ON THE LIPSCHITZNESS OF THE SOLUTION MAP FOR THE 2 D
NAVIER-STOKES SYSTEM

ATANAS STEFANOV

ABSTRACT. We consider the Navier-Stokes system on R2. It is well-known that solutions
with L? data become instantly smooth and persist globally. In this note, we show that
the solution map is Lipschitz, when acting in L™ H?(R?) and L?H°t!(R?), when 0 <
o < 1. This generalizes an earlier result of Gallagher and Planchon [7], who showed the
Lipschitzness in L?(R?). The question for the Lipschitzness of the map in H° (R?),0>1

remains an interesting open question, which hinges upon the validity of an endpoint

estimate for the trilinear form (¢,v,w) — fRQ(g—ig—Z - g—i%)wda@.

1. INTRODUCTION

In this work, we will be concerned with the Navier-Stokes problem d spatial dimensions

Ou—Au+u-Vu=-Vp (t,z) e RT x R?
(1) div(u) =0
u(0, ) = up(x).

where the unknown functions are the velocity u(t, z) and the pressure p(t,x). This model
(and its higher dimensional counterparts) have been subject of numerous investigations.
We refer the interested reader to the excellent book by P G. Lemarié-Rieusset, [15] for
detailed introduction into the field. We will restrict our exposition to the more recent
publications and then only to the aspects that are directly relevant to our study.

To highlight the importance of the scaling in our problem, note that the solutions of (1)
are invariant under the transformation (u*(¢, z), p*(t,x)) = (Au(N*t, Az), Ap(\%t, Ax)), that
is (u*, p*) is a solution for every A > 0, whenever (u,p) is one. This of course dictates the
importance of the “scale invariant spaces” H%?7*(R%), LYR%), BMO~*(R?) etc., which
appear frequently in the literature.

In the classical works of Fujita-Kato, [4] and Kato, [16], it was shown that classical local
solutions of (1) exist, whenever the initial data belongs to either H%?~1(R%) or LY(R%),
d > 2. The solutions were constructed by the usual iteration methods and this posed some
problems regarding the uniqueness of these solutions. On the other hand, weak (or Leray)
global solutions have been constructed by Leray and subsequently by many other authors,
satisfying various additional properties. The uniqueness of such solutions however remains
an open question, and it is indeed in the heart of the ubiquitous problem for persistence
of regularity for (1), where d > 3.
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The classical result of Serrin, [23] implies uniqueness for Leray solutions up to time T,
as long as u € L°[0, T]L2(R%)] N L?[0, T|BMO,(R%)]. This however, holds automatically
for the Leray solutions when d = 2, since H'(R?) € BMO(R?) and hence global solutions
exist and moreover they are unique for the 2D Navier-Stokes system.

In dimensions d > 3, the situation is of course much more complicated and this prob-
lem remains one of the most challenging unresolved problems in mathematics. There are
numerous works! regarding conditions on Leray solutions, which guarantee uniqueness,
provided one starts with two solutions in the same class. A case of interest, which is not
covered by Serrin’s theorem, was whether uniqueness holds in the class L°°([0, T], L(R?)).
That is, for every two Leray solutions u,v € L>([0, T], L4(R?)) with identical initial data
u(0) = v(0), show that u(t) = v(t) for t € (0,7"). This was resolved relatively recently in
the series of papers [5] ( on R?), [20] (for R¢, d > 4) and [19] (on domains Q C R¢,d > 4).
We should point out that these last results do not imply continuous dependence on initial
data, they were rather concerned merely with uniqueness.

For the two dimensional case, the vorticity formulation plays an especially important
role. Introduce the vorticity w : w = Oyu! — d1u?. Take an Oy derivative for the first
equation in (1), 0; in the second one and subtract. We get the scalar vorticity equation

(2) Ow —Aw+u-Vw =10

which has the added benefit of eliminating the pressure term. On the other hand, since
div(u) = 0, we get that there exists a function ¢ : u! = —dy¢,u?> = 91¢p. Thus w =
Ohul — 01u? = —A¢, whence ¢ = (—=A) 'w. As a consequence, one can retrieve the

velocity w from the vorticity w via the Biot-Savart law, which in two spatial dimensions
takes the form

(3) w =V (—A) L = T K%m - |) *w].

Note that the result is a singular integral operator of order —1, i.e. w is one derivative
smoother than w. One can also rewrite (3) in terms of the Riesz projections in the form u =
Ro|V|~'u! — Ry|V|~'u2, where the Riesz projections are defined via R;f(€) = &/|¢|£(€).
It is a standard fact, a consequence of the Calderén-Zygmund theory, that the Riesz trans-
forms R;,j = 1,...,d are bounded on virtually all important function spaces, including
LP)1 < p < oo, (and more generally Sobolev spaces WP 1 < p < o00), Besov spaces
B 1 < p < oo, see Section 2 Going back to the relation between u and w, we easily

p,q’
conclude that

lullwsr ~ llwllwse ullsy, ~ llwllps  1<p<oo

Note that the natural energy space L*(R?) for the velocity corresponds to the space H1
for the vorticity. This in particular would require [g,w(z)dz = @(0) = 0. On the other
hand, if one wishes to consider (2) with initial data, which is arbitrary measure, that
clearly will force one to consider velocities outside the energy class L?(R?). There was a
significant research interest in this question, namely to study solutions of the 2 D Navier-
Stokes system with initial data given by a measure. We mention the works [13], [10] and
the more recent ones [9], [11], [12], [8], in which the authors have addressed the question

Iheside Serrin’s result described above.
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for existence and uniqueness for the vorticity equation with data in M(R?). Moreover, in
[11], [12], [9] the authors completely describe the asymptotic behavior of such solutions by
showing that all solutions tend to Oseen vortices?.

In this work, our goal is to consider the problem for stability of the solutions to the
Navier-Stokes system, when the initial data uy € L*(R?). In particular, we aim at showing
the global Lipschitzness of the solution map U(t) : ug — wu(t) in appropriate function
spaces. Such results do exist in the literature. In [6], the authors show a Lipschitz results
for the 3 D NS, which essentially says that if ug — vy is small in a certain scale invariant
Besov space say X, then sup,., ||u(t) — v(t)||x < C(||u|lx)||wo — vo|lx. This implies in
particular that the set of global solutions is open in the topology of X.

In a related work, [7], Gallagher and Planchon prove an a priori estimate

T
(4) Jfu(t) = 0(t) | 2o + / lu(t) = v(®) 13t < exp(Cllull®, oyrrara-)llto = voll 2,
0 t Pr.q

where d > 2,2 <r < 00,2 < ¢ < o0 :d/r+2/q> 1. Note that (4) is valid without
assuming smallness of [|ug — vol|z2(ray- In other words, Gallagher and Planchon’s result

is that the solution map is (globally) Lipschitz in L2(R%), provided u € LIB& /97",
It is also interesting to point out in this regard, to the nonlinear instability result by
Friedlander, Pavlovi¢ and Shvydkoy, [3]. In it the authors consider steady state solution
Uy to the inhomogeneous Navier-Stokes equation, which are linearly unstable in various
LP spaces. The results is that a solution nearby (to the inhomogeneous problem!) will
exhibit exponential growth (or blow up in finite time in dimensions d > 3). This of course
precludes the possibility of a Lipschitzness of the solution map for the inhomogeneous NS
system.

Our main result however is for the homogeneous NS system and is in fact an extension
of (4), when one considers the scale of Sobolev spaces H?, o € (0, 1).

Theorem 1. Let up,vg € L*(R?) and let 0 < o < 1. Then the unique global Leray
solutions u,v satisfy

(5)  sup Jlult, ) = o(t, )l iome) < luo = voll o mayeap(Co(lluollze + llvollz2)-

<t<oo

where Cy is a constant, which depends on o (and it may blow up as 0 — 1). In addition

(6) / lut, ) =v(t, ) Free < Colluo—vollG, (luollZ2 +llvollZ2)exp(Co(lluolIZ + w0l Z2))-
0

Remarks:

e The case 0 = 0 is a consequence of (4), although we provide a direct proof, see
the beginning of Section 3. Indeed, take d = 2,7 = 2 and any 2 < ¢ < o0, say

Y2 ullM2., < Cllu| 2, see (11) below.

g = 4. Then by convexity, ||u||L%B;(42 < lull s g llull fo 2

According to (4)

sup [|u(t) — v(t)llz2me) < exp(Clluollz2)uo — voll 2

2which are solutions to (2) with appropriately weighted delta functions as initial data
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e The case 0 > 1 and particularly the case ¢ = 1 remains an open question. We
actually reduce the question to the boundedness the trilinear form

A, v,w) = / (@ - Vv)wdzx div(u) =0
R?2

in a product of appropriate Sobolev spaces. See Section 5, where we have some
further discussions and conjectures regarding this issue.
In the next theorem, we extend the Lipschitz continuity results to the B;p setting for
some p > 2.

Theorem 2. Let ug,vy € L?*(R?) be smooth and decaying functions. Fiz 2 < p < 4,
s:1=2/p<s<2/p, sothat uy — vy € B;p(Rz). Then the unique global Leray solutions
u, v satisfy

(7) sup HU(t, ) - U(t, )‘

0<t<oo

sy < o = voll sy mmyeap(CoplllunllZa + [1v0ll22)).

Moreover,

®) / T u() — ()]

Regarding Theorem 2, we do not know how sharp the results are both in terms of the

range of p [2,4) and in the interval s € (1 —2/p,2/p). This would be an interesting topic
for a further investigation.
Acknowledgement: I am indebted to my colleague Jin Feng for the numerous conversa-
tions on the topic. I also thank Roman Shvidkoy for a discussion regarding the inhomoge-
neous Navier-Stokes system and Loukas Grafakos for his interest in the null form estimate
(18), [14]. Finally, I am grateful to Terry Tao for taking an interest in (18) and providing
me with a counterexample to the null-form estimates that we discuss in the last section of
this manuscript.

ezt < Jluo = voll, exp(Cap(lluollzz + llvollz2))-
BPvP b,p

2. PRELIMINARIES

We will use the following formula for the Fourier transform and its inverse

~

f©) = [ fla)e ™ =dn,
Rd

flx)y= [ f(&)e*=tde
Rd

Introduce a function x : R — R, so that y € C°(R?) and x(§) = 1 for all [¢] < 1,
x(&) = 0 for all |£] > 2. Thus, one may form a partition of unity out of dilates of the

function ¢(&) := x (&) — x(2£), that is

[e.9]

XEO+) e7*) =Y w2 =1 ¢+0.
k=0 k=—00

Define the Littlewood-Paley operators via ﬁk\g(ﬁ) = 0(27%¢)g(€). We will also need P =

Pyoo+ ...+ Pyoand Pey =30

m=—0oQ

P,.g, which may be defined via
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@(5) = x(27%6)g(¢). Note that P, essentially restricts the Fourier transform to the
set {€: [€] ~ 2F}, whereas P<j to the set {¢ : |¢] < 2%}, In addition, these operators are
uniformly bounded on any L”,;1 < p < oo, that is

Sl;p[HPkHLMLP + [ Perl| o —ze] S XLt < 00.

We will often times denote fi := Py f. The Littlewood-Paley theorem states that for every
1 < p < oo, there exists ¢,, C}, so that

el Q0 1Al Plle < e < Coll O L)l
k k

More generally, for every real s, one has the equivalence of the || f|lip.s := [||V|*f]|zr norm

Q0 21l 2 e < Wl < Coll Q2212 o
k k

In particular, ||[V|* fellzr ~ 25| fellLo-
Next, we state an useful inequality, which serves as an useful and sharper substitute of
the Sobolev embedding theorem, namely the Bernstein inequality.

Lemma 1. For every 1 < p < q < o0,
| Pefl oqmay < Ca2XV/P=HD|| £l oray

The proof of this fact is very standard and in fact follows from the convolution inequality
|f*gllee < |Ifllzllgllre, whenever 1 < p,q,r < oo:1+1/qg=1/p+ 1/r. Indeed, by the
kernel representation of Py f = 2%y (2%.) % f, we have

1P f 1l paray < 2R 25 o I 1l poray ~ C2FFD| fl pogray = C2XP7VD| f| ey

Next, we have the following useful representation formula for the product P, action on
products. We have

Pi(fg] = Pelfg~r] + Pilforg] + Pi[Puk f Prg).

We refer to these as low-high, high-low and high-high interactions. Note that in addition to
this decomposition, we can further write Py(fgx) = Pi(f<k+39~k), since Py(fsri39~k) =0
by Fourier support considerations. For the high-high interactions, we can similarly write

Pi[Surf, Parg)l = > PelPurfPigl = > Pi[PufPg]

I>k+3 I>kt3

Summarize

(9) Pi(fg) = Pulf<krsger] + Pilfrgerssl + > Pilfugil.
I>k+3

Sometimes, we will use the representation

Pyl f<kr39~r] = f<krsgr + [Prs f<its]gmk-

To treat the resulting commutator term, one uses the Kato-Ponce estimate for commu-
tators. We present a slightly different version of it, which will be useful for us in the
sequel.
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Lemma 2. Let 1 < p,q,r < 0o and k is an integer. Then, there exists a constant C' = Cy,
so that for all Schwartz functions f,g € S(RY)

(10) 1P, flgllzr < Ca2 IV £l gl o

This is especially relevant and effective, when we have the low-high frequency interaction
scenario outlined above.

For the Navier-Stokes equation, we record the well-known energy inequality, namely for
Leray solutions of (1) one has

t
(11) lu(t, )72 +/0 IVu(s, )|Pdzds < [luo|[7-

3. PROOF OF THEOREM 1

We start the section by providing a direct proof of Theorem 1 in the case o = 0. While
this proof is elementary and does not use any Littlewood-Paley theory (in contrast with
the rest of the argument), it does show the main features of the proof.

3.1. The solution map is Lipschitz in L2. Take ug, vy to be a pair of smooth and
decaying functions, so that div(ug) = div(vg) = 0. Denote the respective solutions by
u(t),v(t) : div(u) = div(v) = 0. Then

O(u —v) — A(u —v) + PluVu — Vo] =0

where P is the Leray projection on the divregence free vector fields. Taking a dot product
with u — v yields

1
(12) §8t||u(t) — ()32 + [|[V[u(t) — v(t)]||32 +/ PuVu — Vo] - (u —v)dx =0
R2
Clearly PP above is redundant. We have

/[uVu — oV - (u—v)dr = /[(uV(u —v)+ (u—v) Vo] (u—v)dr =

:/[(u—v)-VU]-(u—v)dx

To study this last expression, introduce the trilinear form (where we assume only div(§) =
0)

M(éﬁf)z/[evm@d:c:—/[g-nyvcdx

We see that from Hoélder’s inequality (and the representation above), we get

|16 9 Gaal < lella ¥zl
| / € Vi) Cda] = | / €] Vede] < €zl IV C e

Interpolating between the last two estimates yields

|/[§ -Vl - Cde| < {I€l| 2 lImllvirazallCllyirza < ClEN L2l g1 me) 1€ i 2y -
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where in the last estimate we have applied the Sobolev embedding
H'(R?) — W24R?). All in all, applying the estimates for M (u — v,v,u — v), we have
shown

| /[(U —v) - Vo] - (u—v)dz| < Cllu — |2 [[o]| o [[V[u = v]|| 2
Thus, going back to (12), we obtain
1
Olw = vllze + [VIu = o]llfz < Cllu = ollz o]l 1 [V ] = o]l 2
1
< 5IVIu=olllzz + Cllu = vllZ= vl
Hence

Orllu =iz < Cillu = o[l vl

and by Gronwall’s lemma

t
lu(t) = v(@®)IZ2 < lluo — vo||%zexp(0/0 [v(s)117:s)

Since by (11), [~ [[v(s)[|%.ds < |Jvo||32, we obtain

2
%

sup [Ju(t) v(B)|IZ2 < lluo — vollL2exp(ClwollZ2).

3.2. The solution map is Lipschitz in H°,0 < o < 1. Let ug,vy be as above. By
the classical existence and uniqueness results, there exists unique solutions u(t) and v(t)
with corresponding vorticities p(t),~(t). Consider their respective equations and take a
Littlewood-Paley projection. We have

Ovpr — App + Pelu-Vp] =0
Oy — Ay + Pyl - Vo] = 0.
Next, we write the nonlinearity in the form suggested by (9). We have

Pifu-Vp) = Pilu<kis - Vi) + Piltia - Vp<ipisl + Y Pelu - Vo,
[>k+3

Pyfv - VY] = Pilvckss - Vyer] + Pilver - Vycras] + Y Pelver - Vi),
I>k+3

We further enhance this representation by
Pylu<pis - Voor] = u<pis - Vor + [Pr, u<iis] - V.
and similar for Pylv<is - Vyor]. Subtracting the equations for py and -, results in
Nl — ) — Alpk — W) + [u<its - Vor — v<prs - Vi) +
+[[Pr usks] - Vour = [Py v<iras] - Vyar] 4 [Prltek - Vo<irs] — Pilvek - Vy<is]]
+ ) [Pl - Vi) = Py - V] =0

I>k+3
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This will be our basic equation for the difference py — . Multiply both sides by pr — V&
and integrate in the spatial variables. We get

1

§8t / ok — Wl Pdx + |V [pr — ] ll72 + /[ng+3 - Vpr — v<rss - Vllor — ldz =
= /[[Pk,vgk+3] -V Yuk = [Py u<kys] - Vorllpe — ldr +

+ / [Prlv~r - Vy<wss] — Pelu~k - Vp<ris)]lor — yildr +

+ Y [Pl Vi = Pufons - 9l = pilde.
I>k+3

This is our basic energy estimate that we work with. Next, we will need suitable estimates
for the terms appearing therein.

3.3. Estimates for [[u<yis- Vpr — v<pis - Villor — veldz. We have
/[U<k+3 -V — veprs - Ve — ldr = /(U<k+3 - Vipe — ) [prx — eldz +

+ /[(U§k+3 — V<k43) - VYe[pe — i]d.

But div(u<ki3) = 0, whence the first integral on the right hand side vanishes, whereas
for the second one, we apply integration by parts (again use div(u<gi3 — v<k43) = 0) and
estimate by

|/[(U§k+3 —v<rr3) - Vlloe — mldr| = |/[(ng+3 — V<rr3) Vel - Vipe — mldx| <

1

< EHV[Pk — )lI72 + 4l (uzhrs — varra) Vel 72 <
1

< EHV[Pk — ) lI72 + Hu<irs — Vil Lo 0]l 72-

3.4. Estimates for [([Py,v<pi3] - VYur — [Pr, u<irs] - Vor)[pe — veldz. Write
/([Pk; V<pra) * Vyur — [Pry u<kra] - Vour)[or — mlde =

- / (1Per (vess — teiss)] - Vrow) (0 — ye)da + / (Povtciss] - Ve — posl) (06 — )de

To both terms, we may apply the Kato-Ponce commutator estimates in Lemma 2. We get
for the first term

| /[[Pk, (Varys — u<kis)] - Vyarlloe — Wlde| < ||[Pe, varys — u<wis] - Vyarll2llor — wllz2

< C27%||Vverrs — uskas] | oo | Vymrll 2 ok — vell 2.

Note that we may “move the derivatives” as follows

IVyverllzzll ok = vellze ~ 28wl z2llor — Vel ~ ekl z2 1V ok — Vel |22
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Similarly for the second term, we use Lemma 2 and we may also move a derivative to get

| / 1Po tipss] - V7o — poslllpe — e <

< C27¥|Vucrsslloos o — Vel 22 IV Yk — poi) |22 <
< C27%||\Vucrslle |V or — vl 2l vk — ool 22 <

1 _
< TGHV[/% — Y72 + C27% || Vuckis||Foo |[Vk — pok]]|72-

3.5. Estimates for [[P;[v-Vy<its] — Piltms - Vp<iis])[px —]dz. Integration by parts
(recall div(u~y) = div(v) = 0) and Cauchy’s inequality yield
| [ 1Pl Vrcusa) = Pulies - Vocasallon = 2ol =

~ | [ (Afo-srnsa] = Piluapensall - Vipn = uldo] <
1
< EHV[Pk — 72 + Clloary<iss — tnrp<nssllis <
<iHV[ — 72 + Cllvar — w72l 1700 4+ (0 = 7) <hssllToo [tk 72)
=76 Pk — Velll L2 ~k ~El L2 | V<k+31l e P — 7V )<k+3|lLoe [|Unkll2)-

3.6. Estimates for Y, o [[Pe[u~ - Vo] — Pi[vei - Vil — pr]dz. We estimate

S [ 1Bl Vol = Peloa - Vol = prld] =

I>k+3

~| / (3" Pultwap — varnl) - Ve — pulda] <

I>k+3
1
< 16IVIek = Wl + COY ) MPelumipr = vaam)llz2)?
I>k+3

Since [ > k + 3, it is beneficial to apply the Bernstein inequality from Lemma 1 to the
second term.

| Peluipr — veay] 2wz < C2¥[Jumipr — vl me) <
< O (lums = vtllzzllpll e + llor — il 2 vl 22)-

3.7. Putting all energy estimates together. Using all the estimates obtained for the
various terms, we arrive at

1
Ollpr — vellz2 + @HV[M@ — )72 < Cllu<kss — v<rssliee 17kl 72 +
+O27 || Vgl N[vak — porlllZe +
+Cllvak — ukl|72 I<hrsllioe + Cll(p = V) <hsllioe ltnll72 +

022 (Y M = vallz2llnllze + Nl =l onallz2)?
I>k+3
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Multiply both sides by 272%¢ for 0 < s < 1 and sum in k € Z. We obtain

1 —2ks
AWllo =M. + g5llo =M. <€D L2 lluckes — varsllie lnellZe +
k
+C > 2| Vugp s Yk — pokllF2 +
k
- Unk = Unk || 22 || V<k+3 | Loo P — ) <k+3[ oo || Unk || 12
+C Y 272(| [7A 17 + II( )<hyslToe lumkllZ2) +

k
+C Y 270N Jluw — vallzzllodlz + o — vl ezl 22)?
k [>k+3

For the first term, we apply the Bernstein inequality

Z 27 luchrs — vepsslliellmlie < Cllvlze P 27 [lugres — vapslle <
k

< Cy/|72(sup27* Z 2 (u — )il r2)* < ClYlIZllu — |3
k 1<k+3

The second term gets estimated by a very similar argument

> 27| Vugyysl|F vk = prillie < Clly = p||qus(sgp 27" Vugpsll=)? <
k

<Clly - pl!fg-s(sgp 278 3" 2V g2)* < Clly = ol | Vul 72
1<k+3

For the third term

> 27 ok — wnlfFay<rssllie < Cllu— vll?-p_s(sgp 27 v<reslle)? <
k

V|72

< Cllu— o3, (sup2~* Z 2llr2)® < Cllu— |3,
K 1<k+3

and similarly

32 (p = Mswsallie fuslfs < CITula(sup2 04 (p = ) <pall)? <
k

< CIVulfa(sup 270+ 37 2 (p = 1)l2)* < CIVulally — ol
I<k+3

Finally, for the high-high frequency term, we have

ST N sy — vz llpllie + lor — vl 2ol z2)? =
I>k+3

k
= Z(HuNll - UNhHLZlelHLz + th - ’711HL2H’UNl1”L2) X

l1,l2

X([[tety = vt 22l Ml 22 + o1, = Yo [l 22 [|0mie ][ £2) Z 22(1=s),
k<min(ll,l2)73
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We now observe

Z 22k(175) < ¢ 22min(l1,lg)(1fs) < ¢ 2l1(1fs)2l2(1fs)
k<min(l1,l2)—3 1—s 1—s

It is clear that we can bound the contribution of the high-high frequency terms by

SO 20 (fluar — vallz2lillze + lloe— il 2 lloaallz2)? <
l

S Qo2 un = vl Z2) O erllze) + (2 27 o = wllz2) (D 2% oillze)* <
l l l l

< Cu(llu = vl llolizz + llo = Y- IV ullZ2).
where we have found that Cy = C/(1 — s). We obtain
||p_7||§_ll—s
at”p_/yHH—s 3—2

Recall however that for every 1 < p < oo, a € RY, ||pllyirar ~ [|t]ljirar1,, and similar for .
We can drop for a second the term ||p — 7|| /32 and rewrite the last estimate as

[lIZ2+171172)]

[Vl L2+ VullZ)+Hlu—vl G (

< Clllp=115-.(

Hls

[VulZ + [IV]Z2)

at”“ - UH?‘{FS < CSHU - UHHl—s(

An application of the Gronwall’s inequality yields for every T > 0,

(T, ) = o(T, W < i — vl se:cp( [ vt >||ia+||w<z,->u%2>dz)

By the energy estimate (11), we can estimate the expression inside the exp by
C(Jluoll32 + llvoll32) and therefore
sup [u(T, ) = (T, )3 < g = ol (ool + len]32))
0<T<o0

which is (5) with v = 1 — s. Note that the constant C appearing in the estimate may, as
a consequence of this argument, blow up in both s — 0 or s — 1. As we saw in Section
3.1, this does not happen as s — 0.

Bringing back the term |[p — (1%, .
integration in [0, 7]

Ju(T, ) — o(T ) + /Onu(z) o(2) Py

/32 ~ ||lu — v||%,_. into play, we realize that after

HQS

< Cs/o lu(z) = () G- (IVu(2)l[Z2 + [Vo(2)[[12)dz <

< Cs sup Jlu(z) = v(2)[F. / (IVu() 1z + [IVo(2)l[72)dz.

0<s<T

We now ignore the term |[u(T,-) —v(T,-)||3,_, and use (5) to bound
SUpg<.<r [Ju(z)—v(z )||H1 . and the energy estimate (11) for fOT(||Vu(Z)||%2+||Vv(z)||%2)dz
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We obtain,

T
/O lu(2) = v(2)|G2-d2Cs < [luo — voll 7. (

This last inequality gives (6) and hence the complete proof of Theorem 1.

uoll72 + [lvollz2)exp (Cs([[uollZ2 + llvollz2))

4. PROOF OF THEOREM 2

A basic tool in our approach will be the norm equivalence 2||ug||, ~ ||V urP?]]|2.
More precisely, for every 2 < p < 0o, there are two constants ¢, 4, Cp 4, so that

(13) Cpa2” |kl may < NV [lurl”?) 22y < Cpa2*Iluell}pmay

for all Schwartz functions w. This is shown in [22], with the improvement to the full range
1 < p < oo in [2]. This will allow us to perform energy estimates in L? spaces, which we
will now do. There are some technical details before we start. For every smooth function
u , we have V]u| = VvVu2 = gV = sgn(u)Vu. So, for a function u(t,x), we have for
every p > 1

u p
at|u‘p = at\/ ur = matu
u
Applying this to the smooth function p —~x, we obtain from the equation for the difference
Pk — Tk

1 P
20 [ 1o —wrae = [ s
p Pk — Yk

_ p
M[A[Pk — Y] + [u<kss - Vpr — v<pgs - V)] +
Pk — Tk
_ p
+ M[[le usprs] - Voor = [Poy vapes] - Voyr] +
P — Yk
_ p
+ M[Pk[uw *Vpskis] = Pilvar - Vycks]] +
Pk — Tk
_ p
/ |/0k 7k| [ Prlu~ - V] — Pelve - V]
Pk — Yk

l>k+3

The terms, which we get to estimate, are similar to those appearing in the computations
in Section 3.

4.1. Rewriting [ Z—tL ls=wl® A[p, — ~)dz. We have

Pk =k

_ p _ p
Pk — Yk Pk — Tk
_ 4(p—1
= /V|sz — PV | — lda = _% / Vlpx — 7k|p/2]|2d95 =
A(

p—1)
= —THVHPk — Wl 72 ey
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Note that the expression ||V|[|pr — fyk]p/Q]H%z(Rd) is exactly what sits in the middle of (13)
for ux, = pr — 1

4.2. Estimates for [[u<jis- Vi — v<pis- V'Yk]%da:. We perform an integration by

parts, which due to the property div(u<yys) = div(v<gi3) = 0 reads

_ p
|/[U§k+3 -V — V<pis - V%]Mdﬂ =

Pk — Tk
_ p
= ’/[U<k+3ﬂk — V<py3Vk) - V {Ml dx|.
Pk — Vk

Furthermore, write u<xi3pr — V<p3Vk = U<k+3(Pk — Vi) + (U<prs — V<kp+3)k and observe
that

— p
/(Pk — Ve)u<kss -V {%} dx = / ok — Yelu<krs - Ve — WP~ de = 0.

since div(u<gi3) = 0. Next, due to the formula V|u| = sgn(u)Vu, we have the pointwise
bound

lpx — el -
(14) Y {m | < Cplok — el V[l ok — ]

for some constant C. Inserting this in the remaining nonzero terms and applying the
Holder’s inequality yields the bound

_ P

| /[U<k+3 -V — U<ias - V’Yk]udﬂﬂ\ <
Pr — Yk
<c, / ucrss — vensl el loe — 3?2 IV Lok — 7?2z <
< Opllv i p/2 o (p—2)/2 _ <
> PH [|Pk %| ]||L2||Pk %HLP H(U§k+3 Usk+3)7k\|Lp >
—2)/2

< CplIVIox — A2 lor — Wl B 2 fuckss — varisl po vl oo

We further estimate the right hand side by Cauchy-Schwartz and then Young’s inequality

2)|

eIV llow = 3l 5e + Dyellon — vl E llusess — verssll o | wll7e <

< el|VIlow = P72 + 2% ok — Wellho + Dpe2 P Jugsys — vapralfoo Vel

where we require that ¢ = ¢, is so small, so that 100C,e < (p—1)/p*, where C, = C,, 5 is the
constant appearing in (13). This of course ensures that one would be able to hide the term
eIV oe—lP/211224-2% || pr — & ||%.» ) behind the positive term 4(p—1)p~2 ||V [ pr — v |P/?]|| 2
arising in the energy estimate.

4.3. Estimates for [[[Py,v<ji3] Vyur — [Pr, t<pis] - prk]%dx. Similar to Section
3.4, represent

[Pr, Varrs] VY= [Pry u<iys)-Vour] = [Pr, (V<pss—t<its)] Vil [P, u<iis] Vv —pk]
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whence by Lemma 2

ok — Y|P
Pk — Yk

< C27M|Vverss — ucras) || oo | Vrarlle |l ok — el +

+O27M|Vuck il 1o ||V [k = il 1ok — Yll50

|/[[Pk:, Veits) - Vyer — [Pr, U<pss] - Vo] dx| <

Again, using the equivalence ||V fi||z» ~ 2¥|| fx||» and Young’s inequality, we may estimate
the last expression by

e2%%| pr. — |l + C27 PV (|| W [vapps — ucria] oo 1m0 + (| Vackra || | oar — Yokl50)

4.4. Estimates for [[Pifver - Vy<rss] = Prltier - Vp<pa] 2L dz. White

Pylvek - Vy<its] — Peltumr - Vp<irs] = Pel(vak — k) - Vy<its] + Ptk - V(Y<kirs — p<kis)]-
whence

_ P
| / [Prlv~k - Vy<rss] — Prelug - V05k+3ﬂ—|pk e dz| <
Pk — Vk

< llok — el (Joa — el 2o | Vy<iesllzoe + Juanll o]V (Y<ias — p<ias) | ne) <
< 2o, — wll%s + C27FP I oy — w5 | Vy<irs|fe +

FC2 0D gl |V (rirs = peirs) [

4.5. Estimates for } ., o [[Pilu~ - Vo] = Piloe - Vm]]%dw. It is again beneficial
to integrate by parts. We obtain

_ V4
[Pl 90 = R o L
Pk — Vk

- /[Pk[uNWl] = Pelononl] -V [%] dw

From the pointwise control (14) and Holder’s inequality, we estimate by

(S 1Pu~aor = vl ok = wllE 2219 ok — 3l 22 <

1>k+3
-2
< el Vilow — w2 2e + C-0>" N Piluaior — verllle)lloe — vell % 2 <
1>k+3
< el Vllor — w232 + 22 o — Wl + Dpe2 02 ([ Pefunapr — vl 20)?-

I>k+3
We further estimate (similar to Section 3.6) via the Bernstein inequality

| Pefuipr — vyl omz) < C2°|| Peluipr — vyl 2o m2) <
< C2"|luet — vl zellpill 2 + C28 vl 2l oe — 2l e
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whence we obtain an estimate for the contribution of the high-high term in the form
ellVloe = P2 + 2% (lon — llfe +

+Dp 275D s = vallzelpillz2 + vl z2llor = ll o)
1>k+3

4.6. Putting all energy estimates together. The energy estimate for ||px — x|/, may
be rewritten by using the estimates in the previous sections. Since we are interested in the
~|lp ="l a5t We multiply by 2°?*27%? and sum in k. We obtain?

9
spko—kp o 4 spko—kp _ P/27||2
8t;2 27" pr — |7 + =1 22 27|V ([ pe — N 2e <
< Dy ST 2P gy — vyl +
k

+Dpe ) 2P|V vy — usksallfo Imnlfe + I Vuskral oo lomn — nlln) +

k

+Dpe Y 257l |7, 1V [Y<kys — p<yal e +
k

+Dpe Y 25PN (luy — vllie oz + Joaallz2 o = )P
3 1>k+3

We now observe that by (13) the left hand side of the estimate is bigger than
Alp — Y% €N, 26EPP )| o — 4|7 ,. Tt remains to suitably estimate the right
b,p

p—1
hand side and use the Gronwall’s inequality. We have by Bernstein inequality (Lemma 1)

22O sk — vsnrallieully < 3RS B s =l ol
A I<k+3
For s < 2/p, we have

(> 227wy — vy )P < (sup 2% |uy — v|o)P( D 2"y <
l

1<k+3 1<k+3

2k (2—ps)

Y

whence we derive the bound Csl|lu — v||”

By 1|1 Bi/p2 for the first term on the right hand

side. The considerations in the other hlgh low or low—hlgh terms are similar and we obtain

Z 2HPI2)(||V [oaprs — tahis] o ke < Collu = 0] I;?;p |7||ZJ)'3;*/1§"2
k , |

> 2N Vugps el e = vonllln < Collullpmsllp = s
k

> 2w L |V Ivees = peiasllToe < Colluluyillp = s
- p,p >

Note that in the last three estimates, we needed only s < 2/p + 1 and this is why the
constants are denoted by C,. Next, for the high-high frequency interaction, we have that

3due to our choice of ¢, all the terms containing o — Yk||%» can be hidden behind the left hand side
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s>1—2/pand hence sp—p+2>0. Let 0 <k < sp—p+2,say Kk = (sp—p+2)/2. We
estimate by Cauchy-Schwartz as a constant times

ZQk(s”_p+2)( > llues = vaallzelloillze + llo~illz2lloe = lle)? <

I>k+3
<§:TWPH)§:2“w””pE:ZWWM—WwMAmMr+Mwmmm—%MAS
1>k+3 [>k+3
<§jf@P“*ﬂ§jzmwM vuilliallonllye + losallyzlon =l
[>k+3

Now, since sp —p+2 — Kk > 0, we may interchange the k£ and [ summations and conclude
that Y, 4 28EPPH27r) 2U(sp=p+2-) We obtain the bound

> 2Dy — v Balloills + ol o= ila] <
l

S 2 [luy — vl (sup 2"V gy 2)P + ) 2P0y — [, (sup 2277 [y | 12 )P
] ! ] !

p
< Culllu =l

[ P L 98

To summarize, for all s : 1 —2/p < s < 2/p, and by taking into account ||p||g. ~
p,q
||| pat1, we obtain (after integration in time) the energy inequality

) = vl
t
<c.; %quwl+wm

)l — 512z <

(15) "ol

H2/p H2/p)

where Cy depends on s and may blow up as s — 2/p or s — 1 —2/p. Ignoring the positive
term fot |lu — v

1; «12/,d% and applying the Gronwall’s inequality yields
p,p

P
By,

< [lug — woll

t
(16)  Jlu(t) —v(?)| s ewp(Cs/O (el ayps + Meellgay + 1011752, )d2)
However, the integrals under the exp are controlled uniformly in time. Indeed, by the
Gagliardo-Nirenberg’s inequality and since L*(R?) — B! (R?)

/O lellGarprdz < el s < < lully Lo Ml ey, < Tl lullZa g < lluolfe,

where in the last line, we have used the energy dissipation (11). Similarly, we control

t
/0 (Nl + 10112 )z < Mllf, oy + 10N g <

< Cllullfullullzee 2 + Cllol e 22 < Cllluoll72 + llvoll72)

L2H1HU

and hence, inserting this in (16) yields

[u(t) —v(1)]

5, < llwo = voll s, exp(Cuplluolz + Ileol))
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which is the claim in (7). If we go back to our energy estimate (15) and ignore instead the
positive term ||u(t) — v(t) , we obtain the bound

t
[ =l
0

< luo — wo

B,

t
p p p p p
oo < s @) =0, [l o+l + 0], ) <

b eap(CopllluolZ: + uoll2)),
p,p

hence (8).

5. DISCUSSION AND OPEN PROBLEMS

In order to motivate the discussion, we outline (following our previous argument) an
approach for showing Lipschitzness of the solution map in H!'. Taking two solutions u,v
with their corresponding vorticities p, vy, we have the scalar equation for the difference p—-~

dlp—7)—Alp=7)+tu-Vp—v-Vy=0
Taking a dot product with p — 7, we obtain the energy equation

1
30lo =l + 19l =l <1 [ - Vp =090 =) =1 [ [w=0)- Vallp=1]l
Introduce, as suggested in the abstract
AU, v, w) ::/ (4 - Vv)wdz.
R2

where div(u) = 0. If one can show the estimate
(17) A4, v, w)| < Cllal] gallvll z2llwl] 1,
then the problem for Lipschitzness in H! will be resolved. Indeed, assuming (17), we have

1

0o =z + 1Vlp =9lll7z < Cllu = oll gzl = Y-
Since [|u — v/ ~ ||p — ¥||lr2, we obtain (after hiding certain terms behind ||V [p — ~]|32,

Allp =72 < Cllo = 720717,

whence .
lp(t) = v ()2 < llpo — 70||2Lz€l‘p(/0 1v(s)l1Z2dls)-
Note however that [ [|(s)|[72ds ~ [ |Vu(s)|[32 < |lug||72. Thus
lu(®) = vl ~ o) =7 (Ol72 < oo =0l z2e2p(Cllunliz2) ~ lluo —vollnexp(Clluollz2).

This shows that Lipschitzness in H' is pretty much contingent upon the validity of (17),
at least if one follows the proof proposed here.

Let us show that (17) is almost correct in some sense. Indeed, noting that since div(u) =
0,

A, v,w) = —/ (4 - v)Vwdx
R2
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and an application of the Holder’s inequality yields
A, v, w)| < lullz o] 2 [w]] g1

However, since H'(R?) just fails to embed into L>(R?), we cannot claim (17) from this
argument.

Interestingly, an enhanced version of this argument fails as well. In order to explain
that, we introduce a related trilinear form, this one acting only on scalar functions

L(p,v,w) = " Q(¢,v)wdx = /R2 (020010 — 01 pOav|wdx

Since div(u) = 0, it is clear that it can be written as u = curl¢, whence A(u,v,w) =
I'(¢, v, w). Moreover ||ul| 51 ~ ||@||72. Thus, (17) is equivalent to the estimate

(18) C(0s v, w)|| < Clioll gallvll 2wl

Note that a simple integration by parts yields I'(¢, v, w) = — [ ¢Q(v,w)dz. Denote by H*
the Hardy space, which the predual of BMO, (H')* = BMO. We have

(0w =1 [ [V1601VIQe,w)lde| <
< 1910l a0 117w, 0l < ol gl V1 @0, )l

where in the last inequality, we have used that H'(R?) < BMO(R?). But now again, the
estimate needed to close the argument, namely

V1T Qw, )l < Cllvllzzllwll g,

fails. This is not so straightforward, see Theorem 2, [24] (or the details in its proof on p.
458, [24]). In fact, this is a double endpoint failure as explained in [24]. This shows that an
H!' — BMO duality argument is likely to be insufficient to establish (17) (or the equivalent
(18)). Thus, we propose the following open problems for consideration.

Problem 1: Prove or disprove (17) (or the equivalent (18)).

An affirmative answer to that will of course imply the H! Lipshitzness of the solution
map. In case the answer to Problem 1 is negative, it does not automatically imply that
the solution map is not Lipshcitz. Thus, one is faced with

Problem 2: Prove or disprove the Lipshitzness of the solution map in H*.

5.1. Postscript. After the paper was submitted for publication, I have asked several col-
leagues for input on the validity of (18), basically asking for a counterexample. Terry Tao,
[25] has provided me with the following

Proposition 1. (Tao, [25]) The estimate

(19) 1 f2gy = fugall2me) < ClIV Fll2me) V29l 22y
fails. Since (19) is equivalent to (18), we conclude that (18) fails as well.
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Proof. Here, we briefly indicate Tao’s argument. The idea is that one can deduce from
(19) the false Sobolev embedding estimate H'(R?) < L>(R?).

Indeed, assume (19). Fix xg, 40, N, € and ¢ € C5°(R?). Test (19) with
f=cteNoley(n/e, y/e), g(x + mo,y + o). Here N >> 1,0 < e << 1.

Observe that ||V f]|2 < N/e and

N
1129y = Jyellrzmz) = 14 (x/e, y/2)gy(x + w0,y + o) [ 2mz) + O(1/7).
It follows
N CN
;W(f/& Z//é?)gy(ﬂv + Zo, Y + y0)||L2(R2) + 0(1/52) < THV29HL2(R2)

Taking N — oo yields

1
(20) EHWQU/E, y/€)gy(x 4+ w0,y + o) ||l L2m2) < C||v29||L2(R2)
But |
hI% g/ [Y(x/e, y/e)|2|9y($ + 20,y + yo)|*dxdy = |9y (0, Yo)|?
E— R?2

Thus, a limt € — 0 in (20) implies
195(0, y0)| < ClIV?gllr2m2)

Since the roles of x,y are reversible, this implies the false Sobolev embedding formula
Vgl Lom2y < C|V?9|l12(r2). Therefore, (19) and hence (18) fail.
O
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