncountable, this
contradicts the hypothesis that V¥ IF Q is ccc. ]

By closely imitating the proof of theorem 38, we have

Theorem 39. For any reqular k, if P is k-cc and VT IF Q is k-cc, then P * Q is k-cc.
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13 Iterated forcing

Definition 31. An iterated forcing of length v is a sequence of the form {Py : a < v} where
|Po| = 1, and each Poy1 = Po x Q.12 Given the iteration {Po : o < ~} and o < v, we write

:{Pg.ﬁ<a}.

A word about how the iteration starts off. Py is the trivial partial order. Qp € VFo = V.
P, =Py + Q.13

Note that when a > 0 is a limit. then P, is also a limit, that is, each p € P, is the union of all
Dy, Y < Q.

A condition in the iterated forcing {P, : v < v} is necessarily a function p with domain , each
p(a) = pa € Py. Hence po = 1p,, p1 € Qo, and each py IF pat1 = Pa * o, Where py IF §o € Q.. This
is not, however, sufficient — not all such functions are forcing conditions in a particular iteration,

and part of the art of constructing any particular iterated forcing is constraining which functions
are conditions.

The order is: p < p' iff each po IF Gat1 < ¢l yq-

We have P, > Py if @ < [ by the embedding e(p)(d) = ps if § < a; otherwise e(p)(d) = 1p,.
(Note: From now on we will dispense with the subscript on 1.)

It is very important to note that conditions in each P, are sequences of names, and hence
elements of V', so we can talk about these names even though we don’t know exactly what these
names signify.

Definition 32. An iterated forcing {P, : o < ~} is said to have finite support (respectively,
countable support) (respectively, support of size \) iff for every condition p at most finitely many
(respectively countably many) (respectively X\ many) pa satisfy po I Go = 1.

We define the support of a condition p to be {a+ 1 : po I Go = 1}.

Let P be an arbitrary property of partial orders (e.g., ccc, or countably f:losed). We say that an
iterated forcing is an iteration of forcings with property P iff each VP |- Q, has property P.

Here are two examples:

Adding a scale Given a model V, let Qi be the standard ccc partial order forcing some
g : w — w which dominates V Nw®. (See theorem 21(b) for the definition of Qy.) Let cf k > w. We
define a finite support iteration Pycale = {Po : @ < £} where Py = Qy, and each VPa |- Qa = vaa.
We denote by go the generic function added by Q4. By definition, if f € (w*)Fe then g, >* f.

Pgycate adds a x-scale. To show this we will need: Theorem 40: a finite support iteration of ccc
forcings is ccc; and the following corollary of theorem 42: if x has uncountable cofinality,and P is
a ccc iteration of length x with finite support, then any name for a countable subset of V in VT is
an element of some Ve where a < k. We will prove these theorems later.

Using theorems 40 and 42, let’s prove that this forcing adds a k-scale, i.e., that {g, : @ < K} is a
dominating family well-ordered by <*: If h:w — w,' then there is a with h € VP, By definition
of Qa,h <* o. So {Go : @ < w} is a dominating family. Since each g, € VFe+1 if a < 3, then
Ga <* 3. S0 {ga : @ < Kk} is well-ordered by <*.

121t is possible to have iterations along other sorts of directed systems, but we will not deal with this here.
Bwhen we refer to all Qq, the reader is reminded that we are including Qo
4this includes h = f for some f € V

32



A well-ordered base for the club filter Given a model V of GCH, let Cy = {C € V : C'is
a closed unbounded subset of w;}. Recall that Cy is closed under countable intersection, i.e., the
countable intersection of clubs is club. We define the forcing Qy = {(¢,C) : ¢ € V is a countable
closed subset of wy,C' € Cy'}. The order is: (¢,C) < (¢/, (") iff ¢ is an initial segment of ¢, C C C’
and ¢\ ¢ C C'. If G is the Qy-generic filter, we define D = |J{c: 3C (¢, C) € G}.

The following is assigned for homework, due orally on the Tuesday after break:

1. Qv is countably closed.

2. D is uncountable.

3. Define A c*® B iff A\ B is countable. Then D c°® C for all C € Cy.

We proved in class that, assuming #1, D is closed, hence, by #2, D is club. Proof that D is
closed: It suffices to show that if p IF E C D for some countable E, then 3¢ < p ¢ IF sup E € D.
(By #1, no countable subsets of V' are added, so it suffices to consider ground model sets E.) So
suppose some p |- E is a countable subset of D. Since F is countable, there is f:w — F, fis 1-1
onto. Let g, = (¢n,C) < p be a descending chain of conditions, where each f(n) € ¢, — we can
do this because p I E C D. Let g = (¢, C) be a lower bound of all g,. By definition, E' C ¢. Since

cis closed, sup F € c. And ¢qlFcC D.

Later we will need the following: if CH holds in V, then Qy is we-cc (because two conditions
with the same first coordinate are compatible). Note that cf wy > wy.

For uncoun‘_cable sets A, B we write A <. B iff A\ B is countable. Then VO |- C <. D for all
D € Cy. le., C is a lower bound for the club subsets of V.

We define a countable support iteration Pey, = {Pq @ @ < wa} where Qy = Qp and each
Qa = Qv]pa. This forcing adds a <.-decreasing wo sequence of club sets {Ca s < wy} so that if
D is club in w1 then there is some o with D > C’a. So in VFewb we have an wo-descending family
(under <.) of club sets which generates the club filter.

To show this we need: Theorem 41: a countable support iteration of countably closed forcings is
countably closed; and the following corollary of theorem 42: if CH holds, cf £ > wy, P is a countably
closed iteration of length  and if D names a subset of wy in V? then there is o < s with D € VFe,

Given theorem 41 and theorem 43, the proof that P, adds a well-ordered base for the club
filter is similar to the proof that Py, adds a scale.

So we need two types of theorems: 1. cardinals are not collapsed; 2. small sets are added at
early stages.

First, we give sufficient conditions for not collapsing cardinals:

Theorem 40. Iterated ccc forcing with finite support is ccc, hence does not collapse cardinals.

Proof. Suppose that {P, : @ < v} is a finite support iteration of ccc forcings. Suppose we know
that each P, is ccc for a < . If 8 = a + 1, then we are done by 2-stage iteration. Otherwise
is a limit. Suppose A is an uncountable antichain in P3. Without loss of generality |A| = w;. Let
S = {support(p) : p € A}. Since S is a family of w; many finite sets, without loss of generality S is
a A-system with root r. For p € A, let p), = p, if a ¢ r; otherwise p,, = 1. Thenp#q€ A=, ¢
compatible (because if p/, # 1 then ¢/, = 1 and vice versa). Hence if p # ¢ € A then Ja € 1 poLga.
But sup r < 3, so Pgyp, » is ccc, hence A is not an antichain.

O]

Theorem 41. [lterated countably closed forcing with countable support does not collapse cardinals.
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Proof. Let P = {P, : a < 7} be an iteration of countably closed forcings with countable support.
Suppose {p" : n < w} is a descending sequence of conditions, support p” = S,. Note that each
Sn C Spt1. Let S =, Sn- We define p a lower bound for {p" : n < w} by induction on S:

Suppose we know p,41 for « € S. Let § =infS\a+1. Let gs =1if @ < § < 3, and for
all 6 € (o, 3),ps IF ps+1 = D5 * §5; hence we have defined pg. Each (p")g41 = r™ % ¢" for some r".
Define pgy1 = pg * ¢ where pg I ¢ is a lower bound for {¢" : n < w}. Etc.

Support p = S, which is countable, so p € P. By construction, p < p” for all n.

]

Now to give sufficient conditions for small sets being added at early stages. We use the fact that
sets in forcing extensions are determined by antichains

Theorem 42. Let {P, : a < 7} be a k-ccc iteration with support < \. Suppose K < X\ < cf v. If
i € [V]= then there is § < ~,4 € Vs,

Proof. We work in VF». Since & C V and |#| < A, there is f : A\ — V, & = range f. Since P, is
K- ccc, for each a < X there is Ay € V, A, a maximal antichain deciding f(a), |As| < A. Each
E, = UpEAa support(p) has size < A, as does £ = |, Fo. SosupE < . Let 6 > sup . Then
3y € Py & = . 0

In particular, the hypotheses of theorem 42 hold if IP is a ccc iteration with finite support and cf
v > w; or P is a countable support wo-iteration of countably closed forcings with wo=cc, cf v > w;.

These three theorems complete the proofs that Py, adds a scale, and that P, adds a well-
ordered base for the club filter on w;y.
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14 MA + —CH is consistent

We are about to prove the consistency of MA + —CH.

Some useful notation: if X is definable from parameters in M a model (hence X € M), then
XM = {2 : M = 2z € X}. Similarly, if X is definable from parameters in M¥ a model (hence
X € MP), then XM = {&: MFP IF & € X}15

First, a technical lemma.

Lemma 3. Let P be a ccc separative partial order of size k.
(a) For all A < k, ()\‘“)VP < (k)Y .16
(b) For all A < k, (2M)V" < (kM)V.

Proof. (a) In VP, let f:w — A. Bach f(n) is determined by a countable antichain A, C P. In V,
how many such antichains are there? x“. In V|, how many sequences of such antichains are there?
(b) In VP, let f: A\ — 2. Each f(«a) is determined by a countable antichain A, C P. In V, how
many such antichains are there? x“. In V, how many A-sequences of such antichains are there?

( Hw)k — g
O

Corollary 12. Assume GCH, and let P be a ccc separative partial order of size k, where Kk is
reqular. Then VA < r (2M)V" < k.

Proof. If GCH holds and & is regular, then k<" = k. O

Theorem 43. Let k be regular in a model V' of GCH. Then there is a partial order Pyia so that
VA - MA + ¢ = k.

Proof. We want to find a model of: ¢ = x and if Q is a ccc separative partial order, and D is a
family of dense sets, where |D| < k, then there is a filter G C Q, GN D # () for all D € D.

First, note that if D is dense, and A is a maximal antichain of D, then YA = XD = 1, and
a filter meeting A also meets D. So it suffices to require: if A is a family of maximal antichains
where |A| < x then there is a filter G so if A € A then G N A # ().

Suppose such a G exists. Then there is a partial order Q' of size |A|, Q' C Q, with G C Q" and
JA C Q' (namely the Boolean algebra generated by [ J.A). A filter in Q" meeting every A € A is
a filter in Q meeting every A € A. So it suffices to look at ccc separative partial orders of size < k,
and familes of maximal antichains of size < k.

We will use ccc iterated forcing that works its way through every ccc separative partial order of
size < k that arises at earlier stage. l.e., our final partial order Pyip will be a ccc iteration with
finite support {P, : @ < k} where each P, IF Q, is a ccc separative partial order of size < k.

Why does it suffice to consider only x many such partial orders? And how can we make sure
that we take care of each one?

5for those who know what elementary submodels are: if M is an elementary submodel of a sufficiently large H(6),
then X™ = X N M; a similar statement holds for M*
Here “A“” denotes the cardinal, not the set of functions, so we don’t need a \“.
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Since every partial order of size A is isomorphic to a partial order on A, it suffices to consider
partial orders on each A < k.

So we consider only partial orders of the form Q= (A, éQ)v where \ < k.

How big is our final iteration Py;a? Each condition is a sequence of functions from x with finite
support, and if & + 1 € support p then p, IF ¢, € A for some X\ < & , so [Pyal| = [5]<¥

What about the ﬁ@’s? Each is a subset of A\? for some A < k. So by corollary 12 there are at
most x many. And by theorem 42, each is an element of some (hence all but < x-many) Ve,

= K.

‘ Also, suppose .A is a family of maximal antichains of some Qa partial order on some A < &,
|A] < k. If A € A then A is a countable subset of A, so by theorem 42 A € P, , for some a ; < .
Since |A| < #,sup{a : A € A} < K, hence Ja ¥y > a A C VP, If Q = Qg for some vy > « then
any Q,-generic filter meets every element of A.

Now we know how to proceed.

Let h : k — k2 so that if h(a) = (8,7) then 8 < a. For each 3, let {Qg., : v < &} list all ccc
separative partial orders in VFe of size < k so each partial order is listed £ many times.'7. Let
Pypa be the iteration with finite support of {P, : @ < k} where each Py 1 = Py, * Qh(a) 18

Now we show that MA + ¢ = & holds in VFMma,
First, since cofinally many Qq = Cy, we have added x many Cohen reals, so ¢ > k. Second, by
lemma 3(b), ¢ < . Hence (¢)V"M =&

Now for MA. Suppose Q is a Pyia-name for a partial order on some A < k, and A is a Pya-name
for a family of maximal antichains of Q. |A| < x. Then Q = Qa for a cofinal set of a’s and there
is a so if ¥ > « then Ac VP, Let v > « with Q = Q,. The Qw generic filter over VF7 is a filter
in Q meeting each element of A.

O]

"the convention we use is that each Qo s names a partial order in the ground model V
Bthis is often shortened to “by a bookkeeping argument...”
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15 Easton forcing

Recall Konig’s theorem: cf 2% > k. Clearly 2% < 2* if x < X. The purpose of this section is to show
that these are, effectively, the only constraints on (simultaneously) all 2% for x regular.

We define REG = the class of regular cardinals. The class ! function v : REG — CARD is
Easton iff K < A = v(k) < v(A) and each cf v(k) > k.

Theorem 44. (Easton) Assume GCH. Let v be an Easton function. Then there is partial order
P, where VF I 2% = v(k)

Proof. In the 2-step iteration of theorem 34, in order to avoid collapsing cardinals we needed to
change 2“2 before 2“1. This downgraded our iteration to a product of partial orders in the ground
model. This is the insight that allows Easton’s construction to go forward.

So let v be an Easton function. We define the elements of P, as follows: p € P, iff dom p is an
initial segment of REG, each p(k) € Fn(v(k),2, k), and for all cardinals A\ < sup dom p, [{x € AN
REG: p(k) # 0} < A . (This last clause is only meaningful when \ is a regular limit cardinal, i.e.
when A = Ry; otherwise it is automatically satisfied.)

P, is also a class. Define VF» =, .gpg V=, where P, = {p € P: dom p C k}.

We define the order: p < p’ iff dom p D dom p’ and if & € dom p’ then p(a) D p'(«).

Define P% = {p € P, : p(\) # 0 then A > x}. Then, for each x, P, = P, ,, x P¥ = P x (P, )V

Each P) is, by definition, A-closed, so it preserves cardinals < .

In general, if Q is a class forcing, then V@ need not be a model of ZF: consider Q = F' n(w, ORD,w),
which makes ORD countable. In V@, replacement fails. Luckily that doesn’t happen here. It is

a useful exercise (left to the reader) to show that VFv |- ZFC. This relies heavily on the fact that
each P is \ closed, so adds no sets of size < .

We show that each P, y+ is AT-cc:

Let p € P, \+, and let I, = {x € REG: p(x) # 0}. Each [I,| < X (because I, C (I[,NA\)U{\} and
[ I, NA| < A). For all k € I, let Ep . = dom p(k). Each |Ep | <r < A Let By = U,cp Epr x {s}.
Each |E,| < A. Note that p L ¢ iff there is (v, k) € E, N E, with p(k)(y) # q()(7).

Suppose {po : @ < AT} are distinct elements of P, y+. By GCH A<* = X\ < AT, so by the
generalized A-system lemma there is X € [A]A" with {E,o : @ € X} a A-system with root E.
|E| < A, so 21El < X, so there is Y € [X]*" so that for all o, 8 € YV and all (v,k) € E pa(r)(y) =
pp(k)(7). Hence if o, B € Y then p,, pg are compatible. So {ps : & < AT} is not an antichain.

Hence no At is collapsed: P} is At-closed, so does not collapse A*; (P,a+)Y has AT — cc, so
does not collapse A, and P, = P)" * (B, +)".

What about other cardinals?

Fact 25. Suppose Voo € ONV |= cfa= X iff VeIF ¢f a = X\. Then Q does not collapse cardinals.

Proof. Suppose & is regular in V. If V@I |s| = A < &, then VO I ¢f kK < X < &, a contradiction.
Suppose « is a limit, i.e., kK = sup{k, : @ < cf K} an increasing sequence, where each k, is regular.
Since no k. is collapsed, x is the sup of an increasing sequence of cardinals, so it must be a
cardinal. O

199 is a class, not a set
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So we need to show that cofinalities are preserved by P,.

First, note that if V = k = sup{xa : @ < p} an increasing sequence cofinal in x, p = (cf )V,
and VP |- cf Kk =\ < p, then VE IEof p= X let {N\g: 3 <A} bea VPo_sequence cofinal in k. In
VFo define f: X — p by f(B8) =inf{ka : ka > Ag}. Then f is non-decreasing and cofinal in .

Since V' = p regular, it suffices to show that the cofinalities of regular cardinals are preserved.

Suppose f : A — & is increasing, A\ < ,V E k is regular. Pi‘+ is AT-closed, so adds no new
functions with domain \. Hence f € Vot P, a+ has AT-cc, so for every o < X there is a maximal
antichain A, of size < X so A, || f(a). Define FF € V. F': A — &, Fla)={p:3pe Ay pl+- f(a) =
B}. Each |[F(a)] < A, and Voo < A VFer |- f(a) € F(a). But V = U, F(a) is not cofinal in «,
SO range f is not cofinal in k, and k remains regular.

Finally, we show that VFv |- 2% = v(k) for every x € REG: Since Fn(v(k),2, ) > P,, 20V |-
2" > w(k). Since GCH holds, there are at most v(x) many P, .+-names for subsets of x, so

wt
Vit | 2r = v(k). Since Vv“+ is s *-closed, it adds no new subsets of . Hence Vv = Vo Fout |-
28 = v(kK).
O

Note that nothing like Easton’s theorem is true for singular cardinals: there are serious con-
straints on 2” for x singular. Early on, Silver showed that if k is singular of uncountable cofinality
then 2% depends deeply on 2* for A < k. E.g., if, k = N, singular, cf v > w and for some fixed
n, 2% = R, for all regular X, < &, then 2% = N.4+n. Uncountable cofinality is essential here:
early on, Magidor showed that GCH could hold below X,, but 2% > R*. Magidor’s techniques do
not extend to making 2%« as large as you want: Shelah showed that (R,)* < sup{,,,c}. Another
theorem of Shelah’s if that if  is the first cardinal with ™% > sup{x*,2*} then cf x = w.?!

2Ostrictly speaking this does not make sense, since P- is a class, but it’s easy to adapt the definition of > to make
sense of it -

21this is an extremely brief summary of the singular cardinals problem, and there are many more profound and
beautiful results in this area
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16 Kurepa’s hypothesis

The point of this section is to give you a sense of how collapsing a large cardinal can give you a
result on small cardinals.

Kurepa’s hypothesis says that there is no Kurepa tree. A Kurepa tree is, in some sense, an
anti-Suslin tree. Define an wi-tree to be a tree of height w; in which every level is countable. A
Suslin tree is an wi-tree with no uncountable branch and no uncountable antichain. A Kurepa tree
is an wi-tree with at least wo uncountable branches (hence a splitting tree, hence with at least wy
uncountable antichains).

It is known that in L, the constructible universe, there are Kurepa trees. (That is what the
combinatorial principle [J is about.) If there is an inaccessible cardinal in a model V', then you can
define a partial order adding a Kurepa tree to V. This is an exercise in Kunen and I will leave it
as such. Instead we will prove:

Theorem 45. Let k be inaccessible in V. Then there is a partial order P with VF I (k = wo and
there are no Kurepa trees).

Proof. P is defined as follows: p € P iff p is a countable function, dom p C (x\ {0}) X w;, and each
p(B,a) <B. p<qiffpDgq.

If {pn : n < w} is a countable descending sequence of elements of P, then |J,_,, pn is a lower
bound, so P is countably closed and does not collapse w;.

Since & is inaccessible, if A < k then (A“)* < k. So, by a A-system argument, P has k-cc, hence
does not collapse cardinals > k.

Define G to be the P-generic filter, f= UG and, for 8 < k, fg :wip — B by: fg(a) = f(ﬂ,a).
By a genericity argument, each f3 is onto. Hence if 3 < & then VEIF 18] < wi, 50 VP IF Kk = wo.

Why then does P destroy Kurepa trees?

Suppose T is an w; tree. We want to show that we can factor P in such a way that we can
assume 7T is in an intermediate model, and that we are forcing with P over this model.

Without loss of generality, T' = (w1, <), so we know T if we know <j. For each o < < wi,
let Ay be a maximal antichain deciding <; \{aﬂ}, ie., if p € Ay g then either p IF o <; 3 or
plka>; Borplka, B are not T-compatible.

By k-cc, each |Ay g| < k. There are wi many A, g. And the A, g’s decide T. So there is A < k
with 7' 2 to a Py-name, where Py = {p€P:domp C A xw} Define P> = {p € P:dom
pNA=0} P =P, x P P, also preserves w;. It collapses something to wy — for our purposes,
we don’t care what, as long as it leaves s strongly inaccessible. Does it? Py has at most 2*-cc, so
there is n < (2M)V with VFA |- wy = 7). k remains a regular strong limit cardinal.

We show P* 2 P: Let E = {(8,7): 0< vy < B <A}. Let ¢: E — )\, ¢ 1-1 onto. For p € P* we
define p’ € P as follows: p(3,a) = p'(B,«) for all B> \. If B <\, p/(B,a) = v iff p(\, ) = p(5,7)-
The map p — p’ is an order isomorphism under the order <=>.

So to show there are no Kurepa trees in the generic extension, it suffices to consider T an wi-tree
in V. And, since |(2°1)V|V" = w22, it suffices to show that P adds no new branches to T'.

We write T'(§) = the 6 level of 7.
Suppose b is a new uncountable branch of T'. Since it is a new branch, if p € P then p||“T'(e) N

2%j e., the old 2*! is collapsed to w;
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for at most countable many «. Le., Vp3d, < wiVy > 6, p |} “T'(y) N b”. But then if v > 0p there
are B # B1 € T(V), 4p.0.r: Gp1y < P With gpo IF Bo € b and gp 1+ IF By € b.

So fix p. For each k < w and o : kK — 2 we define p, as follows: py = p. If we know p,, let J, be
as above, po~0 = Gp,,0,6,1 Po~1 = Qpy,1,6,-

Finally, for each f : w — 2, let p; be a lower bound for {p, : 0 C f}. Let § = sup {6y, : 0 €
U(*w)}.

bNT(5) # 0. Bach py I-if v = {bNT(5)} then v > B, for all o C f. Let q; < py so that
38y qp = T(0)b = By. If f # g then By # f,.

The set {Bf: f € 2¢} € V, and V¥ preserves the order on T. So |T(d)| > 2, a contradiction.

L]
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17 More on Cohen forcing

In this section we present two results on Cohen forcing.

Theorem 46. (Shelah) Let C be a countable separative partial order. Then in VC there is a Suslin
tree.

This is a stronger version of VC I+ 3 ccc P with P? not ccc. The proof I will give is due to
Todorcevic.

The point of this theorem is that there even if there is no Suslin tree in V', a single Cohen real
is enough to add one. So adding a single Cohen real is a little like <, i.e., combinatorially a single
Cohen real is quite strong.

Before giving the proof, note that if 7" is a Suslin tree in V, then VC I- T is Suslin. This is
because of the following fact:

Fact 26. Let E be an uncountable set in VENP(V). Then VCIF3H € V, H uncountable, H C E.

Proof. Let q I+ E = {a:a<wi} C V.Where the é,’s are distinct. We show that there is p < ¢
and H € V uncountable with pIF H C F.

For each « there is py < ¢,pa || €as say pa IF éo = x4 for some z, € V. Since C is countable,
there is Y € [w1]*“" and p with p = p, for all @ € Y. Hence H = {x, : @ € Y} is uncountable, is in
V,and plF H C E. O

By the fact, if T is a tree indexed by a set in V, an uncountable chain or antichain Ain VC
would have an uncountable subset B = {a; : i € I} where I € V. B would also be a chain or
antichain, but the fact that I € V will enable us to use genericity to show this doesn’t happen.

Let’s prove theorem 46.

Proof. First we show that there is a family of functions {f, : w < o < w1} where

1. each fo:a—w
2. each f, is 1-1
3. each w\ range f, is infinite.

4. if o < B then {y < a: fo(y) # f3(7)} is finite. (We say that fo, C* f3.)

We begin by constructing {fo :w < a <w-w}soa < f = fo C fg: let a, C any1 C w for
all finite n, with each a,,41 \ a,, infinite; construct f,.,, 1-1 with domain a,, so each f,., C fw.(n_;'_l),
and for k < w let f,. 4 = fw,(n+1)]w.n+k.

Now suppose we have {fg: w-w < 8 < a} where each |w\ dom fg| =w. If « = §+ 1 for some
B, then pick n € w\ dom fg, and set f, = {(8,n)} U f3.

Otherwise there is {3, : n < w} an increasing sequence with sup a. We construct g, as follows:
g0 = fg,- At stage n + 1, we have, for all m < n, g, = *fg,,, dom g, = B, 9m-1 C gm:km €
w\range g,,. Note that S = w\ (range g,U range f3,,,) is infinite. Let k11 € S\ {ky : m < n}.
Let a = {p € [Bn, Bnt+1) : I¥ < Bn gn(v) = fa(p)}, i-e., a is the set of p that might give us trouble
trying to extend g, to a 1-1 function =" fg, . ,. Since fg,,, is 1-1 and fg,,, D* gn, a is finite.
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Let e € [S\ {km : m < n+ 1}]l9 and define g,,11 as follows: gni1ls, = In’ Gn+1l[8, o1 )\a =
T8us1|1BuBrsi)\as a0 gnt1la is 1-1 onto e. Finally, let fo =, gn. By construction f, is a 1-1
function from « to w with f, D* fg for all 8 < . Since {k,, : n < w}N range f, = 0, condition (3)
is met. [Exercise to understand the construction a bit better: What happens when o = 3 + w?]

Recall that {f, : @ < wi} generates an Aronszajn tree T' = {fo|y : 7 < o < w1}, under the
partial order s < t iff s C t.

We will turn this into a Suslin tree.

~ Let & : w — 2 be the generic Cohen real added by C. For t € T define ¢ = t oi. We show that
T* = {g:+ : t € T} is a Suslin tree by showing that no uncountable subset of 7™ is a chain or an
antichain.

By fact 26, it suffices to show that if £ € V N [T]*! then E* = {§, : t € E} is neither a chain
nor an antichain.

So let p € Fn(w,2,w), dom p = a. There is F' € [E]“* with {t"[a] : t € F} a A-system with
root b. By another reduction we may assume there is o : b — a with t|, = o for all b € F.

To show E* is not a chain: Pick s,¢ € F with dom s C dom t,s ¢ ¢ (we can do this because F' is
not a chain). Then there is & € dom s with s(«) # t(a). Since o ¢ b at least one of s(a), t(a) ¢ a.
Extend p to ¢ < psodom ¢ =aU {s(a),t(a)} and ¢(s(a)) =1 — q(t(a)). Then ¢ IF gs() # g:(),
so gl gs L gs.

To show E* is not an antichain: Pick s,¢ € F with dom s C dom ¢. If s C ¢ we're done, so
suppose F' is an uncountable antichain in 7. Then s ¢ ¢t. Let ¢ = {a € dom s : s(«) # t(a)}. ¢ is
finite, and ¢cNb = 0. If « € ¢ and s(a) € a then, by the A-system, t(«) ¢ a. Similarly, if t(«) € a
then s(a) ¢ a. So at least one of s(a),t(a) ¢ a. Extend p to ¢ < p with dom ¢ = a U ¢ and for all
a € ¢, q(s(a)) = q(t(a)). Then gl gs C g;. O

Theorem 47. (Harrington) Assume CH. Let P = C,, where k > w1. Then in VP there is a MAD
family of size wy.

I.e., ¢ can be anything and a = w; can hold.

Proof. Let C = Fn(w,2,w). By CH, there is a sequence {i : a < wy} listing [w]* N V. Every new
subset of w is added by a single Cohen real, so if & € VF N [w]* then there is a < wy with & = i,

Suppose we can construct, in V, an almost disjoint family A = {as : @ < w;} so that for
all &, there is 8 with VC I ag N, is infinite. Consider & € [w]*. There is E countable with
€ Q= Fn(F,2,w) =2 C. If G is a P-generic filter then G N Q is a Q-generic filter, hence is
isomorphic to some C-generic filter H, and, for some «, & = %, by the same isomorphism. So
VE I 2 Nag infinite iff VO I & N ag infinite iff VC IF 4, Nag infinite. Le., there will be 8 so & Nag
is infinite. Since & was arbitrary, A is MAD.

Suppose we have {ag : 3 < a}. Consider .. Let C = {p, : n < w}. Rewrite {ag: f < a} =
{en : n < w}. We construct a, by induction on w.

At stage n we have disjoint sets {k{, : m < n},{j5, : m < n} with each k%, j5 € w\ U,<,, ¢i-
Let dp = {k* : i < m}U{j® :i < m}UU,,,ci. Also at stage n, for each m < n we have
some ¢ < pm With g, IF either (k2,79 € d4 \ dm) or (i N d,y, is infinite and k2,52 ¢ d.).
At stage n, if p, IF £, N d, is infinite, pick k2,79 distinct elements of w \ d,,, and set ¢, = py.
Otherwise, since py, I+ (&4 is infinite and @, N d, is finite), there is ¢, < p, and distinct k%, & with
qn Ik kS, 58 € @ \ dp. Let aq = {k2, : m < w} and note that {j$, : m < w} C w\ aq. Also, note

that aq N e, C {k% : m < n} hence is finite.
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It remains to show that ag N, is infinite for some B < a: Suppose p IF V3 < o &, MNag is finite.
We show that p Ik &, N a, is infinite. By contradiction, assume this fails. By extending p we may
assume there is n < w p IF |aq N &o| = n < w. Construct a chain of conditions {g,, : m < n} as
follows: qo < p with qo IF Jig ki) € Tqa; given g there is gmi1 < gm With gn1 IF Elkf‘m+l € &, where
ki . > ki . Then gy, IF laaN@q| > n+1, which contradicts ¢, +1 < p. Henceno p IF V3 < v agNiq

is finite, so VC I 33 < a ag N #, is infinite. O
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18 PFA

In this section we will content ourselves with defining proper forcing, giving some examples, stating
(but not proving) a general iteration theorem, and stating the proper forcing axiom. We will not
give the proof of its consistency, but will mention that the proof involves large cardinals, to wit,
supercompact cardinals (which are stronger than measurable cardinals). It is known that the proof
of the consistency of PFA necessarily involves at least a weakly compact cardinal®®. Thus, there is
no proof in ZFC of the consistency of the proper forcing axiom.

Recall the statement of the proper forcing axiom:

Definition 33. PFA is the statement: if P is proper and D is a family of at most wy dense subsets
of P, then there is a D-generic filter in P.

Note the similarity to MA — we have simply enlarged the set of forcings we can use. The astute
reader will note the wy instead of < ¢, but this is moot since Velickovic and Todorcevic proved that
PFA = ¢ = w.

The astute reader may also worry: when we invoke PFA are we necessarily invoking a large
cardinal in our hypothesis? The answer is: no. When the actual forcings we are looking at do not
collapse cardinals, then no large cardinal hypothesis is needed, since we could simply have iterated
just these forcings to get the model we are interested in.

We defined proper forcing formally in section 4. Now let’s unpack the definition.

18.1 Clubs and stationary sets

Definition 34. Let X be an uncountable set, and let A C [X]*.
(a) We say that A is unbounded iff for all B € [X]¥ there is A€ A B C A.
(b) We say that A is closed iff V{B; : i <w} C A where each B; C Biy1 ;. Bi € A.
(c) We say that A is stationary iff VC closed unbounded (= club) ANC # 0.

As usual, club = closed unbounded.

Exercises 1. Using the identity o = {f : § < a} for each &« € ON, prove that A contains a
club in [w]*¥ iff AN w contains a club in w;. Then prove that A is stationary in [w;]* iff ANw is
stationary in wj.

2. Suppose Y is an uncountable subset of X. Prove that if A contains a club (respectively is
stationary) on [X]¥, then Aly = {aNY :a € A} contains a club (respectively is stationary) on
[Y]“. Conversely, if A contains a club (respectively is stationary) of [Y]* then there is B, Bly = A,
B contains a club (respectively is stationary of [X]“.

Definition 35. P is proper iff for all uncountable X and every A C [X|* with A€V, V E A is
stationary iff VP I+ A is stationary.

We say that P preserves stationary sets.

Fact 27. If P is proper, then it preserves wi.

23k is weakly compact iff & — ()3, i.e., iff a form of Ramsey’s theorem holds for &
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Proof. Suppose VF IF |(w1)Y| = w. Working in VP, there is an increasing frw— (w1)Y with range
f cofinal in (w;)V. Consider {f(n) +1:n < w} € VF. This is club in (w;)V, but it misses the
ground model stationary set S = {a < (w1)V : a a limit}. So V¥ I- S is not stationary, hence PP is
not proper. O

Note that a proper forcing need not preserve other cardinals. For example, Fn(w;,ws,wr)
collapses ws, but it is countably closed and hence, as we shall shortly learn, proper.

Theorem 48. (Baumgartner, Harrington, Kleinberg 1976) There is a forcing which preserves wi
which is not proper.?*

Proof. Let S be any stationary set. We define P = {a C S : a is closed}. The order is: a < b iff
aDdbandVa €a\bVB e€ba>p (ie., ais an end-extension of b).

Clearly, if G is P-generic, VPIF UG c S and |JG is a club (because if it weren’t, some a € G
would know that | JG Nsupa is not closed). So VF I S contains a club.

Lemma 4. P adds no new functions from w to V' (hence does not collapse wy ).

Proof. Suppose bl f:w — V. For each a < b and each 7 <wi we fix a set A, so that

1. Vn < w there is ¢ € A, ., with ¢ || f(n)
2. if ce Ay then ¢ < a and sup ¢ > v

3. Aa, is minimal with respect to properties (1) and (2).

Note that, by (3), each A, is countable.

We also define, for each countable A C P, ht A =supJA4

We construct sets A, as follows: Ay = Apgups. If B is a limit, Ag = U7<ﬁ Ay Agy =
UaEAB Agntag- Setting y5 = ht Ag, note that C' = {vg : B < w1} is club. So there is some
yeSnNC.

We construct a descending chain b > a9 > a1 > ...an, > apy1... where each a,, || f(n) as
follows: let {a;, : n < w} be an increasing sequence of successor ordinals converging to . Let
ao € AgghtAay-a0 || f(0). Given an, let ant1 € Aa,yy N Ag,htA,, s @nt1 || f(n + 1). Define
a = Un<w an U {’y}

a € P: Since v € §,a C A. By end-extension, each proper initial segment of ¢ is closed. Since
~ = sup{sup ¢ : ¢ a proper initial segment of a}, a is closed.

alk feV:Vn<wa<ay,| f(n). SoVn<wal| f(n).

O

Hence P preserves wi. But note that if S is stationary co-stationary, then VF I- w; \ S is not
stationary, so IP is not proper.

O]

240f course, since this result came about at least five years before the definition of proper forcing, this is not how
they stated their theorem
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Fact 28. (a) If P is proper and V' IF Q is proper, then P« Q is proper.

(b) An iteration of proper forcings with countable support is proper.?d

The proof of (b) is highly technical, so we only prove (a).

First a useful lemma:
Lemma 5. (V]P’)Q = VBQ,

Note that the lemma has nothing to do with proper forcing, but is simply true for any two-step
iteration.

An alternate statement of this lemma takes the generic filter point of view: If K is P Q-generic
over M, then M[K] = M[G][H] where G is P-generic over M, and H is Q/G-generic over M[H].

Proof. We work by induction on the level of construction of <. Suppose (VP)Q N = Vg
i € VPUiff & is a set of pairs ((p, ¢),9) where (p,¢) I- ¢ € &. But (p,¢) -y € @ iff pl- (¢IF § € &).
So letting &' = {(p, (4,9)) : pIF (¢IF 5 € &)}, by extensionality & = 2/; &’ € (VF)<.

O

Now to prove fact 28:

Proof. Let S € [X]“ where X is uncountable, and suppose V' = S is stationary. Then VP I- S is
stationary. Since VT IF @ is proper, (VF)2 IF S is stationary.
L]

While definition 35 is the simplest definition of “proper” to state, it is not the easiest one to apply,
and for that definition we have to look more closely at pre-dense sets in elementary submodels.

18.2 Elementary submodels

Definition 36. If M, N are models of the same language, then M < N (read: M is an elementary
submodel of N) iff M C N and for any sentence ¢ with parameters in M, M = ¢ iff N = .

Here’s a negative example: Consider the language of fields (with operation symbols +,- and
constant symbols 0,1). Let Q = the rationals under the usual interpretation of these symbols, and
R = the reals under the usual interpretation of these symbols. Then Q £ R because the sentence
Jz 2% = 2 is true in R but not in Q.

Here’s a positive example: Again, consider the language of fields, and note that every sentence in
this language is equivalent to some kind of quantified polynomial equation in several variables. For
example 32Vy3z xyz = 23+1y%+2 is such a sentence (and a true one at that: let x = 0,z = —y?). Let
Q* be the algebraic closure of Q, and let C = the complex numbers under the usual interepretation..
Then, by definition of algebraic closure, Q* < C.

Definition 37. Let 0 be a cardinal. H(0) = {z: |TC x| < 0}.

2%j.e., each Py IF @a is proper
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Le. H(w) = {z : |TC x| is finite} = V,,. This is a special case of: if x is strongly inaccessible,
then H (k) = V. In general, H(0) # Vj. For example, P(w) € V,,, \ H(w1).

We are interested in countable elementary submodels of H(6)’s. It is important to realize that
these models have major gaps — they are very far from transitive.

Here’s an example of such a gap. If M is a countable elementary submodel of some H (#) where
0 > wy, then wy € M (because w; is definable), but clearly w; ¢ M. Let dyy = w1 N M C M. Then
by definition dpy = supwy N M, dyy € M. But 6y ¢ M, since if dpy € M then by elementarity
M = 6y is countable, so 0y € M Nwy = dpr, a contradiction. In fact, since M = w; = sup{a : «
a countable ordinal}, [0y, w1) N M = 0.

Let’s relate section 18.2 to section 18.1: By basic facts of model theory, for all cardinals 6 >
w {M : M countable, M < H(0)} is club in [H(6)]“, and {M N6 : M countable, M < H(#)} is
club in [0]“.

Exercise Prove the preceding statement using the following facts from model theory: If x €
H(#) and M < H(6) then thereis N < H(#) withz € N,M C N and |[M| = |[N|?%; if z € [H(9)=IM
and M < H(0) then there is N < H(#) with M Uz C N and |M| = |N|; if {M,, : n < w} is an
increasing sequence of elementary submodels of some H () then J,,_ M, < H(0).

n<w

Which Hy’s are we interested in? That depends on the context.

Definition 38. Let P = (P, <) be a partial order. We say that 0 is sufficient for P iff P(P) € H(0).

Note that if P(P) € H(f) then so is every subset of P and every subset of P? (hence <). This
means that H () knows everything that V' knows about P. For example, every subset of P is an
element of H(0), and if D C P, then the sentence Vp € P3q € D ¢ < p holds in H(0) iff it holds
in V. Le. (and crucially) H(f) = D is dense in P iff V' |= D is dense in P. Finally, H(f) can
well-order the dense subsets of P.

Now suppose P € M < H(6) where 6 is sufficient for P. Suppose D € M is dense in P. Then,
even though D need not be a subset of M, M |=Vp € P3qg € D q < p. Let’s unpack this: for all
pePNM3gePNMND q<p.

If P = (P,<) € M we write PM = (PN M, < |pras) — this is what M thinks P is.?7

Some quick examples (where M denotes a countable elementary submodel of some H(0)):

e If 6 > 2% then 0 is sufficient for Fn(w,2,w). Because it is definable Fn(w,2,w) € M for all
M < H(#), and Fn(w,2,w) C M — this is essentially the only example where a separative
partial order is a subset, since no uncountable partial order can be a subset of M.

e if 0 > 2“1 then it is sufficient for F'n(w;, 2,w) and again by definability Fn(wy,2,w) € M for
all M < H(0). Fn(wy,2,w)M = Fn(M Nwi,2,w).

e Let S = Sacks forcing. If 8 > 2° then 6 is sufficient for S and, again by definability, S € M
forall M < H(6). But, since M is countable and |S| = ¢, S falls far short of the real S.

o Let S = (w1, <) be a Suslin tree, and let P = (wy, >), i.e., the forcing that adds an uncountable
branch to S. Then any 6 > 2“! is sufficient for S, but note that since .S is not definable it is
not automatically an element of every M < H(f). 28

26note: x could equal M

*Tnote that if (a,b) € M and a,b € H(#) then by elementarity « € M and b € M since M = (a,b) is an ordered
pair — working out the details is a good exercise.

28If V |= A Suslin tree, then this is moot, although since “3 a Suslin tree” is consistent, there will be countable
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18.3 Generic conditions

From now on, when we say that M is an elementary submodel, it is understood that it is an
elementary submodel of some H () where 6 is sufficient for a relevant P with P € M (hence in

H(0))-

Definition 39. Let M be a countable elementary submodel, ¢ € P € M. q is M-generic iff VD
pre-dense in P D is pre-dense below q, i.e., Vr < qdp € M N D p,r are compatible.

Note that ¢ itself does not necessarily code a generic filter over M, i.e. it is not true that for
every dense D € M3p € DN M p < q. Also, ¢ need not be an element of M. Finally, note that if
r < q and q is M-generic, so is 7.

Definition 40. Let M be a countable elementary submodel, P € M. A filter G is M-generic iff
VD € M with D dense, GND N M # ).

Fact 29. Let M be a countable elementary submodel, P € M. q is M-generic iff Vr < ¢3G M-
generic, r € G.

Proof. Necessity is obvious. For sufficiency: Given r < ¢ we construct an M-generic filter G with
r € G, as follows: list {D € M : D dense} as {D,, : n < w}. Fix r < q. Let pg € Dy N M be
compatible with r,rqg < r,pg. Given r, < r,—1 and p, € D, with r, < py, let ppy1 € Dpp1 N M
be compatible with r,, and let r,11 < ppy1, 7. In this way we construct a descending sequence
r > 19 > r1... and a sequence of p,’s with p, € D, N M.p, > 1. Let G={¢:Inqg>r,}. Gisa
filter meeting each D,, " M and r € G. O

Note that G ¢ M. Similarly we have

Fact 30. Let M be a countable elementary submodel, P € M, G names the P-generic filter over V.
q is M-generic iff ¢ IF G N M is PN M-generic over M.

Proof. q |+ GNM is PN M-generic over M iff Vr < ¢ ris compatible with Y(MnND)forall D e M,D
pre-dense below ¢ iff ¢ is M-generic. ]

Fact 31. Let M be a countable elementary submodel, ¢ € P € M. Then q is M -generic iff Vae € M
if ¢ IF « an ordinal then qI-38 € M & = (3.

Proof. =: Suppose q is M-generic, « € M,ql- ¢ € ON. Let D={p:3Bplka=p}U{p:pl-
& ¢ ON}.D is definable from &, and & € M, so D € M. D is dense, so D N M is dense in PN M.
Let pe DN M,pl-& € ON. 38, p Ik & = 8,. Since 3, is definable from ¢&,p € M, 3, € M. Let
r < gsothat 36 € ON rl & = (. Since q is M-generic, there is p < q,p € DN M, p, r compatible.
Hence pIF & € ON, so p I- & = 8,. By compatibility, 5 = 3,.

<: Since H () IF WO, thereis h € M h:P — |P| = k,h 1-1 onto. Let D € M, D predense. Let
& = inf(h[G] N h[D]). Then & € M, so ¢ - 33 € M 8 = é. Hence ¢l GND N M # 0. O

Theorem 49. A partial order P is proper iff V0 sufficient for P {M : M countable, M < H(6) and
Vp € M there is some M-generic condition ¢ < p} contains a club.

models M = 3 a Suslin tree. But none of those models will be elementary submodels of any H (6)
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Proof. =: Fix p and let {D, : @ < k} list all dense subsets of P, each Dy = {pga : f < Ao}
for some \,. By the contrapositive, we assume N’ = {M < H(f) : M countable and there is no
M-generic ¢ < p} is stationary (so its complement contains no club).

Let p € G a P-generic filter over V. There is f € H(8)V[, f : k — G so each Pf(a),a € Do and
each Pfa),a <p.

Let F = {M countable: M < H(9)VICl, f € M}. By model theory, F is club in [H(#)"[¢)]*, so
Flu) is club in [H(0)]“. We show that N'N F|g @) = 0, hence [H(#)VIE)] = NV is not stationary,
so P is not proper.

Suppose, by way of contradiction, that M € F, M N H(0) € N N F|g ). [H(0)VIC]] EVa e M
if @ <k then py.o € G and f(a) € M (hence pya) o € M NH(0)) — f(a) € M follows from
f € M. This is forced by some r € G, i.e., some r I Va € M if a < xk then Pf(a)a € G and

fla) € M (hence Pia)a € M N H(#)). Since G is a filter, there is ¢ < p,r. So q IF Va € M if
a <k then pj, € G and f(a) € M (hence Pi(a)a €MN H(0)). Le., ¢ < p and ¢ is M-generic.
But then M N H(#) ¢ N.

<: Suppose P satisfies the right-hand side. Fix p € P. Define M = {M countable: p,P €
M,M < H(#),3q < p q is M-generic}.

Subclaim 1. N = {M[G]| N6 : M € M} is club in [6]*.

Proof. Let a € [0]* NVI[G]. Thereis f € V[G],f : w — 0,f 1-1, a = range f. We construct
{M,, :n <w} CMand {p, : n < w} where M,, < My11,pn, € GN My,p, IF f(n) € M,. Let
M ={M, :n <w}. M € M by M club. But by construction a = range f C M|G] Hence N is
unbounded. The proof that N is closed is similar. ]

By fact 41, if M € M and ¢ is M-generic, then ¢ I- M[G] N6 = M N 6. By hypothesis, M is
club, so M|g is club. Let S be stationary in [f]*, and suppose C club in [#]¥, C' € V[G]. Without
loss of generality, C' C M|y. We want to show SN C # (.

We construct the function f € V[G] as follows: f:C — 6, f(c) =supc € 6.

There is M € M, f € M (hence f € M[G]),MDH € S. Let ¢ < p,q is M-generic. Then
ql- M N0 =M[G|NE and gl f[0] is club in M[G]. By the latter, ¢ I- if v € M N6 then there
isce M[G] vy €c, f(é) >~.2

We only consider G with ¢ € G. In V' let {8, : n < w} = M NH. In V[G] there is a sequence
{ay, : n < w} cofinal in M N 6 where each o, € M N @, and there is ¢, € M[G] N f () (hence
cn C M) where 3, € ¢, C cpy1, and M N0 = |, ., [~ (an). Each ¢, € C, so, since C is club,
MnNOeC. Since MN@ e S, we are done.

O]

Theorem 49 is the tool we use to prove partial orders proper, so let’s do it.

Fact 32. Countably closed partial orders are proper.

Proof. Let P be countably closed, P € M < H(#),0 > |P|, M countable. Let {D,, : n < w} list all
dense subsets D of P with D € M. Let p € M NP. By elementarity we construct a descending
sequence {p, : n < w} with each p, < p, each p, € D,,. Let g be a lower bound for all p,,. Then if
r<qp, <randp, € D,, so qis M-generic. O

hecause M < H(0) and this is true if you substitute V' for M (hence H () for M)
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Fact 33. Ccc partial orders are proper.

Proof. Let P be ccc, P € M < H(0),0 > |P|, M countable. Let A € M, A a maximal antichain in P,
hence A pre-dense.? Because P is ccc, A is countable, so 3f : w — A, f onto. Hence 3f € M M |=
f:w — A, f onto. Since w C M, and enough of replacement holds in H(8),A C M. So every
q € P is M-generic, since every element of P is compatible with some element of A=ANM. [

An immediate corollary of the preceding two facts and fact 28 is that Mathias forcing is proper.

Fact 34. Sacks forcing is proper.

Proof. . Let S = Sacks forcing, S € M < H(0),6 > ¢, M countable. Let {D,, : n < w} list
{D € M : D predense in S}. Let p € S. We construct an M-generic q < p.

Let gy € DoNM.qo < p. Suppose we know g, € D|J|. Fori < 2let ¢go~i < 4o, Go~i € Dijgj1NM
where ¢, ~0Lgy—~1.

Let ¢ < MNyew U‘U‘:n ds- In the section on Sacks forcing we proved that ¢ € S. If r < ¢ then
for all n < w there is o with |o| = n and r, g, compatible. Since ¢, € D,, N M, this completes the
proof that ¢ is M-generic.

O]

30recall that it suffices to consider predense sets which are maximal antichains
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19 No S space — a case study in applied set theory

In this section we will give the proof of Todorcevic’s theorem:

Theorem 50. Cons(3 no S space).

19.1 Reduction to set theory

Definition 41. An S space is a reqular hereditarily separable Hausdorff space which is not heredi-
tarily Lindelof.

The above definition has four technical topological terms: regular, Hausdorff, hereditarily sepa-
rable, hereditarily Lindel6f. And, of course, underlying everything is a fifth term: the notion of a
topology. So our first task is to remove the topology and turn the question into a question about
sets, in this case, families of countable sets.

Definition 42. (a) A topology on a set X is a family T C P(X) closed under finite intersection
and arbitrary union, with X,0 € 7. We call u C X open iff u € 7; closed if X \ w € 7. (The most
familiar example is the collection of open subsets of R). Given a topology T on X and Y C X, the
subspace topology on'Y consists of all uNY,u € 7.

(b) A topology is Hausdorff iff for any x # y € X there are open disjoint u,v with x € u, H C v.

(¢) A topology is regqular iff for any x ¢ H closed there are open disjoint u,v with x € u,y € v. (d)
A topology is separable iff it has a countable set D so that every open set has non-empty intersection
with D — D s called dense. (R is the most familiar example of a separable space.) A topology is
hereditarily separable iff every subspace is separable. (Note that R is hereditarily separable.

(e) A topology is Lindeldf iff every covering by open sets has a countable subcovering. It is hered-
itarily Lindeldf iff every subspace is Lindelof. (Again, R is Lindeldf, in fact hereditarily Lindeldf.)

Now let’s reduce the problem of “no S space” to a problem in set theory. Suppose (X, 7) is an
S space.

1. Since it is not hereditarily Lindel6f, we can assume (by possibly moving to a subspace) that
it is not Lindelof.

2. Hence we can find a sequence of points {z, : @ < w1} and a sequence of open sets {uq, : @ <
w1} where x4 € uq and if 5 < o then x4 ¢ ug.

3. Let’s just consider the subspace X* = {z, : « < w}. It is Hausdorff, regular, and hereditarily
separable because these properties are inherited by subspaces.

4. Each uo,NX™ is countable. This means that X* has a base of countable open sets. Combined
with regularity, this means that X™* has a base of countable clopen (= closed and open) sets.

5. In a standard move, we identify X with w; under the map z, — a.
Hence, if there is an S space there is one with the following properties:

1. It is a topology on w1
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2. Each a € u, clopen where v, C a+ 1

We call such a space a right-separated 0-dimensional topology on wj. It translates into the
following: a space generated by a Boolean algebra generated by a family {u, : @ < w;} satisfying
(2).31 All we really care about is the Boolean algebra. A little more topology and we’ll have our
set-theoretic reduction.

Definition 43. A subspace Y C X is discrete iff for ally € Y there is open u, with {y} =Y Nu,.

For example, Z is a discrete subspace of R.

Fact 35. A right-separated topology topology on wy is hereditarily separable iff it has no uncountable
discrete subspace.

Proof. =: An uncountable discrete space is necessarily not hereditarily separable.

<: Suppose (wy, ) is right-separated , and Y is a non-separable subspace. Then for all E € [Y]¥
there is up countable open, ug NY # 0,ug N E = (. We construct an increasing sequence of
countable sets {E, : @ < w;} and points x, € ug, where Ey11 = E, Uug, and if « is a limit then
Eo =Upgeq Ep- Let Y = {24 : a <wi}. But then each ug, NY = {z.}, so E is discrete. O

So our task is the following: Given a right-separated 0-dimensional topology on wq, force an
uncountable discrete set. Do it with a proper forcing so we can iterate through all potential S
spaces. And do it in a way that does not necessitate the use of large cardinals.

The following fact will prove useful:

Fact 36. A right-separated 0-dimensional topology on wy has an uncountable discrete subspace iff
it has an uncountable subspace Y so every initial segment of Y is clopen in Y.

Proof. =: Every subset, hence every initial segment, of a discrete space is clopen.

<: Suppose Y € [w1]*! so that each Y N = Y Nu, where u, is clopen. Let Y = {fy : o < wy }
in increasing order. Then each {8y+1} =Y N (ua+t2 \ Ua+1), which is open in Y. O

3lthe Boolean algebra generated by a family U/ of subsets of X with X € I{ is simply the closure of I/ under finite
union, finite intersection, and relative complement
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19.2 Destroying one S space

Basic Hypothesis 1. 7 is a right-separated 0-dimensional S topology on w1 and, for each o, u,,
is clopen with o € uo, C a4 1.

Define P, to be the set of all p € [w1]<% so that

1. if B < €pthen [ ¢ u,

2. {B:pNug =0} is uncountable

Forcings of the form P, will be called canonical no-S forcings.

We want to show that if G is a P, generic filter, then | J G is a cofinal discrete set in (w1)".

To do this we need:

Claim 1. Fiz x € [w1]<% and suppose Z, = {f : x Nug = O} is uncountable. Define 3 € Z, to
be good iff {y € Z, : (x U{B}) Nuy, = 0} is uncountable. Then there are uncountably many good
points i L.

Proof. Note that, by definition of Z,, if 5,7 € Z;, 3 < v and (z U {8}) Nuy # 0 then 5 € u,.

So suppose Z, is uncountable and, by contradiction, there are only countably many good 3’s in
Zy. For each not good f € Z, let vg = sup{y € Z, : (t U{B}) Nuy = 0}. 73 < wi. So there is
Y € [Z;]** so that if 3 < 6,5,0 € Y, then § > vg. Hence if § < §,3,6 € Y then 5 € us. So Y is

an uncountable subset whose every initial segment is relatively clopen, a contradiction.

O]

Exercise: If G is a P.-generic filter, then | JG is an uncountable discrete set in (wq)". [Hint:
For discrete, use (1); for uncountable, use (2) and the claim to show that each D, = {p: p\ a # 0}
is dense.]

Thus, if P, is ccc, VF7 Ik 7 is not a hereditarily separable topology on w;. We could iterate
all the P,’s over, say, a model of CH + 2“1 = wy (in which case we would only need to iterate wsy
times) and be done.

The problem is that there are, under, say, CH, S space topologies 7 on w; for which P, is not
ccc. This is a result of Szentmikldssy, the construction of something called a tight HFD. So we
can’t simply iterate ccc forcings.

And whatever we do, we can’t use forcings which collapse wi: then each S space we destroyed
would be countable in the end; when we iterate, at the end we have a new w; and have to start all
over destroying its topologies...

There are several approaches to the existence of non ccc canonical no-S forcings which preserve
wi.

The easiest to describe is the following: first force a generic club C by the countably closed
forcing Pgyp as we did before. The let Q = {p ePr: if a < €pthen Iy € Ca<ny< B} Tt is
easy to show that P,y * Q forces a discrete subspace which is cofinal in (wl)V, but not so easy to
show that VPeub |1 Q is ccc, hence Py * Q is proper, hence w; is not collapsed.

A second way involves the combinatorial principle TOP, which is fairly complicated to state,
and which implies that if 7 is S, then P is ccc. TOP can be proven to be consistent via proper
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forcing without using full PFA, that is, the consistency of TOP can be proven without recourse
to large cardinals, in an iteration which alternates with ccc instances of canonical no-S forcings.
Thus, one way or another, every S space is destroyed.

A third way is to use finite sequences of models to separate elements of the potential discrete
subset.3? This is actually not so different from the first method described, where elements are
separated by a club, but because it is not an iteration the proof that it is proper is easier. So this
is the approach we will take.

This will suffice for a proof under PFA. In the next section we will turn our attention to the
question of iteration: how do we know we can iterate and take care of everything without appealing
to large cardinals?

So let 7, {uq : @ < w1} be as in the basic hypothesis. Define P” to be the set of all pairs (z,, M)
where

1. z, € P;

2. M, is a finite e€-chain of countable elementary submodels of H(ws), i.e., if N, M € M, then
either N € Mor M € N.33

3. T, {ua:a<wi} €M for all M € M,

4 Va<fBexy,IMeMya<wiNM<p

The order is: p < ¢ iff z, D z, and M, D M,.

Exercise If G is a P"-generic filter, then UpeG x,, is discrete, cofinal in (wy)V.

By the exercise, it suffices to show that P” is proper.

Let 0 be sufficient for P™, M a countable elementary submodel of  with 7, {uy : & < w1 },P™ € M.
Fix p € M. Define ¢ = (xp, My, U{M N H(w2)}).

Claim 2. ¢ is M-generic.
Before proving the claim, some definitions: Fix m < w.
o If s € [wi]™ we write s = {a; : i < m} in increasing order. For k < m,s|, = {a; : i < k}.
o If S € [w]™ and k < m we write S|, = {s|r : s € S}

o If S € [w1]™ we say S is wi-branching iff Yk < m Vs € S|, {8 : sU{8} € Sk11} is uncountable.

Suppose 7 € M a countable elementary submodel of H(w3), S € M where S is w;-branching,
and s € M N S| for some k < m. What can we conclude?

o M = {B:sU{B} € S|k+1} is uncountable.

e Hence M = JY a countable dense subset of {5 : sU {3} € S|x+1}

32this turns out to be highly suggestive, that is, using finite sequences of models as part of the forcing condition is
useful elsewhere

33by definition of <, if M € N and M, N < H(0) for some § then M < N

34hote that we can’t require P™ € M — that would be too self-referential
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So3dY € M M =Y a countable dense subset of {3 :sU {8} € S|x+1}-

So H(w2) =Y a countable dense subset of {5 : sU {3} € S|x+1}-

e So Y really is a countable dense subset of {3 : sU {8} € Si41}-

Since Y is countable, Y C M.

Hence if s € M N S| and and u countable clopen then there is infinite countable Y € M, M D
Y)Y \u#0,sU{B} € Skt for all § €Y. The important fact here is that u need not be in M.

This is the essential combinatorics (in fact a bit stronger than necessary) we need.

Subclaim 2. Let r < q,7* = r N M where M is a countable elementary submodel, and x, = T,.
If s <r* with s € M, then s,r are compatible.

Proof. Let w = (x5, M5 U M,). By hypothesis, z,, D z,; by definition M,, D M, so if w € P”
then w < r.

xs € P, since s € P7. And z; is separated by Mg, so by M,,. We need to check that if N € M
and N* € M, \ M then N € N*.

M N H(wz) € Mgy, hence M,.. Since s € M N H(wsz), M, is a finite subset of M N H(w2), and if
N* € M, \ M then either N* = M N H(wsg) or M N H(wz) € N*. In either case, by definability,
N € N*. O

We are ready to prove the claim.

Proof. Let r < ¢q,D dense open in P7, D € M. By density, we may assume r € D. Define
r*=rNM,z=x,\M,n=|z|. If n=0,z, = x,+, so by extending r* to some rs € DN M, by the
subclaim we have s compatible with r» and are done.

So assume n > 1 and define T'={a € [w1|" : Is € D,s <r* z,\ 2« =a}. T € M.

Subclaim 3. T is wi-branching.

Proof. Fix a € T)k < n. a = {a; : i < n} and, since a = z, \ z,» for some s, there is an
elementary chain of models {M; : i < n} where each o; € M; and each «;y1 ¢ M;. Suppose
Eor = {6 : a|lp U{B} € T|p41} is countable. Then E,j, € My so sup B, < wi N M. But
ap41 € Eg ) and a1 > wi N My, a contradiction.

O]

Define u = {J, ¢, uy. Let T={alp:aeT,k<n} Define Xo={a:{a}eT}. Xoe M. X is
uncountable. There is Y € [Xo]¥ N M with Y, dense in Xy, hence there is ag € Yy \ u (because u
is countable clopen).

Let X; = {a: {ag,a} € T}. X; € M. There is ¥; € [X1]* N M with Y; dense in X, hence
there is ag € Y7 \ w.

Etc. For each k < n we construct oy ¢ u with {a; : i <k} € T,oek e M.
Let a ={aj:i<n}. ae€ TNM. So thereis s€ DNM,s <r*,a=xs\ Tp.

Since a Nu = @, s,r are compatible. O
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By the claim, P7 is proper. Hence it adds an uncountable discrete subspace. So 7 is no longer
an S space.

Le., given an S space we can destroy it with proper forcing. What about destroying all S spaces?

Under PFA we are done. But PFA involves large cardinals, and we want a consistency result
with just ZFC.

So we turn our attention to iteration. Suppose CH + 2“! = wy holds in the ground model.
Suppose forcing with a countable iteration of P™’s of length « with |a| < w; preserves CH +
2! = wy. Then we can enumerate all names of potential S spaces in intermediate models in a
sequence of length wo, and destroy each in a countable support iteration of length we. Which will
complete the proof of “there are no S spaces.”

But unfortunately the second hypothesis fails: V" I |(w2)V| = wi. The next section shows
what goes wrong and how to fix it.

19.3 Iterating without large cardinals

First, let’s see what goes wrong.

Claim 3. Let N € M,N < M < H(ws), N, M countable. Then wi "N € M.
Proof. Ne M,w; € M,sowi NN € M. O

Under the hypothesis of the claim, wi "N <w; N M

Fact 37. Let P™ be as in the previous section, where T is an S space topology. VE' IF |(w2)V] = wy.

Proof. Fix § < wy and let N5y = {N < H(ws) : 7,{te : @ < w1} € N and w1 NN = §}. By
the preceding claim, each |M, N Ns| < 1, and if ) # M, N N5 # MyN N5 # 0, then p,q are
incompatible.

For a < wy define D, = {p : sup| UM, > a}. Each D, is dense.

Let G be a Pr-generic filter. Then G N Dy # 0 for each o < wy. Define M = e U M.
Then M,N € M = w1 NN # w; N M. Define the function f € V[G] as follows: for M € M,
flwr N M) =sup(we N M). fis a partial function from a cofinal subset of w; to a cofinal subset of
wa. (Exercise: why?) Hence f collapses wy to wy.

O

So we have to change the partial order.

Given 7, {uq : @ < w1} as in the basic hypothesis, define N' = J
the set of all p = (z,ep,) where

L N5, and define Q, to be

a<w

1. z, € P;
2. each element of e, is N Nw; for some N € N.
3. ,{uq :a<wi} €N forall N e N

4 Va<fBex,Ivycea<y<p
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Note that the proof of subclaim 3 goes through, since it never uses M; € M;y1, so T is ws-
branching. Since a,7* € N = T € N, we don’t use e-chains in our proof of proper. So, similar to
the proof that P” is proper, we have

Exercise: Q; is proper.

|Q-| = w1, so clearly has the ws-cc, hence doesn’t collapse cardinals > wy. Being proper, it
doesn’t collapse wi. So it doesn’t collapse cardinals.

Let’s see what happens when we iterate.

An element of Q; is a subset of ([w;]<*)?, so all of the elements of the next Q; in the iteration are
still named by w; objects in the ground model.**. So an element of the countable support iteration
of length v will look like a function p : v — ([w1]<*)? where only countably many p(a) # (0, ().

Assume V' |= CH +2“' = wy. By CH, an iteration P of length ws will thus have size |[we]*|“* =
wa, and for v < wy, |Py| = w;.

By the generalized A-system lemma, ws many conditions in P cannot be an antichain. (The
proof is a good exercise in using the generalized A-systems lemma.) So P has the wo-cc. We already
know it is proper. Hence it does not collapse cardinals.

Since |P,| = w1, then V7 IF CH + 21 = ws

And 2% = wy = |{7 : 7 is an S space topology on w1 }| < ws.

So at each stage v < wa, I{7y,q 1 @ < wa} VP Ik if 7 is an S space topology on w; then there is
a with 7 =7, 4.

Let ¢ : wg — (w2)? where if p(7) = (3,a) then 3 <. At stage v + 1 we consider the topology
To(v)- If P, IF Tr(y) 18 S, we force with Q+f('y)' Otherwise we do nothing.

In this way, we consider every possible S space topology that arises, and destroy each one. We
do it without collapsing cardinals. The proof of “Cons(3 no S space)” is complete.

Final note on proof: In other forcings using finite €-chains of models, the move to simply consider
finite sequences of wy N M’s won’t work, since more about the models is used than simply the first
missing ordinal. The fix instead moves from considering a chain My € M; € ... € My, to considering
finite sets of countable elementary submodels Mg, M1, ...M;, where every element in M, has the
same transitive collapse (including the same w; N M), and we can find chains My € M; € ... € M,
where each M; € M;. When we extend a condition, we are allowed to add finitely many models to
each M. Details are, as they say, left to the reader.

350f course from the standpoint of the ground model we don’t know exactly which ones, since we add objects to
H(w2) as we iterate
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