GLOBAL REGULARITY FOR THE MINIMAL SURFACE
EQUATION IN MINSKOWSKIAN GEOMETRY

ATANAS STEFANOV

ABSTRACT. We study the minimal surface equation in Minkowskian geometry in
R™ x R}r, which is a well-known quasilinear wave equation. The classical result
of Lindblad, [10] establishes global existence of small and smooth solutions (i.e.
global regularity), provided the initial data is small, compactly supported and very
smooth. In the present paper, we achieve more precise results. We show that, at
least when n > 4 (or n = 3, but with radial data), it is enough to assume the
smallness of some scale invariant quantities, involving (unweighted) Sobolev norms
only.

In the 3D case, such a proof fails as a consequence of the well-known Strichartz
inequality “missing endpoint” and one has instead slightly weaker results, which
requires smallness of the data in certain WP p < 2 spaces.

In the 2 D case, this fails as well, since the free solution of the 2 D wave equa-
tion fails to be square integrable, but only belongs to L?°°, another failure by an
endpoint. Thus, an important question is left open: can one prove global regularity
for the 2D minimal surface equation, assuming smallness in unweighted Sobolev
spaces only?

1. INTRODUCTION

In this paper we shall be concerned with the minimal surface equation, where
the background metric is the Lorentzian metric. This is a well-known model, which
derivation we discuss briefly.

Consider the usual Euclidian space R"*? endowed with a Riemanian metric given
by the symmetric metric tensor

R = g (z)dx;dx;.

To simplify our considerations, take a surface in the form z,; = ¢(xo,...,x,) and
gtV = §,,11y;. Compute the surface area by

s@ = [ |1+ d9@aetse = [ 16

Rn+1 1,7=0 Rn+1

The problem of finding the minimal surfaces embedded in R"*? with a metric tensor R
reduces to minimizing the functional S(¢), when restricted to some class of admissible
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2 ATANAS STEFANOV

functions ¢. This is of course the standard setup of calculus of variations, and if one
make the usual assumptions on smoothness (as we shall do later on) the minimizers
must satisfy the Euler-Lagrange equation

i(OLY _ 9L _
a(@éi) 0l0) !

oL 9106
0¢i  23/1+ gFm ()OO’

we get the minimal surface equation

Since g—g =0 and

79,
\/1 + gkm(x)akgb@mgb
In the Euclidian case, one has g = §;; and (1) takes the form
Y L "
V1+[Vol
or
div( ve )=20

V1+[Vol

which has been extensively studied by many authors. We will not even attempt to
give an account of these studies, since this is outside the scope of this paper.

In the Minkowski metric R = diag(—1,1,...,1) setting, with the usual assignment
of xy as the “time” variable and (z1,...x,) as the “space” vector, the equation (1)
becomes

(2) 6t¢ 3j anb

0, — =0
V1+|Vol? — (9i0) V1+[Vo]? — (9i0)

Note that the Langrangean density L is not well defined, unless the function ¢ has
the property (9;¢)? — |[Vo]* < 1.

We now describe the current and latest results in the study of existence and unique-
ness for solutions of the minimal surface equation (2). In order to write the equation
in a more tractable form, introduce the bilinear operator Q(u,v) defined by

Q(u,v) = dudyw — O'udv.

We can now rewrite the equation (2) (assuming enough smoothness for the unknown
function ¢) as

0i¢— A 0iQ(¢,¢) — ¥ ¢9;Q(4,¢)

—0w.0 | 0-Q@oyr
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Taking common denominators and taking into account ¢,0;Q(¢, ¢) — 8 $0;Q(p, ) =
Q(o,Q(¢, ¢)), leads us to consider the following Cauchy problem

(3) ¢(z,0) = f(x),
¢t(x> 0) = g(.ﬁlﬁ)

One should note that, (3) is not guaranteed to be a hyperbolic equation, if || V||
is not small.

A local well-posedness theory for (3) (without smallness assumptions) can be built
from the methods developed in [5], see also [13], [2]. Basically, making use of some
(mild) symmetries of the system, one shows that energy estimates close, at least for
short time, when (f,g) € H"?**2 x H™/?**! In order to set a clear reference on how
good such a result is, we discuss the scaling of (3). More specifically, if ¢ is a solution
of (3), then @y(z,t) = A1d(Ax, At) is a solution of (3) as well with initial data
(A7LF(X),g(X)). This dictates that the critical Sobolev index for the equation
(3) is s =n/2+ 1.

That is, we expect to have ill-posedness for (3), whenever (f,g) € (H® x H*™!)
and s < n/2 + 1, where H® are the standard Sobolev spaces. On the other hand,
this is just a lower bound and the well-posedness theory for the Cauchy problem for
this quasilinear wave equation may well get into trouble for values of s nontrivially
bigger than the scaling index.

For global existence results, Lindblad [10] has hown that the problem (3) with
initial data (ef,eg) has global solutions, provided 0 < ¢ << 1 and f,g € C*(R"),
n > 2. Lindblad actually provides two proofs. In each of the proofs, he heavily uses
the structure of the bilinear operator @) as well as the conformal properties of (3). In
fact, his first proof contains more information than stated above. Namely, his method
provides global solutions for data (ef,eg), which is in the class H*" "2 T2(R") x
H2 12l Here H™! is the weighted Sobolev spaces {f : [(1 + |z|")?[|f(x)]* +
0™ f(x)]?]dz < oco}. The proof essentially relies on the H'! energy and decay estimates
(similar to those in [5]), applied to the wave equations satisfied by I'! ¢, where I'! are
products of |I| copies of the Lorentzian group generators ', = z;0, — 240, (J, k) #
(0, 0), F()[) = Z?:O x]@j.

A subsequent developments to this approach led to the publications [3] - for the
related Born-Infeld model and [2] - for minimal surfaces of general codimension.
These are all “small data” results, similar in spirit to the work of Lindblad, [10]. We
would like to specifically mention another line of investigation, in which the smallness
assumption was removed. In [9], the authors build a smooth classical solution, under
a condition on the initial data, which they show is necessary for the global existence.
That is, this condition guarantees the validity of 1—Q(¢, ¢) > 0 (which appears under
square root in the equation) and global existence and conversely, if this condition is
violated by the initial data, singularities will emerge in finite time. In follow up
papers, [11] and [12], the authors consider related problems (initial-boundary value
problems etc.) where similar necessary and sufficient conditions for global existence
were found.
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We would like to point out that in these geometric works, [9], [11] and [12], the
emphasis is on global in time, classical solution, without particular regard for decay
at spatial infinity. On the other hand, the approach in [10] and subsequently [3],
[2], the authors employ the Klainerman’s vector field approach and as a consequence
they obtain energy estimates as well as time-decay estimates for various LJ° norms
of (angular) derivatives of ¢.

In this paper, we study (3) with small data in (unweighted) Sobolev spaces. The
goal is to produce global solutions with minimal regularity assumptions on the small
data, which can be readily compared to the critical index. Moreover, at least in the
high-dimensional case n > 4, we will be able to present the smallness condition in a
scale invariant form, which is a natural setup for this problem.

Question 1. Under what (minimal) Sobolev reqularity conditions on the (small) data
(f,g), one has global existence and persistence of the solutions to (3)?

Since our interest is in global solutions, and by the results in [9], we will need to
ensure the positivity of 1+|V¢|?— (0;¢)%. In particular, this will follow, if we require
that ||V¢||;- << 1, which we will do henceforth.

Let us justify this by the following argument. According to the postulates of special
relativity (which is modeled in our case by R"*! endowed with the Minkowski metric),
every object has a velocity less than the speed of light, in our units every velocity is
less than one. This implies the causality principle, which informally states that every
trajectory through a fixed point P must lie in a cone of aperture one centered at P.
Take such a trajectory on our surface and suppose |V (x°)| > 1. Then, there exists
a direction &, so that for sufficiently small ¢, one has |¢(2° + y€) — ¢(2°)| > |y|. That
implies that such a trajectory leaves the light cone, in direct violation of the causality
principle. Equivalently, the speed of the point P, in the direction of &, will be larger
than the speed of light. Thus, it makes sense to require that ¢ : |[Vé(z%)| < 1 and
in fact is physically relevant to consider only |V¢(2°)| << 1, since most velocities
ought to be negligible with respect to the speed of light.

Our findings are summarized in the following theorems.

Theorem 1. Let n > 4 or n = 3 and the data (f,g) is radial. Let also 0 < p <
(n —1)/2. Then, there exists k = k(n,u) > 0, so that the Cauchy problem (3) has a
global solution, whenever

fe Fn/2+5/2+40 A Hn/2—1/2—u7 ge F[n/2+3/24n A [yn/2-3/2—n
and

(4) || (fv g) ’|H"/2+5/2+u><]'{n/2+3/2+u || (fv g) ||H"/2_1/2—M><Hn/2—3/2—,u < :‘<L2.

Moreover, there are the persistence estimates, namely for all s > 1,
(5) 61| Los 0,00y 215 < CNCS s )iz o

Remarks:

e Note that the quantity (4) is scale invariant.
e The energy estimates in (5) can be extended to s = 1 by applying the standard
Hormander’s energy estimates, see Remark 2, after Proposition 1 below.
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We formulate the following corollary of the main result, which takes away most of
the technical assumptions, while preserving the gist of the statement.

Corollary 1. Let n > 4 or n = 3 and the data (f,g) be radial, n > 0. Then,
there exists k > 0, so that the Cauchy problem (3) has a global solution, whenever
f e HV?5/24m g e gri2+3/241 gnd

H(f, g) HHn/2+5/2+p.><Hn/2+3/2+p. < K.

In other words, if the initial data is small in the space H™/2*5/2+ x H"/2+3/2+ then
the solution is global and stays small. Note that this space requires the initial data to
be 3/2+ derivatives smoother than the lower bound provided by the scaling analysis.
Then again, even the best local well-posedness result (which we have alluded to above)
requires smoothness of at least H"/>*2 x H"/>*1_ That is, our global regularity result
requires 1/2+ derivative more than the best available l.w.p. result.

For the 3 D case, the proof of Theorem 1 fails as a consequence of the well-known
failure of the Strichartz estimate at the endpoint. We do not know, whether this is
due to our method of proof or it is intrinsic. We have instead the following slightly
weaker result

Theorem 2. (3 D case) Fiz 4 < p < co. Then, there exists ¢ = ¢, > 0, so that the
Cauchy problem (3) has a global solution, whenever

1 D513y ma-vmwsy + 1 Ol am1ro ey cwe 3170 ma) < Ep-
Moreover, the solution satisfies for all 0 < s <5—1/p, 0 <a <2+ 3/p,

@]l (0,00 < CI(f, 9]
IV 1*@ll 20,000 < CUICS, O =10 xcraro + 1 (F, ) llworamrm et s-170)

The strategy of the proof is as follows. First, we establish energy estimates for
H* s > 1 norms - this is done in great detail in Proposition 1 in Section 3 below.
These estimates remain valid so long as (15) holds below. Then, we need an additional
step, which closes the argument, namely the quantities invloved in (15) stay bounded
in terms of only the relevant H* norms, which we know a posteriori from the energy
estimates are under control.

HsxHs—1

2. PRELIMINARIES

Define the Fourier transform F acting on a function f € § (S is the Schwartz
class of test functions)

fe) = [ e .

The (homogeneous) Sobolev space H* is defined as the completion of all Schwartz
functions in the norm
1/2

1£lLe = / ()PP de
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We will also use the inhomogeneous version H?®, defined by the norm
1/2

1.f1

= / FOP + ¢ de

We analyze (3) via Littlewood-Paley decompositions of the solution ¢. Let ¢ €
C3°(R™) be such that suppy C (0,2) and (§) =1 for all || < 1.

Let (&) = ¢(§) — ¥(26). Clearly
D e =1 for all & # 0,

i€z
which gives rise to the Littlewood-Paley operators, defined by the multipliers
©(27%), namely
Pef(€) = p(27%€) f(€).
Roughly speaking, the Littlewood-Paley operators are projections with range all func-

tions having Fourier support in the annulus {¢ : 2F71 < |¢] < 2¥1} We will very

often write f; instead of Py f and P := > P. Note that
1<k

F=> fe= lim Py f.
kez o

That is the function f is represented as a sum of (smooth ) functions fi, with mu-
tually disjoint Fourier support. We now recall the Littlewood-Paley square function
characterization of LP (or more generally WP spaces), namely for all 1 < p < o0,

(6) L lwee ~ 1 225 fel) 2 2o
k

Due to and (6) and the inclusion 7 C {9 for all 1 < p < ¢ < 0o, we obtain the useful
formulae

1/2
(7) |l < C (Z 22’“kauip> L 2<p<s
k
1/2
(8) (Z 22k8||fk||%p> < C| fllwe.s 1<p<2
K

A slightly smaller space (of order of smoothness s) is the Besov space B;’l, 1<p<oo.

The norm is given by
s = 32 Al

keZ

/]

This space serves, among other things, as an useful replacement of the spaces Wr-*

in the cases, when the Sobolev embedding fails. More precisely, we have ||u||p~ <

Cllul garp1. We also note that since P (and P.;) is given by a convolution with
p

2k (2%-), we have || Pyl < [|257@(25)]| S 1 forall 1 < p < oo

_— ~Y
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Next, we make several useful observations regarding the Gagliardo-Nirenberg in-
equalities for such spaces. First, for all o, 5 > 0 and any s, we have

(9) £l g1 < Capllf]

Another useful inequality in the same spirit is the following. Assuming 0 < a < b,
we have

(10) [ orall Fllgroma < Coapll Fll ool 1l o
In fact, one can show (10) by simply applying (9) to each term || f|

B/(a+p3) +8)
D 1o

oo < 1l gt

2.1. Littlewood-Paley decompositions of products. Given the product struc-
ture of the nonlinearities in (3), we will need to analyze the action of the Littewood-

Paley operators on products. Since supp F(fg) C supp(f) + supp(g), one has

Pi(f9) = Pu(fgzk+s) + Pu(f9<i—s) + Pu(fgh-5<.<hs5) =
= Z Pe(fag) + Pe(fr2<.<kr29<k—5) + Pr(f<k+1095-5<<k+5)
I>k+5

The first sum gives the so called “high-high” interactions, whereas the second and
the first term give the “high-low” and “low-high” interactions. Usually there is a
symmetry' between the f and ¢ in which case, one combines the “high-low” and
“low-high” terms.

Similarly for products of three functions, we have the formula

Pi(fgh) = Pu(forg<k—10h<k—10) + Pu(f<r—109~kP<i-10) + Pe(f<k—109<k—10h~k)
+ Z Pi(frug1,hus)-

I1,l2,13: med(l1,l2,l3)>k—10

where med(a, b, ¢) denotes the median of the three numbers.
We introduce the operator |V|* by

VIF: = JF©)

A basic property of such operator, that will be frequently used throughout the paper,
is that ||P|V|*f]l o ~ 2%||Pef]|»- The following lemma yields estimates of various
commutator terms that appear in the argument. Its proof is classical and can be
found for example in [14] ( see Lemma 4.3 in).

Lemma 1. Let 1 < q,q1,q2 <o00: 1/g=1/q1+1/q and 1 <, 7y, 19,7 <00: 1/r=
1/ry + 1/ry. Then for every integer k, and for every two Schwartz functions u, v,

(11) HPk(u Vk—5<.<k+5) — UUkHLqu S 2_k||ququLTl HUHL‘ZQLTz'

Another result that will prove useful in the sequel is the fractional derivatives
product rule. There are many variants (see for example Proposition 2.1.1, [1]), but
we will use the following version,

lif for example they are the same function or live in the same function space
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Lemma 2. Let s > 0 and u,v be functions in the Schwartz class S. Then, for every
l<pry,rm<ooandl1 <gq,qp<o00:1/p=1/q1+1/ry =1/q+ 1/rs, one has
[uvllyyp.s < Clulla f[vllirs + lullioslv]lz-)

2.2. Decay and Strichartz estimates for the wave equation.

Definition 1. Let n > 2. We say that a pair (q,r) is (wave) Strichartz admissible,
if2<qr<oo,1/g+(n—1)/(2r) <(n—-1)/4.
For the linear wave equation

Ow = F

w(m,O) = f(l’),

wi(z,0) = g(z).
we have the following estimates, [7], for any Strichartz admissible pairs (¢, ), (¢,7)
and for any real « ,

(12) VP wl gy < CULF Il nsore + gl grnacams + [ [V]/THTHO2 R

Note that the Strichartz estimates above remain valid in the “forbidden” case
(n,q,7) = (3,2,00), provided the data and/or the forcing term are radial!
In addition to that, if ' = 0, one has the decay estimate

C n— n—
(13) supw(t, z)| < =5 VI flloiwe) + 11V gl @)

iy ).

If one interpolates between the decay estimate (13) and the standard energy estimate
lwllzz < |1 fll2 + llgll z-1, we obtain for all 2 < p < oo,

2

(n—1)(L_1 n—1)(1—2 n—1)(1—2)—
(14) w®)lzo@e S " VED VIO E ey HIVIO T g ]
3. ENERGY ESTIMATES

Our next proposition contains the main energy estimate that will allow us to control
the growth of the Sobolev norms of the solutions of (3). Note that this will remain
true until the a priori smallness condition (15) below holds. Clearly, to close the
argument, one will then need an additional estimate to ensure that this quantity
stays small, given that the initial data is small in an appropriate sense.

Proposition 1. For every n > 1, there exists a constant C = C(n) and 6 = d(n), so
that: for every classical solution ¢ of (3) and for every T >0, so that

2
(15)  IViaVabll 2oy [Viedll 201y + IVir@llige + IViab oo rysansz < 67

one has
(16) O 22V arill e oy22) > < CUL N o + Nlgll0)-
k

for every s > 1. Moreover,
(17) 191006 e .1y00 < CCIS]

Remark:

gen T 19l gs)-
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(1) Note that in the requirements of Proposition 1, we do not require the data
(f,g) to be small, in any other way, but (15). Note also, that (15) is scale
invariant quantity with respect to the natural scaling ¢ — ¢y = A\ "1p(Az, At).

(2) Proposition 1 may be viewed as a generalization of the classical energy es-
timate (see [8], [5], see also (2.11) in [10]) for the solution of the equation
(system)

Ow + Z ¥ (t, 2)0;00w = F.

7,k=0

Namely, assuming ", |77*(t,2)| << 1, one concludes

IV eww(®)l] e < ezl / el (7)) [V eat(0)] 2 + / exp / e (n)dr) [ F (s, ) eds.

Note that the smallness condition on » 7, vk (t, )|, where v ~ Dpd¢ (see
(20) below) is part of our requirement (15). Note also that the quantity
fo |7/(7)|d7 is controled by ||V? 2@l 207y 100 | Vew®ll 120 7y 100 » Which appears in
(15).

The idea of the proof is to project the hyperbolic equation (3) to Littlewood-Paley
pieces and then track their time evolution. As always, the main terms are those where
derivtives fall on the functions with the highest frequency. By the structure of the
equation, it will turn out that integration by parts (as in the classical arguments) will
properly take care of the main terms to derive (16) as long as the a priori smallness
assumptions (15) holds. In fact, our first step will be to show that (15) implies, for
solutions of (3), the related smallness condition

8) IV2:0 2.0y 1V el 20,110 IV el e I Vit 0.1y sz < €8 =

which will be more convenient in the subsequent arguments. Note that the only
difference between (15) and (18) is the presence of the term ||VZ,6|| L2(0,7)L VEIsus

IVaVa®l 1207y Thus, we need to show

(19) 1079l 20y < ClIVieVall 201y

given (15) for classical solutions ¢ of (3). Indeed, by the form of equation (3), we
can rewrite it in the following schematic form

(20) Opd = A + A(9)[Viu Vit + B(6)[0;¢]
where A(¢), B(¢) ~ 0¢d¢. Hence, taking L2L> norms on both sides of (20), we see
that
105l 20z < AN 20m 25 + A e 1044l 20715 +
+ Bzl ViaVadll 20 L

Taking into account [|A(@)[|zze + [B(d)llrze < ClIVilli~ < €% << 1, according
o (15), we get (19) and hence (18) holds.
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We continue now with the proof of the energy estimates in Proposition 1 under
the smalness assumption (18). In order to treat systematically the error terms that
arise, we have the following definition.

Definition 2. We say that a function ¥ is of type Err*, if for every T > 0, one has

19l 0ryse < Co2 M IVGl g [V20] e S 193z 02

I>k—5
where C,, is some suitably chosen and fixed number (to be determined below).

The purpose of this definition is to have a quick notation for all the error terms
that appear in the process and which are easily estimable by means of Lemma 1.
Next, we apply P, to the both sides of the equation. We will show that ¢, satifies

(21) O¢r — Q(d<r—10, d<r—10) Dk = —Q(d<k—10, Q(P<t—10, P1))/2 + ErrF.

Proof of (21): Using that P, commutes with constant coefficient differential opera-
tors, we get

Do, — PrlQ(0, 9)00] = —Fi[Q(0, (¢, 9))]/2.

According to the remarks in Section 2

QPF [Cg(¢<k—1o, Q(¢<(k—1o, §Z51<;—5<~<1c+)5))])]+
_ PBQ(dr—s5<.<kr5, Q(P<h10, P<r—10))]+
(22) PkQ(¢7Q(¢7¢)) Z + P]{:[a¢l18¢l282¢l3]7

l1,lals: med(ly,l2,ls)>k—10

where in the last term and henceforth, we use 0 to denote the presence of a derivative
with respect to any of the variables ¢, 1, ..., z,. We will show that the last two terms
in (22) are of type Err¥, whereas for the first term, we have the representation

(23) PyQ(d<i—10, Q(Ph—10: Dh—s<-<t5)) = Q(D<k-10, Q(d<k—10, 1)) + Err”.

We start treating the corresponding terms systematically. For
PlQ(64—s<.<t+3, Q(<h—10, 9<i10))], we estimate by Holder's inequality

| PeQ(dr—s5<.<tits5, Q(P<ki—10s P<k—10))|l 172 < Cll0Pk—5<.<tir5llpocs2
X Ha2¢HL2Loo ||a¢||L2L°° S 027k||82¢“LQLoo ||8¢HL2L°° Hv2¢>k*5||LooL2

where in the last inequality, we have used ||0¢x_5<.<k15/lpoor2 < C27F||V2Psi_5|| ;o2
Thus, Pu]Q(dr_s5<.<irs Q(dcr_10, d<k_10))] = Err*. Note that the constant C' de-
pends only on the dimension n.

Proceeding with the third term in (22), 37, 11 med(ty tos)>k-10 Lk [0, Or, 0*r ),
we observe that by symmetry, we may assume [y > [;. Also, it is clear that the
most difficult case occurs when most derivatives fall on the high-frequency term, that
is I3 > ls. So, we restrict ourselve to the case when the summation has the extra
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retsriction I3 > Iy > [;. We have

H Z Pk[a¢l1a¢l282¢l3]”[/1[/2 S H Z 8¢§lga¢l282¢l3|’L1L2

1 <l2<l3:la>k—10 l2<l3:l2>k~10
l2,l3>k—10
< C27MIV ol 21ee | V20l 2150 Z IV26ul o 2
1>k—10

where in the last step, we have used that [|0¢y,||r2re < C27%[|V?@| 121, since
lo > k — 10. Thus, we conclude again

Z Pk [8@18@28%13] == ET‘Tk,
l1,l2l3:med(l1,l2,l3)>k—10

as well. We now turn our attention on (23). By Lemma 1

| Pe[Q(P <10, Q(Pk—10, Pr—5<.<k15))] — Q(P<k—10, Q(P<k—10, Pk)) | 172 <
< C27M|V (0 <k-1000k-10) | 11 oo || Ve Dk—5<- ks || poo 2 <
02_k||v¢||L2L°°Hv2¢HL2L°°Hvitgbk_5<'<k+5HL°°L2

which establishes (23). Similarly, one argues
PQ(o,9)09] = PrlQ(d<k—10, P<k—10)OPk—5<.<hps] +
2P, [Q(d<k-105 Pr—5<<k+5)d<k—10] +
> P[0, 0¢1,0% ] =

I loly: med(l,la,l3)>k—10
= Q(¢<r_10, D<k—10)0x + Err”

and whence the function ¢y, satisfies (21). Having shown (21), we will finish the proof
of Proposition 1 in a relatively standard manner.

<
<

+
+

3.1. Proof of Proposition 1. We use the representation formula (21) to perform
an energy estimate for ¢y, which implies (16). We use the well-known identity

(24) 2u,0u = 04| Vaul* — 2 0;(Opudju).
1

As in the classical argument, one multiplies both sides of (21) by 22%*9,¢;, and inte-
grate in the spatial variable . We get

2%8(/(5¢k)(3t¢k)d$ - /Q(¢<k—10,¢<k—10)|:]¢kat¢kd$ +

R”

+%/Q(¢<k10,Q(¢<k1o,¢k))3t¢kdl') IQZkS/ET?“k(t,ﬂU)aﬁbkdﬂv-
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For the first term, we get from (24),

[ @000z = 5017 O
d

For the next term, (24) and integration by parts yield

/ QG or10, Dep10) () (Buspy)dr =
R’ﬂ

_ / QD r10, Dto10) (DU VarGu? — D (0140, 6) ) d =

J
) / Qbet10, bt10)| Vi P + 1(2),

where
1I(t)] < /\thQ(¢<k10,¢<k10)Hvxt¢k|2d1’3CHV%HLOO"V¢|’L°°HV”¢’“H%2‘
Denote
Zi(t) = 22|V i (t)]22/2
Yi(t) = —22kS/Q(¢<k10,¢<k10)’th¢k(t)|2dx

Rewriting the energy equaltion and incorporating the estimates yields

0:(Zi(1) + Ya(1)) < C2% (V26 (0)]| Lo VOO oo | Varon ()72 +
22ks

+27 | Vea@ullz [ Err ()12 — =

/ Q(P<t-10, Q(P<k—10, Pr))OrPrda+

Introduce Ey(s, T) := 22" supgcycr |V.i0k(t)]|7, and integrate the last equation in
[0, T]. Taking into account

sup [Yi(t)| < OEk(S»T)HVCb”%OO[o,T]LgO
0<t<T

22|V ouppl |2 | Err® (8) || 12 < 0 Bi(s, T) + Co 22| Brrt(t)|| 72
for any o > 0, we conclude that by chosing o << 1

Ei(s,T) < Ei(s,0) + C(HVQQSH[%[Q,T]Lgo||V¢||Lf[O,T}L°° + ”VQSHig"[O,T]LOO)Ek(SvT)

T
+22k3HErrk(t)Hil[ojT]Lz+022ks!/ /Q(¢<k10,Q(¢<k10,¢k))3t¢kd90dﬂ-
0

Furthermore, recall that the condition (18) guarantees that the term in front of
FE(s,T) on the right-hand side is less than ¢* and therefore, if € is chosen sufficiently
small, one has

E.(s,0) + C22|| Err* (1) |72+
(25) Ei(s,T) < + (22| fOTfQ(¢<k—10aQ(¢<k—107¢k))at¢kd$dt|'
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We will now state a few lemmas, which will be crucial to finish the argument. In
the first two lemmas, we show that the errors are controlled in terms of Fy(s,T).
However, this cannot be done directly and it has to proceed in two steps. More
precisely, define

Ey(s,T) := sup [22%| Vg (t)]|72 + 220107 01(1) 7]
0<t<T

That is Ek<87 T) = Ex(s,T) + supg<i<r 22k(8_1)’|8t2¢k(t)”%2'

Lemma 3. Let s > 1. Then, one has the estimate

o0

Z 22ks|lE7’Tk<t)H%1[0,T}L2 <e?D, Z Ek<57T)a

k=—o00 k=—o00

where D,, depends on the dimension n only.

However, we will show that based on the form of the equation (1), we can control
> 1w Ek(s,T) back in terms of >, Ei(s,T).

Lemma 4. Let s > 1 and the smallness condition (18) holds. Then there exists a
constant C' = C,,, so that

o0 [e.9]

Y Eu(s.T)<C Y Ey(s,T).

k=—o00 k=—o00

Since by our asumptions ||V @|| grn/2 || Vie@|| Lo, rre < €%, Lemma 3 and Lemma
4 imply

(26) Y 2B O e < Da® Y Ei(s,T),

k=—o00 k=—00

The next lemma concerns the space time integral of the null form.

Lemma 5.

T
’/ /Q(¢<k10,Q(¢<k107¢k))8t¢kdxdt| <
0
< OV L VS Lo [ Ve bk (D)2 + Vel 0 112 | Vel 7 o).
As a consequence,

T
@) Y2 [ [ Qo Qo 60)odud] < € Y (s, T).
k 0 k

Lemma 3, Lemma 4 and Lemma 5 are proved in the Appendix. We now assume
their validity to finish the proof of Proposition 1. Namely, as a consequence of (26)
and (27), we get (after summation in k in (25)),

Y Ei(s,T)<Ce* > Ei(s,T)+ > Ei(s,0),

k=—00 k=—o0 k=—00
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which shows that again, for ¢ << 1, one has the inequality

> Euls,t) <C|f|

k=—o00

fer1+Cllgl

2
Hs?

which is the statement of (16) in Proposition 1. Regarding (17), we only need to
combine the last estimate with Lemma 4 to obtain
IV Ol e < () Exls, TV S (D Eils, TN Sl goss + N9l o

k=—o00 k=—o00

4. GLOBAL REGULARITY FOR THE MINIMAL SURFACE EQUATION

In this section, we present the proof of Theorem 1. Assume that the initial data
(f,g) is C* smooth (in addition to the conditions required in Theorem 1). A classical
short term existence theorem applies and we have a local smooth solution up to at
least some positive time. The idea then is to show that the energy estimates in
Proposition 1 persist indefinitely.

More precisely, we start the argument with the claim that the smallness condition
(4) implies the smallness condition (15) in some (initially small) interval [0, 7] in
Proposition 1, whence we will have the energy estimates (16) for any s > 1. Indeed,
the first term in (15), || Ve Vad|| L2j0,110[| Vi@ 220,12 can be made small just by
taking T" to be small enough. For the other two terms, we use the Bernstein estimates
to bound

2
L B/

2
||vt:v¢||%§g + ||Vtx¢k||Loo(0,T)Hn/2 < OV

which again is small by (4), the Gagliardo-Nirenberg inequality (9) and a standard
continuity argument in some (maybe even smaller than before) non-trivial time in-
terval [O,To]. Summarizing, we have ensured that in some non-trivial time interval
[0, T}], the smallness condition (15) in Proposition 1. Denote

T = sup{T > 0+ |[VuVedl i3 1= [ Verbllig m + Vbl + [ Vestul e < 87}

If we show that 7™ = oo, then we can clearly apply the energy estimates in Proposition
1 for all times and we are done. In particular, we would obtain the estimate for
[l oo 7= stated in (5).

Thus, assume 0 < 7' < T*. It follows that the smallness condition (15) is satisfied
and by Proposition 1, for all s > 1,

101l o< (0,000 < CNCF D prosesrs
By Bernstein’s inequality, (9) with a = =0 € (0,1/2) and (16) with s =n/2 £ o,
||Vtac¢||%§g + ||vtz¢k||ioo(o,T)Hn/2 < OVl

< Coll Vel g o Viall e oo <
< Colllflimasoss + Nglliorasa) 1 lia-os + g s

2
L?CB;I/Q,I =
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To estimate the last expression, we apply (10). We have lots of options there, but
one obtains, for example, the bound

(s D grnszvasrcgnrzea |(Fs ) gnre-osr s grnse-o <
< CH(f, g)||Hn/2+5/2an/2+3/2||(fa 9)||Hn/2—1/2><gn/2—3/2 < CHZ,

according to the smallness condition (4) in Theorem 1. Thus, the last two terms
in the definition of 7™ stay small uniformly in 7" — T™. In particular, a choice of
k : Ck? << 62 will ensure that these quantities stay away from 62, even as T — T™.

It remains to show that the same goes for ||V V.02 1[I Viz@ll L2 1. This is
achieved via the Strichartz estimates, which will tie back both ||V, V.| 2 1~ and
V0|l 21 to some Sobolev norms of the solution ¢. It is at this stage that we will

have to consider the case n > 4 (or n = 3 with radial data) separately from the case
n=3.

4.1. The case n > 4. First, let us mention that even for n > 4, (2,00) is not an
admissible Strichartz pair in the strict sense of Definition 1. However, we can apply
Sobolev embedding and reduce the estimates for [[Vi,@| 12 p~ and |V V0|12 1 to
a Strichartz admissible pair. Starting with |[Vi.@| 2 L, we have

[Viedl 2o < C||Vtx¢||L2 B2 D1

The drawback of this last step, even though it reduces to the case of Strichartz
admissible pair, is that the x dependence is measured in the slightly more restrictive
Besov norms. By Gagliardo-Nirenberg’s however,

(28) IVl g ooy < B Vel s o . Vsl s sy
D/(n— LW"7 2(n— L2wn3 "2(n—1) M

Recall (see (20))

where A(¢), B(¢) ~ 0¢0¢. The Strichartz estimates (12), applied for
(g,7) = (2, 2=

HVm(ﬁHL2 WQ%:I)’S((::?)) T S CH(f, g) HHn/2+1/2iu><Hn/2—1/2i# +
T

) and Lemma 2 yield

+C|V [ (0¢0¢)V 15V o6 + (0606) 05l 11 12 <

SN D rmrzsrszsngnayosn + IV T2 1o [V 225V 06| 150 2 +
+||v¢||L2TLg°HVth¢HL2TLg°|||v|n/2_1/2i“vta:¢”L%°L2 +
+||V¢||%§,Lg;|||V|n/2_1/2i“3tt¢”L§9L2 +
+HV¢“L§,L;;°Hatt¢“L?FLgOH’V‘n/zq/QiuVmW‘L%’L?
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By (16), (17), (19) and taking into account ||V, Vool 12 o | Vi@l p2 L < 67 (since
T < T*), we continue our estimation

va{él‘ﬂ WM»%iu < CH(f, g)HHn/Q-&-l/ziuXHn/z—l/Qi# +
T

n—3
OV T2 1o 1(F 9l srns2vsosu prnsoen ot
This implies for all 0 < T" < T™,

Cill(f,9) HHn/2+1/2i,u><Hn/2—1/2i,u+
C“Vm(?H%%Lto; || (f7 g) HHﬂ/2+3/2i#><Hn/2+1/2iu-

n— n(n— <
29) IVudl, o goca, <
Now we run a separate continuity argument, which will establish

”Vtw¢|’ . 2(n=1) n(n=3), < 201||<f7 g)HH”/Q-&-l/?iuan/Q—l/Qiu,
L%W n—3 >2(n—1)
for all 0 <T" < T*. We do this as follows. Define
T1 = sup{T S (O,T*) : ||vm§l5|| , 2(n=1) n(n=3) S 201||(f7 g)||Hn/2+1/2j:MXHn/271/2iu}-
L%W n—=3 2(n—1)

For all 0 < 7' < T and by (28), we have the following estimate

1/2 1/2
“vtﬂcqb“L%LgC S 2BM01 H (f: g) ||]_'I/n/2+1/2+u><]_'[n/271/2+,u || (f7 g)l ]'1{7L/2+1/27M><Hn/271/27u
which we feed in the right-hand side of (29). We obtain

HVM(bHLQ Wz(niflf)v%iu < Cl”(fa g)||Hn/2+1/2iu><[_']n/2—1/2iu +
T

—|—4BinC’||(f, 9) ||Hn/2+1/2+uan/2—1/2+u 10/, g)||Hn/2+1/2—uan/2—1/2—u o
XN @ pnsassrzsu frnarjpsn-
An application of (10) and (4) yields
[Cfs @) gmrzerrzvns grarz=s izl [(Fy O rnrzsrrz—us grasz=1/2-n X
X|[(fs @)l frmsavarots frnsoriszen < K (s @) fnrzss2mps frne—1/22
which implies that if 7' € (0,7} ), we have the estimate

||Vtz¢||L2W2<n—1> nn9,, < (C1+ Calp, MR CF, 9| sz /ass grnsa-1s2sn-
T

n—=3 ’2(n

Thus, if x : Cyk* < C1/2, then we obtain for all 0 < T < Ty,

3C,
||Vtw¢||L2 Wﬂllﬁ)’%i” < TH(fa g) HHn/2+1/2iuXHn/2—1/2¢,L.
T

n—

which implies that 77 = 7. That is

IVeabl,, 2o stomp, < 20 ) o esonsosn
T

for all 0 < T" < T™ and for some constant C; depending only on the dimension. Hence

1/2 1/2
(30) ‘|vtx¢‘|L%Lg° S 2C1H(f7 g)HI_.I/TL/2+1/2+;L><HTL/2—1/2+;L||(f7 g)"I;n/2+1/2—uXHn/2—l/2—y

The considerations for ||V, V|| 2 p are similar in nature. A Gagliardo - Niren-
berg’s estimate, similar to (28) yields control of ||V, V0|12 1 in terms of Strichartz
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type norms of the solution, which we control below. We have by the Strichartz esti-
mates and Lemma 2

||Vtsz¢||L2 W?(HL:%),%@L SJ ||(f, g)||Hn/2+3/2iu><Hn/2+1/2iH +
T

IVl T2 1o V2225V 1 o2 +
HIVll 12 Lo Ve VOl 2 10 1| V2254V 1| e 12 +
IVl 72 e V122500 || e 12 +
V0l 12 150 10l 12 oo 1 V1224 1060 | e 2.
By (16), (17), (19), (30)
||Vtzvx¢||L2TW%,%iu S Cl(f, 9)l grnra+s/24n  frmszr1/2en +
+CN(fs @) grmrzerrzens grorz=1r2ul | (Fy O grnizrsz—us grasz=1/2-n X
X\ (F.9) | insssrscnrzssrasn + CE DN s e segiosersosn X
1, D212 s a1 D resssinsie frnsass sl | Ve Vol g 1o
Again, due to (10) and (4)
1CFs D grmrzerrzvns grarz=s szl [(Fy O grnrzersz—us grase=1/2-n X
XN (fy @) || pnszessosi s gpszesrosn < K2 (fy @) nsaesrotn s gzes /ot

Combining all the estimates that we have for ||V, V, ¢H 2(n-1) n(n-3), ~With the
W =3 2(n-D)H
Gagliardo-Nirenberg’s inequality yields for every 0 < T' < T*

HVtxv ¢||L2 =S S B HVtxv (b” ‘ (n— 1) nn 3)+ ||Vt1-v (b” . 2(71:31)7727,((2:?))_M
1/2
< CB;L(“(f? g>| Hn/243/ 24 fn /241 /240 T H(fv g)||I_'I/n/2+1/2+p,an/271/2+u X

Fn/2+43/2+pu 5 [yn/2+1/2+p ||vtzvm¢”L%Lw) X

1/2
(||<f7 g)||H"/2+3/2*N><H"/2+1/2*H + ”(fv g)||[_'I/n/2+1/2+u><[_']n/271/2+u X

1/2
1 D2 s ams rugesyon I 9)]

1/2
H(f) g)||}{n/2+1/27uxﬂn/271/27u ||(f7 g) ||H”/2+3/2*M><H"/2+1/2*H ||Vtmvw¢||L2TL°°)

2

Taking into account various product terms that are less than x* (similar as the

argument before), we arrive at

||Vtzvx¢||%gpLoo < OBM(H(fa 9)||Hn/2+3/2+uXHn/2+1/2+u||(fa 9)||Hn/2+3/2quHn/2+1/2w

1/2 1/2
+’i2 “ (f, g) ||I:I/n/2+3/2+p><Hn/2+l/2+p “ (fa g) ||I:[/n/2+3/2—u><Hn/2+1/2—u ||vtxvr¢”L2TL°° +
V02 1),

whence for x : CB,x* < 1/10, we obtain

1/2 1/2
(31) IVeeVadllrzre < Coll(fs N marmens srmsaersomn | D i oo ooy

for a constant Cy = Cy(n) and for all 0 < T" < T™.
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Combining the estimates (30) and (31) yields
IViad |l 2. Lo | Vie Vad| 12000 <

1/2 1/2
< Call(f DI vssan s ey | CF D s o frnsaaja X

1/2 1/2
<N D2 sz gz N O o frosasajass

Since again by (10), the last expression is bounded by C3k?, it follows that for a
choice of , namely Csx? < §2/10, where § = §,, is the number from Proposition 1,
we obtain

IViwt|l 12 100 |V e V|| 2 1 < 67/10.

Clearly, this implies that all three quantities involved in the definition of 7™ remain
<< 6%, uniformly in T : 0 < T < T*, as long as k is chosen to be suitably small
(depending on n, ). Hence T* = 0o and Theorem 1 is proved.

4.2. The case n = 3 with radial data. This case is technically simpler than the
case n > 4. We simply need to observe that even though, formally according to
Definition 1, (¢,r) = (2,00) is not a Strichartz pair, the Strichartz estimates hold,
when the data is radial. Therefore, we do not need the intermediary role provided
by the Besov spaces, as we needed to do for the case n > 4. In essence, one can
rigorously repeat the argument presented in the previous section with n = 3 and
o = 0, in order to control the required quantity ||Vi¢l|r21]|VieVid| 121 We
omit the details.

4.3. The case n = 3: non-radial data. The estimates in this case are more deli-
cate, due to the failure of the endpoint Strichartz estimate at ¢ = 2,r = oco. We will
instead rely on the following inhomogeneous estimate for the wave equation in 3D

Lemma 6. Let w satisfies the wave equation Dw = F, w(x,0) = 0, w¢(x,0) = 0 in
(z,t) € R3L. Then, for 4 <p <oo,q:1/2+2/p = 1/q and for every real a, there
18 the estimate
(32)  NIVI*wllerrmsy < Q2 fwillFare)* < GV PF| g

k
More generally, for every 4 < p < oo, we have the estimates

(33) IV wl 2rsms) < ColllVI* TP F || pagar,
foranyd <p<panda=p+3(1/p—1/p).

We present the (standard) proof of Lemma 6 in the Appendix, but we will show
how it implies Theorem 2. Recall that we still need to control ||V7¢|| 21 J =1,2.
For the fixed p > 4, we embed this quanitities in the following family of norms

1/2
Xr(9) = (Z 2%“”@”%;&) ,
k

2although nothing is really special in 3 D for such an estimate, but this is what we will need in
the proof
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where 0 < o < 2+ 3/p. By Sobolev embedding, ||Vj¢>||LzTLgo < Xr(e),j = 1,2.
Keeping in mind that we control supoc;<r [[|VI*Vie@||z2 < C(||f[lgs+2 + ||gllzs), we
proceed with the estimate for X7(¢). By the form of the equation (20), we have
sin(tv/—A) n /t sin((t — s)v—A)
g
0

gb = COS(t\/j)f + W m

[00060%¢](s, -)ds,

whence, by Lemma 6,
Xr(¢) < Ol cos(tvV=D)|V|* fll 1z » + Cllsin(tvV=2)|V|* gl 2 10 +
+C[|[V[* P [00060% )| g 1

For the terms, arising out of the initial data, we apply the decay estimates (14) for

the free wave equation, when ¢ > 1 and the Sobolev embedding ||h||z» < ||| gac/2-1/p
and the energy estimates, when 0 <t < 1. We get

| cos(tV=R) VI 13,0 + | stV =B) VI gl 31 <
T
< CUIT I+ (Vg ) ([0
1

+O([[V[* P f|| o 4 || [0 g) ) <
S O||(f> g)||WP,74*1/P><WP/»3*1/P + ||(.f7 g)||H7/2xH5/27

where in the last inequality, we have used o < 2+ 3/p.
For the term, |||V|*"'=4?[0¢0$0°¢]|| o> We estimate by the fractional differen-
tiation rule

[V[*+H=2[00060° ) g < OV |22 100 12|00 1210 10D o2 2016607 +
+O[V 27426 || o 207 Gl| 210 10D Lov2 200
Now, since v < 2 4 3/p,
V155420 | oo 2 + [V 127478 oo 2 < CII(fs 9) | i1/
101 220 + 10°¢]| 220 < CX1(9).

Regarding the term ||0¢|| 1p/2120/-4), Observe that
(2/p,(p —4)/(2p)) = 4/p(1/2,0) + (1 — 4/p)(0,1/2) and thus, by the Gagliardo-
Nirenberg’s inequality and the energy estimates of Proposition 1
1061 or210-0 - < 1106114, 1061175 < CXr (@) (9l <
< Xr(@) + Goll(f; 9 ez

where in the last line, we have used the Young’s inequality. Putting everything
together, we arrive at

XT(¢) < CH(fa g)||WP"4*1/P><WP'»3*1/P + ||(f7 9)||H7/2><H5/2 +
+CO(f, 9 ms-1/0w -1 X7 () (X1 (D) + Coll(f, 9 571 12)
Clearly, if ||(f7 g)||H5*1/P><H4*1/p + ||(fa g)HWP'»‘l*l/PXWP/a?’*l/P << 1, we obtain

XT(¢) < CP(H(fa g)HH5*1/P><H4*1/P + H(.fa g)HWqu4*1/P><WP/73*1/P)
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which is the desired control of X7 (¢).

APPENDIX A. PROOF OF LEMMA 3

The proof of Lemma 3 follows standard techniques. According to the definition of
Err® (taking into account ||V¢| p2pe||V20||r2r~ < €2), we obtain

2
Z 92ks || Dk (¢ HLl[OT » < Cet Z 92k(s—1) (Z HVit@HLM[O,T]P) —

k=—o00 k=—o00 I>k—5

= Cpe* D 22K N V20 ooz 1V 2 | e pyze <

k=—o00 l1,l2>k—5

< Cpet Z 2min(ll)(s=1)| 72 4, | oo 0,702 ||V 2400, || Lo 0,722,

l1,l2

where in the last step, we have used that Zkgmin(h I2)+5 22k(s=1) < g2min(ly,l2)(s—1)
since s > 1.
We bound the last double sum by

(D 22O T2, e ) 2 (D 22DV oy | o 922) 2

ll l2 ll l2

< 022215 n||v2 iz < CZEZ (5,T).

APPENDIX B. PrROOF OF LEMMA 4

By the definition of Ej(s,t), we will need an estimate of 3=, 22%¢=1||9 Ok o 0,72
Recall (20). Thus, for classical solutions we can take Littlewood-Paley projections of
(20) and estimate as follows

92k(s—1) ” tqkaLoo[o,T]L? < CQ%(SH)H%H%W[OT]B""
+022k(s—1)||A( Ve Vid|si 5HLoo o,r)z2 T
+C,22k(s—1)HA(¢) el Vie Vet <k 5HL°° o,rj> T
+C2 D B(0)[0736)5 k-5 | F o po,r12 +
+C2%=| B(¢) 02 ]<k—5||L°°[O,T]L2'

We easily have by Holder’s and elementary manipulations of sums,

Z 2N A(9)[Vie Vad)shslTmorze < 1A(0) 122 Z E(s,T),
Z% DIB@OEG)k 20122 < B ||LooZ22“”H bl

This step takes care of these two terms, since ||A(¢)||zee + || B(@)]|1e < C’||ng||%?§
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For the other two terms, we have

S 2D A(6) bl VerVabl et rize <
k
< ClIVeVeblirn 3 2 V060 ponsr-o
k
> 22D B(8) k[0 0) <k sl 3 e pirise] <
k

< ClOES Mo Y 2V I[OGDk 17 e p2nsin-2-

k

A quick computation using (20) shows that

107l < [AG]Loorn + [ AD) e | Vee Vbl rn + | B(&) | Lg 1056 porn <
< CA+ |Vl 2 IVia Vit oorn + ClIV O[22 1076 oo
and hence for |[V¢||r= < €, so that Ce < 1/2, we easily conclude

(34) 1020 oo n < C||Via V|| oo

In addition, we will show that

(35) > 2V [0606]k1} e p2nsin- < ClIVadll7 Y Eil(s, T).
k k

Let us finish the proof of Lemma 4, assuming the validity of (35). Indeed, combining
all estimates for ), 22’“(5’1)||8§5¢k||2m[07T}L2 yields

D E(s,T) < CY Ex(s.T)+Cl[Viudllizx Y Enls.T)
k k k
+OIV i Vadllfo o [ Viedllzee D Enls. ).
k

Since ||Vl ree < € and [|Viu V|| oo rn < C| Vi@ || oo g2 < Ce, we conclude

> Ew(s,T)<CY Ei(sT).

B.1. Proof of (35). Following the standard decomposition
Pfuv] = Pilucp—svni] + Y Pelth—sc.<rs5v] + Peluspasv] =

= Prlu<g—svi] + Z Pyluk—s<.<kt5v] + Z Pylwvi—o<.<i42).
I>k+5

For the first term, we have by Holder’s and the Bernstein inequality
> 200 <k 500kl s < IVBlIT DS 2 VNN0G ke posiie
k k

<OVl D 2% 100klliwse < OVl D Eils,T):
k k
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The second term is treated in a similar fashion

> 206y sk 5007 e pansny <
k

< CION7 > 22M 0k —s<.chrs ] pansn-n < ClIVaidll T Y Er(s, T).
k k

For the third term,
2

Zzgk(sq) Z |0010¢1—2<. <142 pooponsin-2 | <
k

I>k+5
in(l1,l -
< Oy 22D )96y, O o<ty ol poe pnsin-n X

ly,l2

X[|0¢1,001,-2< <ty 42| oo p2n/tn-2) <

< CY 207041061 2<. <110l o sinn) <
l

< CllVols Y2 V001w oy < Cll VOl Y Bils. T).
l l

AprPENDIX C. PROOF OF LEMMA 5

We start with an useful and elementary lemma, concerning null forms.

Lemma 7. Let T > 0 and u,v,w € C*([0,T] x R™) be smooth functions. Then

T T
/ /Q(u,v)wdmdt :/ /(—UQ(u,w)dxdt+UwDu)dxdt+ /vutw|tT_0dx.
0 0

The verification of Lemma 7 is straightforward and thus omitted. Apply now
Lemma 7 for the triple u = ¢;_10,v = Q(P<k—10, Pr), w = Oyr. We get

/ ) [ Qocs10.Q6 0,00 Bindudt —

-/ ) [ Qéct10:6)Q(0 10,0160 ot +

- ) [ Q10,6000 ozt + [ 106110, 0080 1100160 o)z
=3 [ Jaiawacwootas s [ [ Qoo 06000 w00t

T
—i—/o /Q(¢<k10;¢k)(9t¢km¢<k10d$dt+/[Q(¢<k10;¢k)at¢<k103t¢k\tT:o]diC~

Take absolute values and note that the first term integrates in time. Also note

| / [Q(S<r-10, B)Oep <100k lizold| < CIVeallLooo 12 | VewdlLooo rypoe-
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All together, by Hoélder’s inequality,

T
| /O / QS 10, QDer10,61))Pundrdt] < sup | [ [Q(6or 10, b0)Pdr] +

0<t<T

+\/Q(¢<k10,¢k)Q(8t¢<k1o,¢k)d$dﬂ +\/Q(¢<k1o,¢k)3t¢km¢<k1od$dﬂ

+O Va7 .17 | Viadl Eporine < CNVeatllTocio e | Vea@ll ooz +
+C|IV2, 8l 21 | Varll 210 |V et Ok | T oo, 1725

which is of course the claim of Lemma 2.

APPENDIX D. PROOF OF LEMMA 6

First of all, by Sobolev embedding and the formulas (7), (8) and scale invariance,
matters reduce to checking the claims in Lemma 6 for « = 0 and a single frequency
component wy, of the solution, corresponding to a fixed frequency data Fjy. Thus,
setting F' to be Fourier supported in a fixed annulus {|¢] ~ 2¥}, we will need to show

lwillz2ze < Co25 VP By -

To show that, we use the decay estimate (13) with f =0,g (i.e. for z = smftﬁv sin(tv_2) )
sin(tv/—A)
o < —|||V
M gHLx = ¢ |H |gHL1

and the energy estimate || Sm\tﬁv_A)gHL% < ||IV|7'g]|z2. Interpolating between the two

estimates yields

sin(tv/—A) C
m gHL = tl 2/p

Thus, for our problem in Lemma 6, we have

w(t, ) = /0 Sm((t\;%m>ﬁ’(s, )ds

(36) Y o V17l

and hence an application of (36) yields
IVITTPE s

[t — s|i—2/p

[wlle < C
0

Take L? norm of the last expression. By the Hardy-Littlewood-Sobolev inequality,
and since p > 4,

lwllzeze < Clllt=sI"C P pos2ee ||V PF (s S COYIVITYPE(s

’.)”Lng 7')HLng/'

where ¢ : 1/¢g =1/2+2/p.
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